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A characterization of (t1, ..., tn)-Wright affine
functions

Abstract. In 1998 K.Lajkó [5] gave a characterization of t−Wright affine functions.
Now, we extend this result to (t1, ..., tn)-Wright affine functions of an arbitrary order.
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1. A characterization of (t1, ..., tn)-Wright affine functions defined on
a whole space. Let t1, ..., tn, n ≥ 2, be fixed positive numbers. Throughout
the whole paper X will always stand for a linear space over the field L(t1, ..., tn)
generated by t1, ..., tn ( i.e. the smallest field containing the set {t1, ..., tn} ) and Y
will denote a commutative group. The difference operator ∆h : Y X → Y X with the
span h ∈ X (where X and Y are commutative groups) is defined by the equality

∆hf(x) := f(x+ h)− f(x), x ∈ X.

The superposition of several difference opertors ∆h1 , ...,∆hp , p ∈ N (the set of
all positive integers), will be denote shortly by ∆h1,...,hp

:= ∆h1 ◦ ... ◦ ∆hp
. If

h1 = h2 = ... = hp = h then we will write ∆p
h instead of ∆h,...,h. It is known that the

operator ∆h1,...,hp
is symmetric with respect to the spans h1, ..., hp and, moreover,

it is linear i.e. ∆h(αf + βg) = α∆hf + β∆hg, for all f, g ∈ Y X and α, β ∈ Z (the
set of all integers). A function f : X → Y is called polynomial function of k − th

order, k ∈ N, if
∆k+1

h f(x) = 0,
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for every x, h ∈ X.

The main result concerning polynomial functions reads as follows.

Theorem 1.1 ([1],[4]) Let Y be a commutative group satisfying the condition: for
each y ∈ Y the equation (k!)x = y has unique solution x = y

(k!) , and let f : X → Y

be a function. Then f is polynomial function of k− th order, k ∈ N, whenever there
exist i-additive and symmetric functions ai : Xi → Y , i = 1, 2, ..., k, and a constant
a0 ∈ Y such that

f(x) = a0 +
k∑

i=1

ai(xi), x ∈ X,

where a(xi) denotes the diagonalization of ai i.e. ai(xi) = ai (x, ..., x)︸ ︷︷ ︸
i−times

, i = 1, 2, ..., k.

Let us first quote the following results.

Theorem 1.2 ([1],[4])Let f : X → Y be an arbitrary function. Then for every k ∈ N
and j = 1, ..., k we have

∆h1,...,hk
f(x) =

1∑

ε1,...,εk=0

(−1)k−(ε1+...+εk)f(x+ ε1h1 + ...+ εkhk), x, hj ∈ X.

Theorem 1.3 ([1],[4])Let ai : Xi → Y , i ≥ 1, be an i-additive and symmetric func-
tion.Then

∆h1,...,hp
ai(xi) =

{
0, p > i
(i!)ai(h1, ..., hi), p = i

Let ak : Xk → Y be a k-additive and symmetric function. In the case when k1, ..., km

are positive integer such that k1 + ... + km = k and z1, ..., zm ∈ X we will write
ak(zk1

1 , ..., zkm
m ) instead of ak(z1, ..., z1︸ ︷︷ ︸

k1−times

, ..., zm, ..., zm︸ ︷︷ ︸
km−times

).

A nice survey of results and references on polynomial functions may be found in
M.Kuczma’s monograph [4].

We will start with the following Lemma.

Lemma 1.4 Let ak : Xk → Y be a k-additive and symmetric function, k ≥ m ≥ 1.
Then for arbitrary λ1, ..., λm ∈ L(t1, ..., tn) and for all x, z ∈ X the following equality
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∆λ1z,...,λmzak(xk) =

=
k∑

j1=1

...

k−Pm−1
p=1 jp∑

jm=1

(
k

j1

)
...

(
k −∑m−1

p=1 jp
jm

)
ak(xk−Pm

p=1 jp , (λmz)jm , ..., (λ1z)j1)

holds true.

Proof Induction with respect to m. For m = 1 we have (cf.[4], p.393)

∆λ1zak(xk) = ak((x+ λ1z)k)− ak(xk) =
k∑

j1=1

(
k

j1

)
ak(xk−j1 , (λ1z)j1).

