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Abstract. Using fixed point methods, we prove the generalized Hyers-Ulam stabi-
lity of homomorphisms in multi-Banach algebras and derivations on multi-Banach
algebras for the additive functional equation

if mx; + Zm: z; |+ f f:l‘z =2f zm:mwz
i=1 i=1

J=1,j#i i=1
for each m € N with m > 2.

2000 Mathematics Subject Classification: Primary 39A10, 39B72; Secondary 47H10,
46B03.

Key words and phrases: Additive functional equation, fixed point, homomorphism in
multi-Banach algebra, generalized Hyers-Ulam stability, derivation on multi-Banach
algebra, multi-normed space.

1. Introduction and preliminaries. The stability problem of functional equ-
ations originated from a question of Ulam [34] concerning the stability of group
homomorphisms:

Let (G1,*) be a group and (G2, 9, d) be a metric group with the metric d(-,-).
For any e > 0, does there exist a d(¢) > 0 such that, if a mapping h : G; — Gs
satisfies the inequality

d(h(z +y), h(z) o h(y)) < (e)
for all x,y € G1, then there is a homomorphism H : G; — G5 with

d(h(z), H(z)) <€

*The corresponding author: yjcho@gnu.ac.kr (Yeol Jecho).
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for all z € G17?

If the answer is affirmative, we say that the equation of homomorphism H(x
y) = H(z) o H(y) is stable. The concept of stability for a functional equation arises
when we replace the functional equation by an inequality which acts as a perturba-
tion of the functional equation. Thus the stability question of functional equations is
that how do the solutions of the inequality differ from those of the given functional
equation?

Hyers [10] gave a first affirmative answer to the question of Ulam for Banach
spaces.

Let X and Y be Banach spaces. Assume that f : X — Y is a mapping satisfying
the condition that there exists € > 0 such that

1f(z+y)—fl@) - fy)ll<e
for all z,y € X. Then there exists a unique additive mapping 7' : X — Y such that
[f(z) = T(2)ll <e
for all z € X.

Rassias [27] provided a generalization of Hyers’ Theorem and also the unbounded
Cauchy differences have been considered in [1, 2].

THEOREM 1.1 ([27]) Let f : E — E’ be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

(1) 1f (@ +y) = f(@) = F)ll < (=] + llyl”)
for all x,y € E, where € and p are constants with ¢ > 0 and p < 1. Then the limit
27l
L(z) = lim f(2n$)

exists for allx € E and L : E — E’ is the unique additive mapping which satisfies

2€
2—2p

1f(z) = L(z)[| < [l]|”
for all x € E. Also, if, for any x € E, the function f(tx) is continuous in t € R,
then L is R-linear.

The above inequality (1.1) has provided a lot of influence in the development of
what is now known as a generalized Hyers-Ulam stability of functional equations.
Beginning around the year 1980, the topic of approximate homomorphisms or the
stability of the equation of homomorphism was studied by a number of mathema-
ticians. Gavruta [9] generalized the Rassias’ result and a number of authors have
extensively investigated the stability problems of several functional equations (see
[11], [14)-[25], [28]-[30]).
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THEOREM 1.2 ([31, 32, 33]) Let X be a real normed linear space and 'Y be a real
complete normed linear space. Assume that f : X — Y is an approzimately additive
mapping for which there exist constants 0 > 0 and p € R —{1} such that f satisfies
inequality

1f(z+y) = fz) = fWIl <O0-[lz]= - [lyl=
for all z,y € X. Then there exists a unique additive mapping L : X — Y satisfying

0
_ 7 glP
1) - L@ < g ol
for all x € X. If, in addition, f : X — Y is a mapping such that the transformation
t — f(tx) is continuous in t € R for each fivred x € X, then L is an R-linear

mapping.

We recall two fundamental results in fixed point theory for our main results in
this paper.

THEOREM 1.3 ([3, 4, 26]) Let (X,d) be a complete metric space and let J : X —
X be strictly contractive, that is, there exists a Lipschitz constant L < 1 such that

d(Jz,Jy) < Lf(z,y)

for all x,y € X. Then we have the following:

(1) the mapping J has a unique fized point x* = Jx*;

(2) the fized point x* is globally attractive, that is, lim,_.., J"x = x* for any
starting point x € X ;

(3) one has the following estimation inequalities:

d(J"z,z*) < L"d(z,2*), d(J"z,2*) < ——d(J"z, Jn+lx),

foralln >0 and x € X.

