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1. Introduction. In 1991 Gérniewicz, Granas and Kryszewski [3] presented
fixed point theorems for multimaps with nonconvex values which were based on
approximating such maps with single valued maps. In this paper we present a
new fixed point theorem of Lefschetz type for these approximable maps (indeed the
theory can easily be extended to decomposable maps). These maps will be defined
on PRANR’s and these sets are natural in applications in the Fréchet space setting
since they include pseudo-open sets. Our theory is based on results in Banach spaces
and on viewing a Fréchet space as a projective limit of a sequence of Banach spaces
{En}nen (here N ={1,2,..}).

For the remainder of this section we present some definitions and well known
results [1, 2]. Consider vector spaces over a field K. Let E be a vector space and
f: E — E an endomorphism. Now let N(f) ={z € E: f™(z) =0 for some n}
where f(™) is the n*" iterate of f, and let E = E\N(f). Since f(N(f)) C N(f)

we have the induced endomorphism f: F — E. We call [ admissible if dim E < oo;
for such f we define the generalized trace Tr(f) of f by putting Tr(f) = tr(f)
where tr stands for the ordinary trace.

Let f ={fy,}: E — E be an endomorphism of degree zero of a graded vector

space £ = {E,;}. We call f the Leray endomorphism if (i) all f, are admissible
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and (ii) almost all E, are trivial. For such f we define the generalized Lefschetz
number A(f) by

AF) =D (=17 Tr (fy).

q

Let H be the singular homology functor (with coefficients in the field K) from
the category of topological spaces and continuous maps to the category of graded
vector spaces and linear maps of degree zero. Thus H(X) = {H,(X)} is a graded
vector space, Hy(X) being the g—dimensional singular homology group of X. For
a continuous map f: X — Y, H(f) is the induced linear map f, = {f,}, where
foq 1 Hy(X) — Hy(Y).

A continuous map f: X — X is called a Lefschetz map provided f, : H(X) —
H(X) is a Leray endomorphism. For such f we define the Lefschetz number A(f)
of f by putting A(f) = A(f.). We know if f and g are homotopic ( f ~ ¢g) and if
f is a Lefschetz map, then g is a Lefschetz map with A(g) = A(f).

A metrizable space Y is an absolute neighborhood retract (ANR) provided each
continuous map f: D — Y, defined on a closed subset D of a metrizable space X,
is extendable over some neighborhood of D in X to a map into Y.

Next we present the maps we will discuss in this paper. A compact nonempty
space A is called an Rj set provided there exists a decreasing sequence {A,} of
compact absolute retracts such that A = N,>1 A,. Now let X and Y be metric
spaces and F' : X — K(Y); here K(Y) denotes the family of nonempty compact
subsets of Y. We say that F : X — K(Y) isa Rs mapif F is upper semicontinuous
and for each z € X, F(x) isa Ry set. Also we will consider more general maps. Let
A be a compact subset of a metric space X. A is called oco—proximally connected
in X if for every € > 0 there isa § > 0 such that for any n = 1,2,.... and any map
g : OA™ — Ns(A) there exists a map ¢ : A" — N.(A) such that g(z) = ¢'(z)
for x € 9 A™; here A™ is the n—dimensional standard simplex and N.(A) = {z €
X : dist(z,A) < ¢}. Let X and Y be two metric spaces and F : X — 2Y (here
2Y denotes the family of nonempty subsets of Y). We say F € J(X,Y) if F is
upper semicontinuous (u.s.c.) with nonempty, compact, co—proximally connected
values; see [3 pp 467] for examples of J maps. In particular if F: X — K(Y)
is a Rs map and X an ANR space then F' € J(X,Y). Let F : X — K(Y)
and € > 0. A continuous mapping f : X — Y is an e-graph approximation of
F (and we write f € a(F,e)) if for each x € X, f(x) € B(F(B(x,¢€)),e) where
F(B(z,€)) = UyeB(a,e) F'(y) is the image of B(x,¢) under F. Now let

Ao(X,Y) = {F:X —K(): F is us.c. and for every
€ >0 thereisa f € a(F,e)}.

Wesay F e A(X,Y) if F € Ag(X,Y) and for each § > 0 there is an €y > 0 such
that for every € (0 < e < ¢p) if f, g: X — Y are e-graph approximations of F,
then there exists a continuous homotopy h: X x [0,1] — Y joining f and ¢ such
that hy € a(F, ) for each ¢ € [0,1].
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Let X be a compact ANR space and let F € Ag(X,X) = Ag(X). For each
€ > 0 there exists a continuous single valued mapping f € a(F,¢). We let

Ad(F) ={A(f): fealF.e)}

where A(f) denotes the Lefschetz number of f. We define the Lefschetz set A(F)
of F e Ao(X) by
A(F) =n{A(F): €>0}.

If FeA(X,X)=A(X) then A(F) is a singleton and will be called the Lefschetz
number of F' and will be denoted by A(F).

The following Lefschetz fixed point results were established in [2 pp121, 122] (see
also [3]).