Assume our assertion for a positive integer m < k and take arbitrary x, z ∈ X and
λ1, ..., λm+1 ∈ L(t1, ..., tn). Then
∆λ1z,...,λm+1zak(xk) =
∑k

j1=1 ...
∑k−Pm−1

p=1 jp

jm=1

(
k
j1

)
...
(k−Pm−1

p=1 jp

jm

)
∆λm+1zak(xk−Pm

p=1 jp , (λmz)jm , ..., (λ1z)j1)

=
∑k

j1=1 ...
∑k−Pm−1

p=1 jp

jm=1

(
k
j1

)
...
(k−Pm−1

p=1 jp

jm

)∑k−Pm
p=1 jp

jm+1

(k−Pm
p=1 jp

jm+1

)

ak(xk−Pm+1
p=1 jp , (λm+1z)jm+1 , ..., (λ1z)j1) This ends the proof of Lemma 1.4. �

As an immediate consequence of Lemma 1.4 we obtain the following Corollary.

Corollary 1.5 Let ak : Xk → Y , k ≥ n, k ∈ N, be a k-additive and symmetric
function. Let t1, ..., tn be fixed positive numbers and let z ∈ X be arbitrary fixed.
Then for every x ∈ X we have

∆t1z,...,tnzak(xk) =
{
skak(xk−n, tnz, ..., t1z) + bk−n−1(x, z), k > n
n!an(tnz, ..., t1z), k = n

where sk =
(
k
1

)
...
(
k−n+1

1

)
is a constant, and bk−n−1 is a polynomial function of

variable x at most (k − n− 1)-th order.

Let us introduce the following notations. Put

A := {1, 2, ..., 2n − 1}

and let A1, ..., An be subsets of A with the properties:

(i) r, s ∈ N, 1 ≤ r < s ≤ n ⇒ ∧
α∈Ar

∧
β∈As

(α < β),
(ii)

⋃n
j=1Aj = A,

(iii) card(Aj) =
(
n
j

)
, j = 1, ..., n.

For every k ∈ {1, ..., n} we define Bk as the set of all sequences (δ1, ..., δn), δi ∈
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{0, 1}, i = 1, ..., n, such that δ1+...+δn = k, i.e. Bk = {(δ1, ..., δn) ∈ {0, 1}n;
∑n

i=1 δi
= k}. Note that the cardinality of the sets Ak and Bk are equal, k = 1, ..., n. Let
φk be a fixed bijection of Bk onto Ak, k = 1, ..., n.

Now we are able to present our second Lemma.

Lemma 1.6 For arbitrary function f : X → Y we have

∆2n−1
z f(x) =

1∑

ε1,...,ε2n−1=0

(−1)2
n+n−1−(ε1+...+ε2n−1)∆t1yε1,...,ε2n−1 ,...,tnyε1,...,ε2n−1

f(x+(ε1+...+ε2n−1)z),

where

yε1,...,ε2n−1 := −
n∑

k=1

∑

(δ1,...,δn)∈Bk

εφk((δ1,...,δn))

δ1t1 + ...+ δntn
z.

Proof According to Theorem 1.2 we get

P :=
∑1

ε1,...,ε2n−1=0(−1)2
n+n−1−(ε1+...+ε2n−1)∆t1yε1,...,ε2n−1 ,...,tnyε1,...,ε2n−1

f(x+
+ (ε1 + ...+ ε2n−1)z) =
=
∑1

ε1,...,ε2n−1=0(−1)2
n+n−1−(ε1+...+ε2n−1)

∑1
β1,...,βn=0(−1)n−(β1+...+βn)f(x+

+ (ε1 + ...+ ε2n−1)z + (β1t1 + ...+ βntn)yε1,...,ε2n−1) =
=
∑1

β1,...,βn=0(−1)β1+...+βn
∑1

ε1,...,ε2n−1=0(−1)2
n−1−(ε1+...+ε2n−1)f

(
x+

+ (ε1 + ...+ ε2n−1)z + (β1t1 + ...+ βntn)yε1,...,ε2n−1

)

For arbitrary fixed β1, ..., βn ∈ {0, 1} we can rewrite the argument of f in the fol-
lowing way

x+ (ε1 + ...+ ε2n−1)z + (β1t1 + ...+ βntn)yε1,...,ε2n−1 =

= x+ (ε1 + ...+ ε2n−1)z −
n∑

k=1

∑

(δ1,...,δn)∈Bk

εφk((δ1,...,δn))

(∑n
i=1 βiti∑n
i=1 δiti

)
z =

= x+
n∑

k=1

∑

(δ1,...,δn)∈Bk

εφk((δ1,...,δn))

(
1−

∑n
i=1 βiti∑n
i=1 δiti

)
z.