Let X be a set. A function d : X x X — [0, 00] is called a generalized metric on
X if d satisfies the following conditions:

(1) d(z,y) =0 if and only if x = y for all z,y € X;

(2) d(z,y) = d(y,z) for all z,y € X;

(3) d(z, 2z) < d(z,y) + d(y, 2) for all z,y,z € X.

THEOREM 1.4 ([8]) Let (X,d) be a complete generalized metric space and J : X —
X be a strictly contractive mapping with Lipschitz constant L < 1. Then, for any
x € X, either

d(J"z, J" M r) =
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for all n > 0 or there exists a positive integer ng such that
(1) d(J"z, J" z) < oo for all n > no;
(2) the sequence {J™xz} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y ={y € X : d(J™z,y) < 00};
(4) d(y,y*) < 2d(y, Jy) for ally € Y.

2. Multi-normed spaces. The notion of multi-normed space was introduced
by Dales and Polyakov in [5]. This concept is somewhat similar to the operator
sequence space and has some connections with the operator spaces and Banach
lattices. Motivations for the study of multi-normed spaces and many examples are
given in [5, 6, 12].

Let (€,] - ||) be a complex normed space and let k& € N. We denote by £ the
linear space € @ --- @ £ consisting of k-tuples (x1,--- ,xy), where x1,--- ,a € &.
The linear operations on £ are defined coordinate-wise. The zero element of either
€ or £ is denoted by 0. We denote by Ny the set {1,2,--- ,k} and by X the group
of permutations on k symbols.

DEFINITION 2.1 A multi-norm on {£* : k € N} is a sequence (||cdot||;, : k € N)
such that || - || is a norm on E* for each k € N with k > 2 satisfying the following
conditions:

(A1) (o), s To)lle = (1, o)l (0 € Bgy @1, 28 €E);

(A2)  |(eawy,- - oper)|le < (maxen, |ag]) (21, zr) |

(a1, - ,ar €C, 1, -+, €E);
(A3) (@1, s 2k—1,0) [k = [[(21, s @p—1)llk—1 (@1, 2p—1 € &)
(Ad) (z1, s p—1,me—1) e = (@1, s 2k—1)le—1 (T2, 21 € E).

Then ((E%,] - ||x) : k € N) is called a multi-normed space.

LeEMMA 2.2 ([12]) Suppose that ((EF,|.||x) : k € N) is a multi-normed space and
take k € N. Then

D), o)lle = [l (z € &);

(2) maxien, @ill < [lon, -l < Sy el < kmaxien, |zl (21, @ €

It follows from (2) of Lemma 2.2 that, if (£, - ||) is a Banach space, then
(%, |l - llx) is a Banach space for each k € N. In this case, ((€¥,] - ||x) : k € N) is
called a multi-Banach space.

Now, we state two important examples of multi-norms for an arbitrary normed
space & (see [5]).
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EXAMPLE 2.3 The sequence (|| - || : k € N) on {€* : k € N} defined by

||$1,-~- 7kak = maxlle” (1‘17~-~ y Tk € 5)
1€Ng

for each k£ € N is a multi-norm, which is called the minimum multi-norm. The
terminology ‘minimum’ is justified by the property (2) of Lemma 2.2.

ExXAMPLE 2.4 Let {(|| - ||¥ : K € N) : a € A} be the (non-empty) family of all
multi-norms on {€* : k € N}. For each k € N, set

||(.’L‘1,~-- 75171@)”13 ‘= sup H(xl’ 7'%76)“% (1‘1,--- » Tk € 5)
acA

Then (|| - || : k € N) is a multi-norm on {£* : k € N}, which is called the mazimum
maulti-norm.

We need the following observation which deduces from (2) of Lemma 2.2.

LEMMA 2.5 Let (z1,--- ,71) € EF for each k € N and, for each j € {1,--- ,k}, let
(@1)n>1 be a sequence in € such thatlim, .. xJ, = z;. Then, for each (y1,--- ,yx) €
EF, we have

lim (2, — g1, @ — yr) = (1 = Y1, Tk — Yi)-
n—oo
DEFINITION 2.6 Let ((E%,] - ||x) : ¥ € N) be a multi-normed space.

(1) A sequence (z,) in & is a multi-null sequence if, for any € > 0, there exists
ng € N such that

sup ”(xna T 7xn+k—1)”k <e
keN

for all n > ny.
(2) A sequence (z,) is said to be multi-convergent to apoint € £ (write
lim,— o0 & = ) if (2, — ) is a multi-null sequence.

