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1. Introduction. Let f,g > 0 satisfy

0</f2(t)dt<ooand0</gg(t)dt<oo.
0 0

Then
77 1o Fooo T\
(1) ——rdxdy <m fyde [ g=(t)dt |

where the constant factor 7 is the best possible (cf. Hardy et al. [2]). Inequality (1)
is well known as Hilbert’s integral inequality. This inequality had been extended by
Hardy ([1]) as follows.

Ifp>1, %—i—%:landf,gzOsatisfy

oo

O</fp(t)dt<ooand /gq(t)dt<oo7
0 0
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then
0 0 ; )

where the constant factor Z=#—- is the best possible. Inequality (2) is called Hardy-

Hilbert’s integral 1nequahty and is important in analysis and application (cf. Mitri-
novic et al. [4]).
B. Yang gave the following extensions of (2) as follows :

THEOREM 1.1 ([6]) If A > 2 — min{p, g} and f,g > 0 satisfy

oo
O</L‘1 Afp()dt<ooand/tlA (t) dt < o0,
0
then
f x)g 1-X pp 1-A g
dxdy < ka(p tTAfP(t) dt t " gl(t)dt |
00 0 0
where the constant factor k(p) = B (pH‘ 2 gfA- 2) is the best possible (B is the

beta function).

The object of this paper is to give the following generalizations :

2. Main Results. The following is a generalization of [3, Proposition 319]

00, ¢P and YP are in P(0,00), K(f,g) is positive in (0,00) x (0,00) and homogeneous
of degree —1 with

(4) 0/ FYPR(F ) du = .
Then
(5) 77K(f, 9Ol df dg < KBl 1l
and .
(©) /OOK<f7g><z><f> & < klol,.
0 P

The constant k is the best possible.
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First, we consider
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By putting f/g = h, we have

K(f.9)f du.

/z/)q gdu/h Pthg)ghdu

[ee]

/zpq dy/h%*nghdu

O/ $1(g)g dv

kl[¥llg-

[}

/

1 ’
K=y K(h, 1)k du

’ dudv
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e T(F) -
P = O/ab”(f)f du0/<g> K(f,g)g d
= /df’(f)f’ du/h%K(gh,g)fh—%’ dv
0 0

0

= k”@bnp-

Concerning the other part, by virtue of the first part, we have

7 ( /oo K(£.9)0(0) df)pdg
77K<f,g>¢<f> (/OOK( £ o) f)>p1 i

g (7 (1) df) N (7 (7 K(f,9)6(f) df) " dg)
0 0 0
00 /P /0o / oo P 1/q
( / ¢p(f)df) / ( / ( / K(f,g>¢<f)df) dg)
0 0 0

1/q

N

which implies

IS IS p 1/q o) 1/p
( / ( K(f,g)¢(f>df) dg) <k( / ¢>”(f)df)
0 0 0

This completes the proof of the theorem. n

COROLLARY 2.2 Letp>1,a+1/p>0,f >0,f(0) =0, f(oco) = oo, fPPe=2¢P(f)
is P(0,00) ® is the Laplace transform of ¢, then

(7) 1h*®(R), < Dl +1/p) IS~ f)ll,-
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PrOOF In Theorem 2.1 , by putting

K(f,g) = e /o pemtt2/pgma=2/p
and replacing ¢(f) by f~*1=2/P¢(f), we obtain

lg==27@(1/g)ll, = T+ /DI~ 6( 1y,

then writing g = 1/h, to get
1R ()l < T(a+1/p)IF = *PH(f)p-

Now we are coming to the main result :

THEOREM 2.3 Let > 1/p;=1,p;>1, A>1+1/p;, £ >0, f;(0) =0, fi(oo

00, fPimATLGLI(f) are in P;(0,00), (i =1,2,...,n). Then we have

o0

T 1 ¢n fn - F()‘ ]-/pz
/ / f1+ dfl -dfn };[1

0

A+1

|,

PROOF We first consider

/ F2610(f) . bul ) df

fO/

oo

e Tho (fl)dfl.../e‘ffncbn(fn)dfndf

0

0\8 0\8 o

61(F1) - bulfu) df ... dfe / Joe Uikt g

0\8 0\8

oo

/- /¢1 f1) - on(fn)dfi ... dfn /oo[f(f1+~--+fn)]a
0

0

f(f1+ A+ fn) (f1+ 4 o) df

oo

_ a+17 /?11 ¢”J;”+1df df.
0

0

) =
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Therefore, by virtue of Corollary 2.2, we have

/ ¢1 fl (bn(fn) df1-~-dfn

fl + - +fn)a+1

1 «
= F(OH-l)O/f <I>1(f)...<I>n(f)df

~ [ e e
0

IN

1
e

= F(alJrl)ZI;[l ‘ fa/pi(bi(f)Hpi

fa/mq)l(f)H X oee X ‘

£ (6|

>\+1

)

1 - 1"(oz—|—1/pZ
I(a+1) Zl;[l

Ppi

consequently , we have

o

n

| e P

z:l

()

Di

COROLLARY 2.4 On putting fi(x) = x, ¢; = fi, i = 1,...,n in Theorem 2.3 we

obtain
/ / -+ Jn(n) dxq...dz,
(21 + )
0 0

1 S TA—1-1/p) 1—2%L
< F(a—i—l)g o) Hm i fi(2)
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