THEOREM 1.1 Let X be a compact ANR and F € A(X). If A(F) # 0 then F
has a fized point.

THEOREM 1.2 Let X be a compact ANR and F € Ao(X). If A(F) # {0} then F
has a fized point.

Also the following result was established in [3 pp 473].

THEOREM 1.3 Let X be a compact ANR space and Y a (metric) space. If F €
J(X,Y) then F € A(X,Y).

Of course, as one would expect, one can extend the Lefschetz number to decom-
posable maps (see [5]). As before X and Y are metric spaces. By a decomposable
map we mean a pair (F,D) consisting of a set valued map F : X — 2Y and

a diagram D:x % z™n Y, where Z € ANR, G : X — 2% is an Rs; map
and h : Z — Y a single valued continuous map, such that FF = ho G. Let

X be a compact ANR, Z € ANR and let (F,D) be a decomposable map with
D:X S 7z X. We define the Lefschetz number

A(F, D) = lim A(h o f)
e—0

where, for ¢ >0, f. € a(F¢).

The following Lefschetz fixed point result was established in [5 pp 1798].
THEOREM 1.4 Let X be a compact ANR and (F,D) : X — X a decomposable
map. If A(F,D)#0 then F has a fized point.

Now let I be a directed set with order < and let {E,}aer be a family of locally
convex spaces. For each a,8 € I such that a < 3 let w3 : Eg — E, be a
continuous map. Then the set

{x: (za) € H Ey: zo =mop(zp) Vo, €1, a<ﬂ}

acl
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is a closed subset of [],.; Fo and is called the projective limit of {Eq}acr and
is denoted by lim. E, (or lim. {E,, 7 g} or the generalized intersection [4 pp.
439] Naer Eq.)

2. Fixed point theory in Fréchet spaces.. Let E = (E,{||.}nen) be a
Fréchet space with the topology generated by a family of seminorms {|-|, :n € N}.
We assume that the family of seminorms satisfies

(1) 2] < lz]2 < |z|3 < ... for every z € E.

A subset X of E is bounded if for every n € N there exists r, > 0 such that
|z|, <7y, forall z € X. To E we associate a sequence of Banach spaces {(E,, ||»)}

described as follows. For every m € N we consider the equivalence relation ~,
defined by

(2) T~y iff |I - y|n =0.

We denote by E® = (E/~p,| - |n) the quotient space, and by (E,,| - |,) the
completion of E™ with respect to |-, (the norm on E" induced by |- |, and its
extension to E,, are still denoted by |- |,). This construction defines a continuous
map i : E — E,. Now since (1) is satisfied the seminorm |-|, induces a seminorm
on E,, for every m > n (again this seminorm is denoted by |- |,). Also (2)
defines an equivalence relation on E,, from which we obtain a continuous map
tnm @ Epn — E, since E,, /~, can be regarded as a subset of E,. We now
assume the following condition holds:

(3)

for each n € N, there exists a Banach space (E,,|"|,)
and an isomorphism (between normed spaces) j, : E, — E,.

REMARK 2.1 (i) For convenience the norm on FE,, is denoted by |- |,.
(ii) Usually in applications E, = E™ for each n € N.

(iii) Note if z € E,, (or E") then z € E. However if x € E, then z is not
necessaily in E and in fact E,, is easier to use in applications (even though
E, isisomorphic to E,). For example if E = C[0,00), then E™ consists of the
class of functions in E which coincide on the interval [0,n] and E,, = C[0,n].

Finally we assume

(4) EiDE;y D ........ and for each n € N, |z|, < |x|py1 V@ € Epyq.

Let lim. E, (or N E, where N$° is the generalized intersection [4]) denote the
projective limit of {E,}hen (note mpm = jn finm jm’ o Em — E, for m > n) and
note lim_ F, = E, so for convenience we write F = lim_ F,.

For each X C E and each n € N we set X,, = j, in(X), and we let X,, and
0X,, denote respectively the closure and the boundary of X, with respect to |- |,
in E,. Also the pseudo-interior of X is defined by

pseudo —int (X) ={z € X : j, pn(z) € X,,\ 0X,, for every n € N}.
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The set X is pseudo-open if X = pseudo — int (X).
Let E and FE,, be as described above.

DEFINITION 2.2 A set A C FE is said to be PRANR if for each n € N, A, =
Jn tn (A) is an ANR.

ExAMPLE 2.3 Let A be pseudo-open. Then A is a PRANR.
To see this fix n € N. We now show

A, is a open subset of FE,.

First notice A, C A, \JA, since if y € A, then there exists = € A with y =
Jntn(z) and this together with A = pseudo —int A yields jnpun(x) € Ay '\ 0A, ie.
y € A, \ 04,. In addition notice

A, \0A, = (int A, UDA,) \ 04, = int A, \ 04, = int A,
since int A, N OA, = (. Consequently
A, CA,\0A, =intA,, so A, =intA,.
As aresult A, is open in F,. Thus A, is an ANR, so A is a PRANR.

Our first results are for Volterra type operators.