DEFINITION 2.7 [5, 13] Let (4, ] - ||) be a normed algebra such that ((A*, ] - ) :

k € N) is a multi-normed space. Then ((A*,|| - |x) : k¥ € N) is a multi-normed
algebra if

[[(axby, -+ arbi)lle < [[(a1, -+ s ar)lle - [[(br, - o)k
for all kK € N and ay, -+ ,ak,b1, -+ ,bp € A. Further, the multi-normed algebra

((A*|| - ||%) : k € N) is a multi-Banach algebra if ((A*, |- ||z) : k¥ € N) is a multi-
Banach space.
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EXAMPLE 2.8 [5, 13] Let p,q with 1 < p < ¢ < oo and let A = ¢P. The algebra
A is a Banach sequence algebra with respect to the coordinatewise multiplication
of sequences (see [7]). Let (|| - ||[x : & € N) be the standard (p,¢)-multi-norm on
{A* : k € N}. Then ((A*, || - ||x) : k € N) is a multi-Banach algebra.

3. Stability of homomorphisms in multi-Banach algebras. Let A and B
be complex Banach algebras. For any mapping f : A — B, we define

D#f(fﬁh"'vxm)::ZMf mxz; + Z x; +/Jf<z;vi>—2f<u2mxi>
i=1 i=1 i=1

=10
forallpe T :={vr e C:|v|=1} and 21, ,z,, € A.

Note that a C-linear mapping H : A — B is called a homomorphism in multi-
Banach algebras if H satisfies H(zy) = H(z)H (y) for all z,y € A.

Now, we prove the generalized Hyers-Ulam stability of homomorphisms in multi-
Banach algebras for the functional equation D, f(x1,--- ,zp) = 0.

THEOREM 3.1 Let A, B be complex Banach algebras and ((B*,|.||x) : k € N) be a
multi-Banach algebra. Let f : A — B be a mapping for which there are functions
o1 A —[0,00) and 1 : A% — [0,00) such that

(2) lim mfjgo(mjz11,~« M T, Mg, ,mjka) =0,
j—oo
(3) [(Dpf (@11, xim)s s Duf(@rr, o Tem)) |k
< 90(:1:117"'ax1m7"'axkla"'7ka)a
(4) I(f(z1yr) = f(e) f(yn)s -5 f(@ryr) — flar) f(ye)) llx
< 1/J($1,y17"' 7$kayk);
(5) lim m_zjw(mjxl,mjyl, e ,m-jxk,mjyk) =0
j—o0
fO’I” all 1% S Tl and T1l, " 5 T1ms " 3Tkl " s Thkms L1y 5 Tky Yl " 5 Yk S A. ]f
there exists a constant L < 1 such that
m m m
()O(mmlhoa"' ,0,mx21,0,--- 0, ,mag, 0, ,0)
m m m

<mL§0(‘T11707"’ ,0,1’21,0,"' 303"' 7xk130;"' 30)

for all x11, 21, ,xK1 € A, then there exists a unique homomorphism H : A — B
such that
(6) I(f(z1) = H(z1),- -+, fzr) — H(zx)) |k
m m m
< 7@('%1707"' ,07.'172707"' 507"' amkao7"' 70)
m —mL

forall xi, -+ ,xp € A.
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ProOF Consider the set
X:={9:A— B}

and introduce the generalized metric on X:

d(g,h) = mf{C € Ry : [|[(g(z1) = A1), -+, g(wr) = h(ax)) |k

m m m

<C§0(.’E1,0,"' ,0,$2,0,"' 707"' 71’k,0,"' 30)7 lea"' » Tk EA}

It is easy to show that (X, d) is complete (see [6]).

Now, we consider the linear mapping J : X — X such that

1
J = —
(@) 1=~ g(ma)
for all z € A. By [3, Theorem 3.1 ] (also see [6, Lemma 3.2]),

d(Jg,Jh) < Ld(g, h)

for all g,h € X. Letting p =1, ;1 = x; and k0 = -+ = &4, = 0, 1 < i < kK, in
(3.2), we get
(7) [(f(mz1) —mf(z1), -, f(mazy) —mf(ze))lk

m m m

<SD(:E1’07"' 707562707"' 70u"' ,.’Ek,07"' 70)

for all z1,---,zx € A and so

(£ = o fmen), = Flan) = - foma)

m m m

1
< =
m

for all z1,---, 2, € A. Hence d(f, Jf) < 2

m’