This yields us to the equality

P =
1∑

β1,...,βn=0

(−1)β1+...+βn

1∑

ε1,...,ε2n−1=0

(−1)2
n−1−(ε1+...+ε2n−1)f(x+
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+
n∑

k=1

∑

(δ1,...δn)∈Bk

εφk((δ1,...,δn))(1−
∑n

i=1 βiti∑n
i=1 δiti

)z) =

=
1∑

β1,...,βn=0

(−1)β1+...+βn∆h1,...,h2n−1f(x),

where {h1, ..., h2n−1} = {(1−
Pn

i=1 βitiPn
i=1 δiti

)z : (δ1, ..., δn) ∈ ⋃n
k=1Bk}.

If
∑n

i=1 βiti 6= 0 (which is equivalent that (β1, ..., βn) 6= (0, ..., 0)), then there
exists a k ∈ {1, ..., n} and a sequence (δ1, ..., δn) ∈ Bk such that

∑n
i=1 βiti =∑n

i=1 δiti. Therefore there exists a j ∈ {1, ..., 2n−1} such that hj = 0. In such a case
∆h1,...,h2n−1 f(x) = 0. Then (cf.Theorem 1.2) we have

P =
1∑

ε1,...,ε2n−1=0

(−1)2
n−1−(ε1+...+ε2n−1)f(x+

n∑

k=1

∑

(δ1,...,δn)∈Bk

εφk((δ1,...,δn))z)

= ∆2n−1
z f(x).

The proof of Lemma 1.6 is finished. �

Following [3], where the definition of (t1, ..., tn)-Wright convex function is given,
we introduce the following definition.

Definition 1.7 A function f : X → Y is said to be (t1, ..., tn)-Wright affine if the
equality

(1) ∆t1z,...,tnzf(x) = 0,

holds true for all x, z ∈ X.

Our main result reads as follows.

Theorem 1.8 If the target group Y is divisible, then a function f : X → Y is a
(t1, ..., tn)-Wright affine if and only if there are i-additive and symmetric functions
ai : Xi → Y, i = 1, ..., 2n − 2 and a constant a0 ∈ Y such that

(2) f(x) = a0 +
2n−2∑

i=1

ai(xi), x ∈ X

and

(3) a2n−2(x2n−2−n, t1z, ..., tnz) = 0, x, z ∈ X.
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Proof By the definition of (t1, ..., tn)-Wright affinity of f , Lemma 1.6 and Theorem
1.1 we obtain the representation (2). Fix a z ∈ X and take an arbitrary x ∈ X.
Using again the definition of (t1, ..., tn)-Wright affinity and Theorem 1.3 we obtain

0 =
2n−2∑

k=n

∆t1z,...,tnzak(xk).

Hence and on account of Corollary 1.5 we get

(4) 0 =
∑2n−2

k=n [skak(xk−n, tnz, ..., t1z) + bk−n−1(x, z)] =

= s2n−2a2n−2(x2n−2−n, tnz, ..., t1z) +B2n−3−n(x, z),

for each x ∈ X where s2n−2 is a constant and B2n−3−n is a polynomial function
of variable x at most (2n − 3− n)-th order. Therefore

−s2n−2a2n−2(x2n−2−n, tnz, ..., t1z) = B2n−3−n(x, z) x ∈ X.
The left-hand side of the above equality is a monomial of variable x of (2n−2−n)-th
order then also the right-hand side has the same form. Howewer, because Y is a
divisible group and the right-hand side is a polynomial at most (2n−3−n)-th order,
whence the both sides are equal to zero. Therefore

(5) a2n−2(x2n−2−n, tnz, ..., t1z) = 0, x ∈ X.
Since z ∈ X was arbitrary chosen the condition (3) is a consequense of (5), and the
proof of the Theorem 1.8 is completed. �

Remark 1.9 The representation (2) in the above Theorem can be also obtained
using the methods presented in L.Székelyhidi’s book [7] concerning linear functional
equations. The author believes that the proof given here (Lemma 1.6) may present
an interest of its own.