THEOREM 2.4 Let E and E, be as described above, C C E is a compact PRANR
and F : C — 2F and for each n € N assume F : C,, — 2Fn . Suppose the following
conditions are satisfied:

(5) for each ne€ N, F e A(C,) = A(C,,C,)
(6) for each n€ N, Ac, (F)#0
and

(7) { for each ne€{2,3,....} if yeC, solves ye Fy in E,

then y € Cy for ke{l,..,n—1}
Then F has a fized point in E.

Proor Fix n € N. Notice C,, = j, pn, (C) is compact. Theorem 1.1 guarantees
that there exists y,, € C,, with y,, € Fy,. Lets look at {y,}nen. Notice y1 € Cy
and yi € Cy for k € N\{1} from (7). As a result y, € C; for n € N and now
since C is compact there is a subsequence Ny of N and a z; € Cy with y, — 2
in F1 as n — oo in Ny. Let Ny = Ny \{1}. Now y, € Cy for n € Ny together
with the fact that Cy is compact implies that there exists a subsequence N3 of
N; and a 29 € Cy with y, — 2o in Fy as n — oo in NJ. Note from (4) that
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zo = z1 in Fy since NJ C Ni. Let No = N3\ {2}. Proceed inductively to obtain
subsequences of integers

N DONS Doy NfC{kk+1,..}

and z, € Cy with y, — 2, in E, as n — oo in Nj. Note 241 = 2, in Ej, for
ke{l,2,..}. Alsolet Ny = N\ {k}.

Fix k € N. Let y = z; in Ej. Notice y is well defined and y € lim._ FE,, = E.
Now y, € Fy, in E, for n € N and y, — y in Ep as n — oo in Ni (since
y = z in Ej) together with the fact that F : Cy — 28k ig upper semicontinuous
(note y, € Cy for n € Ny) implies y € Fy in Ey. We can do this for each k € N
so we have y € F'y in E. n

Essentially the same reasoning as in Theorem 2.4 yields the following result.

THEOREM 2.5 Let E and E, be as described above, C C E is a compact PRANR
and F : C — 2% and for each n € N assume F : C,, — 2F» . Suppose the following
conditions are satisfied:

(8) for each n€ N, F € Ay(C,) = Ao(Cp, Cy)
and
(9) for each n € N, Ac, (F) # {0}.

Also assume (7) holds. Then F has a fived point in E.

Our next results were motivated by Urysohn type operators. In this case the map
F,, will be related to F' by the closure property (13).

THEOREM 2.6 Let E and E, be as described in the beginning of Section 2, C C E
is a compact PRANR and F : C — 2F. Also for each n € N assume there exists
F, : C, — 2Fn. Suppose the following conditions are satisfied:

(10) for each n€{2,3,...} if yeC, solves y€ F,y in E,
then y € Cy for ke {l,..,n—1}.

(11) for each ne€ N, F, € A(C,,C,) = A(C,)

(12) for each n € N, Ac, (F,) #0

and

if there exists a w € E and a sequence {yp}tnen
with y, € Cp, and y, € Fhy, in E, such that

(13) for every k € N there exists a subsequence
SC{k+1,k+2,...} of N with y, > w in Ej
as n— oo in S, then w € Fw in E.

Then F has a fized point in E.
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PrOOF Fix n € N. Theorem 1.1 guarantees that there exists y, € C, with
Yn € Fryn in E,. Lets look at {y,}nen. Note from (10) that y, € C; and
now since C is compact there exists a subsequence Ny of N and a z; € Ey with
Yn — 21 In F; as n — oo in Ny. Let Ny = Ny \{1}. Look at {y,}nen,. Also
there exists a subsequence NJ of N; and a z3 € Fy with y, — 22 in Ey as
n — oo in NJ. Note zo = z1 in Ej since Ny C Ny. Let Ny = N3\ {2}. Proceed
inductively to obtain subsequences of integers

N DONED oy NYC{kk+1,..}

and z, € B with y, — 2z in Ep as n — oo in N;. Note zp41 = 2 in Ej for
ke N. Also let N = N} \ {k}.

Fix k€ N. Let y = 2, in Ey. Notice y is well defined and y € lim. F,, = E.
Now y, € Fr,y, in E, for n € N and y, — y in Ey as n — oo in Ny (since
y =z, in E}) together with (13) implies y € Fy in E. =

REMARK 2.7 Note if €y D Cy D ... then clearly (10) holds.

Similarly we have the following result.

THEOREM 2.8 Let E and E, be as described in the beginning of Section 2, C C E
is a compact PRANR and F : C — 2F. For each n € N assume there exists

F, : C, — 2P and also assume (10) holds. Suppose the following conditions are
satisfied:

(14) for each ne N, F, € Ag(C,,,Cy) = Ap(Cy)
and
(15) for each n € N, Ac, (F,) # {0}.

Finally assume (13) holds. Then F has a fized point in E.

REMARK 2.9 Of course there are analogues of Theorem 2.4 and Theorem 2.6 for
decompsable maps.
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