By Theorem 1.4, there exists a mapping H : A — B such that
(1) H is a fixed point of J, that is,

(8) H(mz) =mH (x)
for all x € A. The mapping H is a unique fixed point of J in the set

Y ={g€X:d(f,g) < oo}

QD($1,0,"' 507x2507"' 707"' axlwoa"' 70)

This implies that H is a unique mapping satisfying (3.7) such that there exists

C € (0,00) satisfying

m m

H(H(ml) 7f(1’.1)7'“ vH(mk)if(xk))”k < C@(xhov'“ ;0,22,0,--+,0,---

71:16707'“ 70)
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for all z1,--- ,zx € A. (2) d(J"f,H) — 0 as n — oo. This implies the equality

m M:H(x)

1
(9) B
for all z € A.
(3) d(f, H) < 27d(f, Jf), which implies the inequality
1
d(f,H) < ——.
(fH) < ——+

This implies that the inequality (3.5) holds.
It follows from (3.1), (3.2) and (3.8) that

(£ £ ) () =(5-)

j=1, j#i
ZH (mwkl-i- Z a:k]> + H (Zw;ﬂ) —2H (mem))
Jj=1,j#1 i=1 k
=1 Jj=1,j#1
’Zf< n+ z,“+ Z m a:kj> + f <Zm zk7> —2f (Zm +1, l))
i=1 J=1, j#i k
1
< lim ﬁ@(mnwllw” s T, m T, M Tm) =0
n—oo M
for all 11, -+ ,Z1m, " , Tkl ,Tm € A and so
m
(10) ZH mx; + Z zj | + H (Zx2> =20 (mez>
J=1,j#1
for all z1,--- ,z,, € A and hence H is additive.

By a similar method as above, we get
wH(mz) = H(mpux)

for all 4 € T! and = € A. Thus one can show that the mapping H : A — B is
C-linear. Further, it follows from (3.3), (3.4) and (3.8) that

|(H(z1y1) — H(z1)H(y1), -+, H(zkyr) — H(zk) H(yx) |k

= lim — || (f(m®"z1y1) = f(m"e) f(m ), f(m eeye) — f(m" ) fm" ) ||,
n—oo M
1
< lim ——p(m"zy,m"y1, - ,m xy, mtyy) =0
n—oo m
for all 1,91, - , 2k, yx € A and so

H(xy) = H(x)H(y)
for all z,y € A. Thus H : A — B is a homomorphism satisfying (3.5). This comple-

tes the proof. n
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COROLLARY 3.2 Let A, B be complex Banach algebras and ((B*,||.||x) : k € N) be a
multi-Banach algebra. Let v < 1 and 6 be nonnegative real numbers and f : A — B
be a mapping such that

(11) |(Dpf(x11,- - s Tim), - s Dpf(@rt, - Tem)) [k
m
D leln+--+ Z |7l
=1

(12) I(f(z1y1) = f(21) f(y1),- - 7f(fU/eyk) i) Ik
<Ol llvalla +--+ ||Ik||A ||yk||f4)

forallp € T" and 11, -+, T1ms -+ s Tkt > Thoms T15 - > Ths Y157+ Yu € A Then
there exists a unique homomorphism H : A — B such that

1(f(@1) = H (1), fxr) — H(zp))lx

0
D — (ol + -+ [lzell)

for all x1,--- ,xp € A.

PrOOF The proof follows from Theorem 3.1 by taking

m m
So(xlla"' sy Limy " 3 Tkl ,./L'km) ::e Z”xlerA'i_ +Z||ka||2
i=1 =

and
V(@ yn, s we,yk) =0 ([l vl + -+ el - [lyella)

—1
for all T11y " 5 TImy """ 5 Tkly " s Thkmy L1y s Ty Y1, " 5 Yk c€cAand L=m' - A

THEOREM 3.3 Let A, B be complexr Banach algebras and ((B*,|| - ||x) : k € N) be
a multi-Banach algebra. Let f: A — B be a mapping for which there are functions
0 Amk —[0,00) and ¢ : A?* — [0,00) such that the inequalities (5.2), (5.3) and

(13) hm mjso(m_jmllv e 7m_j$1m7 e 7m_jxk17 e 7m_j‘rkrm) = 07
j—oo
(14) lim m&p(m ™z, m Iy, - ,mIa, mIy) = 0
J—0
fO?" all JUS T! and L1, 3 Tims " 5Tkl Thms L1, 5 Tk Y1, Yk € A. If

there exists a constant L < 1 such that

m m m

2 1‘1170""70ax21707"'a07"'axk1707"'a0

m m m

< E@ mxlhoa"' ,0,mx21,0,--- aoa"' ammk1707"' ,O
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for all x11, 201, ,xp1 € A, then there exists a unique homomorphism H : A — B
such that
(15) [(f(21) = H(z1), -, flaw) — H(zw)) |k
L m m m
<790 1'1,0,"',O,LUQ,O,"'70,"'7$k,0,"',0
m — mL
forallxi, -z € A.