2. A characterization of (t1, ..., tn)-Wright-affine functions defined on
a convex domain . We recall that a subset D ⊂ X is called L(t1, ..., tn)-convex if
with any two points x, y ∈ D the segment {αx+ (1−α)y : α ∈ L(t1, ..., tn)∩ (0, 1)}
is contained in D.

A point x0 ∈ X is termed to be algebraically internal for a set A ⊂ X if
∧

y∈X\{0}

∨

εy>0

x0 + λy ∈ A, λ ∈ (−εy, εy) ∩ L(t1, ..., tn).

The set of all algebraically internal points of A will be denoted by algintL(t1,...,tn)A.
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Definition 2.1 Let D ⊂ X be a L(t1, ..., tn)-convex set. A function f : D → Y is
said to be (t1, ..., tn)-Wright affine if the equality

(6) ∆t1z,...,tnzf(x) = 0

holds true for all (x, z) ∈ D ×X such that x+ (t1z + ...+ tnz) ∈ D.

By (6) and Theorem 1.2 it follows that

(7)
∑

(ε1,...,εn)∈{0,1}n

(−1)n−(ε1+...+εn)f(x+ (ε1t1 + ...+ εntn)z) = 0,

for all x ∈ D and z ∈ X such that x+(t1 + ...+ tn)z ∈ D, or equivalently, by putting
z := y−x

t1+...+tn

(8) ∑

(ε1,...,εn)∈{0,1}n

(−1)n−(ε1+...+εn)f
(

(1− ε1t1 + ...+ εntn
t1 + ...+ tn

)x+
ε1t1 + ...+ εntn
t1 + ...+ tn

y
)

= 0,

for all x, y ∈ D.

By (8) we see that the natural domain of (t1, ..., tn)-Wright affine function are
L(t1, ..., tn)-convex sets. Then the following question arises: has any solution f : D →
Y of equation (8), where D is L(t1, ..., tn)-convex subset of X, the form (2), (3) with
the functions ak : Xk → Y , k ∈ {1, ..., n} restricted to D ? We will show that under
some additional conditions the answer is yes.

The idea of proofs of all results in the present section is inspired by methods
contained in [2].
Now, for an arbitrary set D ⊂ X and T := (t1, ..., tn), where t1, ..., tn ∈ (0,∞) are
fixed number, we define the set

(9) HT (D) :=

= {x ∈ X :
∨

y∈D

(1−αε1,...,εn
)x+αε1,...,εn

y ∈ D , (ε1, ..., εn) ∈ {0, 1}n \ {(0, ..., 0)}}

where αε1,...,εn = ε1t1+...+εntn

t1+...+tn
.

Lemma 2.2 Let D ⊂ X be a nonempty L(t1, ..., tn)-convex set. Then the set HT (D)
defined by (9) is L(t1, ..., tn)-convex. More precisely, for any x, y ∈ HT (D) and
u, v ∈ D such that for all (ε1, ..., εn) ∈ {0, 1}n

(1− αε1,...,εn
)x+ αε1,...,εn

u ∈ D and (1− αε1,...,εn
)y + αε1,...,εn

v ∈ D ,
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we have

αε1,...,εn

(
λu+ (1− λ)v

)
+ (1− αε1,...,εn

)
(
λx+ (1− λ)y

)
∈ D

for all (ε1, ..., εn) ∈ {0, 1}n and λ ∈ (0, 1) ∩ L(t1, ..., tn). Moreover, the inclusion
D ⊂ HT (D) holds true.

The proof of the above Lemma is obvious.

Lemma 2.3 Let D ⊂ X be a nonempty L(t1, ..., tn)-convex set. Then for every
(t1, ..., tn)- Wright affine function f : D → Y there exists exactly one (t1, ..., tn)-
Wright affine function F : HT (D) → Y such that F |D= f .