ProOF We consider the linear mapping J : X — X such that

T

Jg(x) = mg (=)

for all x € A. It follows from (3.6) that

€ Tk
16 (s =ms (S2) st =ms (32))]
(16) fla) —mf Flar) =mf()),
<o ﬂ707...707ﬁ707...707...7ﬁ’07...’0
m m m
L m m m
g—(p x1;07"'707x2707"'707"'a$k'70a'“70
m
for all z1,--- , 2, € A. Hence

a(f,Jf) < %

By Theorem 1.4, there exists a mapping H : A — B such that
(1) H is a fixed point of J, that is,

(17) H(mz) =mH (x)
for all x € A. The mapping H is a unique fixed point of J in the set
Y ={geX:d(f g) <oo}.

This implies that H is a unique mapping satisfying (3.7) such that there exists
C € (0,00) satisfying

H(H(xl)_f(xl)v ,H(l‘k) _f(xk))Hk g Ctp('xlvoz"' 707432707"' 707"' 7$k707"' 70)

for all z1,--- ,xy € A.
(2) d(J™f,H) — 0 as n — oo. This implies the equality

lim m" f (%) = H(x)

n—oo
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for all z € A.
(3) d(f, H) < 125d(f,J f), which implies the inequality

d(f,H) < ————.
(f) ) m — mL
Hence the inequality (3.16) holds.

The rest of the proof is similar to the proof of Theorem 3.1. This completes the
proof. [ ]

COROLLARY 3.4 Let A, B be complex Banach algebras and ((B*,|.||lx) : k € N)
be a multi-Banach algebra. Let r > 1 and 6 be nonnegative real numbers and f :
A — B be a mapping satisfying the inequalities (3.10) and (3.11) for all p € T!
and 11, 3 Tlmy " s Tkl > Thmy L1, » Ty Y1, , Yk € A. Then there exists a
unique homomorphism H : A — B such that

1(f (1) = H(zy), - fan) — H(zg)) |
(el + -+ llexlla)

X
m" —m

for all x1,---  xp € A.

PrOOF The proof follows from Theorem 3.3 by taking

m m
pler, Ty aw o) =0 [ D gl ) el
j=1

j=1
and
Y@,y @k, ye) =0 (le % - lyalla + - 4 loell - lyella)
for all T11, 5 Z1my " Tkl s Thkms L1y s Tk, Y1y Yk € A and L:mlir' ||

4. Stability of derivations on multi-Banach algebras. Let A be a complex
Banach algebra. Note that a C-linear mapping 6 : A — A is called a derivation on
A if § satisfies 6(zy) = 6(x)y + x0(y) for all x,y € A.

Now, we prove the generalized Hyers-Ulam stability of derivations on multi-
Banach algebras for the functional equation

Dyf(zr, - 2m) =0

forall y € T' :={v € C: |v| = 1} and 21, , 2, € A, where f : A — Ais a
mapping.
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THEOREM 4.1 Let A be a complex Banach algebra and ((AF,| - ||x) : k € N) be a
multi-Banach algebra. Let f : A — A be a mapping for which there are functions
@A™ —[0,00) and 1 : A** — [0,00) such that (3.1), (3.2), (3.4) hold and

(18) I(f(w1y1) = flx)y — 21 f (), - 5 F@wyr) — f(@xr)yn — oxf (ur))lk

< 1/1(30172/1, "‘7xk7yk)

fO’I” all JUNS Tl and L1l 5 Tims 5Tkl 3 Thmy X1, 3 Thy Y1, 700 Yk € A. If
there exists a constant L < 1 such that

m m m
L)0(777‘1‘1170""7Oa7/n$2170a"'707"'7",),L'/Ek1707"'ao)
m m m

<mL90(I11707"' 707x21305"' 303"' 7xk1305"' 30)

for all x11,221, -+ ,x1 € A, then there exists a unique derivation § : A — A such
that
(19) [(f(z1) = 0(z1), -, fzr) = 0(z))lx
m m m
< 790(1.1707"' ,0,1}2,0,"' 707"' 7$k707"' 70)
m — mL
for all xy, - ,x) € A.

PRrROOF By the same reasoning as the proof of Theorem 3.1, there exists a unique
C-linear mapping ¢ : A — A satisfying (4.3). The mapping § : A — A is given by

(20) §(z) = lim fm"z)

n—oo mm

for all z € A. Tt follows from (4.1), (3.4) and (4.3) that

1(6(z1y1) — 0(x1)yr — 16(y1), -+, 6(wryr) — 0(xr)yr — T (yr)) |4

M 1 n n n n n
= lim —||(f(m*"z1y1) — f(m"21) - m"y1 — m"x f(m"y1),

n—oo M
s fmPagyr) — f(mMay) - m My — m"a f(m™ye)) ||k
< lim m_an(mnxlamnyh e 7mn$k7mnyk¢)
n—oo
=0
for all 1, ,xk, Y1, - ,yYr € A and so

d(zy) = d(x)y + 2(y)

for all z,y € A. Thus 6 : A — A is a derivation satisfying (4.3). This completes the
proof. n
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COROLLARY 4.2 Let A be a complex Banach algebra and ((A*,|| - ||x) : k € N)
be a multi-Banach algebra. Let r < 1 and 6 be nonnegative real numbers, and let
f:A— A be a mapping satisfying (3.10) and such that

@) [1(f(z1y1) = F@)yr — 21 f (i) -5 f(@nyr) = f@r)ye — zef (0e)) e
S OUzalla - Nyalla + -+ lwella - llyells)

forallp € T" and 11, -+, T1ms -+ s Tkt > Thms T15 - > Ths Y157+ Yk € A Then
there exists a unique derivation § : A — A such that

17 = 8, £a) = Sl < ———(ally + -+ + )

for all x1,--- a1 € A.

PRrROOF The proof follows from Theorem 4.1 by taking

m m
(P(xlla"' yLims "y Thly " 7ka) =0 Z||xlj||r4++2||xk]||j4
j=1

j=1
and
Y@y, k) =0 (ol - lyalla + - + lzellla - lyella)
for all T11y s Tlms " 5Tkl " s Thms L1y s Tk Y1, Yk € Aand L=m". |

THEOREM 4.3 Let A be a complex Banach algebra and ((A*,|.|[x) : k € N) be a
multi-Banach algebra. Let f : A — A be a mapping for which there are functions
0 : AmE —[0,00) and i : A%F — [0, 00) satisfying (3.2), (3.12) (5.13) and (4.1) for
all p € T' and T11,- -+ @1y > This s Thin, L1y - s Thy Y1, Yk € A. If there
exists a constant L < 1 such that

m m m

Qp(mxllyof" aovmx21;07"' 707"' amxklvoa"' 70)

m m m

L
< Egp(xllvoa'” 7Oax21707"' 707"' ;xklvov‘” 70)

for all x11,201,- -+ ,xp1 € A, then there exists a unique derivation § : A — A such
that
(22) [(f(z1) = (1), f@n) — 0(zr)) Ik

< mw(mlaoa'” 7Oa$270a"' 7Oa"' 7Ik,0,"' 30)

for all x1,--- ,xp € A.
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COROLLARY 4.4 Let A be a complex Banach algebra and ((A*,|-||x) : k € N) be a
multi-Banach algebra. Let r > 1 and 0 be nonnegative real numbers and f: A — A
be a mapping such that (3.10) holds and

(23) |(f(zryr) = flz)yr —zof(yr)s -5 flawyr) — fF@r)ye — o0 f (uk)) ||k
<Ozl Nyala + -+ loella - lyella)

Jorallp € T" and @11, -+, Tim, -+ Tkl > Thms T1, - > Ths Y15 -+ Yk € A. Then
there exists a unique derivation § : A — A such that

1(f (1) = 6(z1), -+, flan) = 0(z)) [k < (allla +--- 4 [lzxlla)

m" —m

forall xq, - ,xp € A.

PrOOF The proof follows from Theorem 4.3 by taking

m m
So(xlla"' s Llmy 3 Tkl ,:Ck:m> = 9 ZH-’IJIJHTA + +Z|‘xk]||rA
j=1

j=1
and
Y@,y ok ye) = O (el - llyalla + -+ el - lvela)
for all L1l 5 T1my " Tk, s Thkmsy L1, 5 TEy Y1, 5 Yk S and L =m!~". [ |
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