Proof Fix an x ∈ HT (D). There exists a y ∈ D such that

sε1,...,εn := (1−αε1,...,εn)x+αε1,...,εny ∈ D , for all (ε1, ..., εn) ∈ {0, 1}n\{(0, ..., 0)}.

Put

(10) F (x) :=
∑

(ε1,...,εn)∈{0,1}n

ε1+...+εn 6=0

(−1)ε1+...+εn−1f(sε1,...,εn
).

Using the same arguments as in [2] and Lemma 2.2 it is easy to check that the
function F given by the formula (10) is well-defined (t1, ..., tn)-Wright affine function
such that F |D= f and, moreover, this extension is unique. �

Let us introduce the following class of sets

AT (X) := {S ⊂ X : S is L(t1, ..., tn)-convex and
∞⋃

k=1

Hk
T (S) = X }

where Hk
T denotes the k − th iterate of the operation HT defined by (9).

With the aid of Lemma 2.3 (used step by step) using Theorem 1.8 one can show
that the following theorem holds true.

Theorem 2.4 Let Y be a commutative, divisible group. A function f : D → Y is
a (t1, ..., tn) -Wright affine, where the set D ∈ AT (X), if and only if, there are
i-additive and symmetric functions ai : Xi → Y , i = 1, ..., 2n − 2 and a constant
a0 ∈ Y such that

f(x) = a0 +
2n−2∑

i=1

ai(xi) , x ∈ D,

and
a2n−2(x2n−2−n, tnz, ..., t1z) = 0 , x, z ∈ X.
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Theorem 2.5 If D ⊂ X is a L(t1, ..., tn)-convex set such that algintL(t1,...,tn)D 6=
∅ then D ∈ AT (X) .

Proof Without loss of generality we may assume that 0 ∈ algintL(t1,...,tn)D and
D itself is symmetric with respect to zero. We will show that

∞⋃

k=1

Hk
T (D) = X .

Let pD : X → R be the Minkowski’s functional in linear space X over the field
L(t1, ..., tn) i.e. a function given by the formula

pD(x) := inf{t ∈ (0,∞) ∩ L(t1, ..., tn) :
x

t
∈ D}.

It is easy to check that the ordered pair (X, pD) yields a semi-normed space over the
field L(t1, ..., tn) and then the unit ball B := {x ∈ X : pD(x) < 1 } is contained
in D.

First we will show that for every natural number k one has

(11) Bk := {x ∈ X : pD(x) < 1 + ka } ⊂ Hk
T (B),

where a := {min ti

t1+...+tn
: 1 ≤ i ≤ n}.

Relation (11) is fulfilled for k = 1 since for any x ∈ B1, (ε1, ..., εn) ∈ {0, 1}n \
{(0, ..., 0)} and xε1,...,εn := (1− αε1,...,εn)x+ αε1,...,εn0, one has

pD(xε1,...,εn
) = (1−αε1,...,εn

)pD(x) < (1−αε1,...,εn
)(1+a) ≤ (1−a)(1+a) = 1−a2 < 1 ,

i.e. xε1,...,εn ∈ B, for all (ε1, ..., εn) ∈ {0, 1}n \ {(0, ..., 0)} which implies that x
belongs to HT (B) = H1

T (B) because 0 ∈ B.

Now, assume that (11) valid for some number k ∈ N. By monotonicity of
the operation HT it suffices to show that

Bk+1 ⊂ HT (Bk).

For all (ε1, ..., εn) ∈ {0, 1}n \ {(0, ..., 0)} we have

pD(xε1,...,εn
) = (1− αε1,...,εn

)pD(x) < (1− αε1,...,εn
)(1 + (k + 1)a) ≤

≤ (1 + a)(1 + (k + 1)a) = 1 + ka− (1 + k)a2 < 1 + ka

and because 0 ∈ Bk then we obtain that x ∈ HT (Bk), which finishes the inductive
proof of (11). Obviously

X =
∞⋃

k=1

Bk ⊂
∞⋃

k=1

Hk
T (B) ⊂

∞⋃

k=1

Hk
T (D) ⊂ X .

and the proof of our Theorem is finished. �
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