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Statistical approximation in multivariate modular
function spaces

Abstract. In this paper, using the concept of A-statistical convergence we prove a
Korovkin type approximation theorem in multivariate modular function spaces. Fur-
thermore, giving an example via bivariate operators of Kantorovich type, it is shown
that our theorem is stronger than its classical case.
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1. Introduction and Background. The classical Korovkin theorem is one
of the most interesting result in approximation theory [20]. Several modifications
of this theorem has been considered in different functional spaces by many authors
[12], [6], [25], [24], [1]. An extension of Korovkin theorem in abstract modular spa-
ces was presented by Bardaro and Mantellini in [3]. They have given a modular
version of this theorem in multivariate modular function spaces recently [4]. This
generalization has been obtained for functions defined on open precompact sets
in a Hausdorff locally compact space provided with a regular measure on Borel
sets. The aim of this paper is to prove Korovkin theorem in multivariate modular
function spaces by replacing strong or modular convergence with the more general
A—statistical convergence. Finally, by giving an example via bivariate operators of
Kantorovich type, we show that our theorem is stronger than its classical case. Our
study is analogous that to of Karakug, Demirci and Duman in [18]. They obtained
various Korovkin type approximation theorems in modular spaces via the concept
of A -statistical convergence. Moreover, by using A—statistical convergence of ap-
proximating operators defined on the space of all real valued continuous functions
on a compact Hausdorff space, an abstract version of Korovkin theorem has been
given by Duman and Orhan in [13].

Before further proceeding we recall some definitions and notations on statistical
convergence and modular functions used in this paper.
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Let A = (aj,) be an infinite summability matrix. For a given sequence z := (z,,)
the A transform of z, denoted by Ax := ((Ax)j>, is given by

(A:v)j = Zajnxn
n=1

provided the series convergence for each j. We say that A is regular if lim,; (Ax) ;=1L
whenever lim,, z, = L [7].

Assume that A is a non-negative regular summability matrix and K is a subset
of N; the set of all positive integers. The A—density of K, is denoted by

o4 (K) = liﬁn Z Ajn,

nekK

provided the limit exists. A sequence  := (x,,) is said to be A—statistical convergent
to the number L if for every € > 0 ,

da{neN:|x, —L|>¢e}=0;

or equivalently
o0

lijm Z ajn = 0.

n:|lx, —L|>e

We denote this limit by st4 —limaz = L ([17], [8], [19]). For A = C}, the Cesaro
matrix, A—statistical convergence reduces to statistical convergence [14], [16], [15].

Also, if we take A = I, the identity matrix, A—statistical convergence coincides
with the ordinary convergence. We note that if A = (a,x) is a regular summability
matrix for which lim; max,, {a;,} = 0, then A—statistical convergence is stronger
than usual convergence (see, [19]).

The concepts of statistical limit superior and limit inferior have been introduced
by Fridy and Orhan (see, [16]). A—statistical version of this definitions have been
considered by Connor and Kline [9] and Demirci [10].

The A-—statistical limit superior of a number sequence x = (x,) denoted by
st — limsup x, is defined by

sty — limsupz = { S:IEOB“C :gi i 8
where B, = {b€R:04{n:z, > b} # 0} and 0 denotes the empty set. We denote
that by 04 {K} # 0 either 64 {K} > 0 or K does not have A—density. Similarly, the
A—statistical limit inferior of a number sequence (z,,), denoted by st4 — liminf z,
is defined by
supA, A, #0

stA—hmmfx:{ oo A, =0

where A, ={a €R: 04 {n: 2z, <a}#0}.If we take A = C; in above definitions
we reach to the concepts of st — limsup x and st — liminf z.
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For any sequence x = (x,,) satisfying 4 {n : |z,| > M} for some M > 0 (equiva-
lently for an A—statistically bounded sequence), st4 —limx = L iff st 4 —liminf z =
sta —limsupz = L [10].

Now we turn our attention to the modular functionals.

Let G be a nonempty open set in a Hausdorff locally compact topological space
H provided with a regular measure p defined on the Borel sets of H. We will
assume that G is compact. We will denote by X (G) the space of all real-valued
Borel measurable functions f : G — R provided with equality p a.e., by C (G) the
space of all continuous and bounded real functions defined on G and by C, (G)
the subset of C'(G) whose elements have a continuous extension to G. A functional

0: X(G) = Ry = [0,00] is called a modular on X (G), if it satisfies following
conditions for arbitrary f,g € X(G)

i) o[f] =0if and only if f =0, a.e in G,

ii) o[~ f] = ol[f], for every f € X (G),

iii) ofaf + Bg] < o[f] +olg], for a, >0, a+ 3 =1.

The modular p is called N —quasi convex if there is constant N > 1 such that

olaf 4+ Bg] < Nag[N f]+ NpBe[Ng],

for every f,g € X (G), o, >0, a4+ =1.If N =1 we will say that ¢ is convex.
By means of the functional g, we introduce two vector subspaces of X (G), denoted
by L¢ (G) and E?(G), defined by

1(6) = {f e X @)+ oDl =0}

and
E¢(G)={feL?(G):o[MAf]<ocforall A>0}.

The subspace L¢(G) is called the modular space generated by o, and E?°(Q)
is called the space of finite elements of L2 (G). It is easy to see that when p is
N —quasi-convex then the modular space L2 (G) is characterized by

L¢(G)={f e X (GQ):o[\f] < oo for some A >0 }.

In this paper following assumptions will be used on modular functionals:

a) o is monotone, i.e. for f,g € X (G) and |f| < |g| then o[f] < 0]g]-

b) o is finite, i.e. denoting by eg the function ey (t) = 1 for every t € G, ¢y €
L2 (G). Note that clearly eg € C,, (G).

c) o is absolutely finite, i.e. o is finite and for every £ > 0, A > 0 there is 6 > 0
such that o [A\xp] < € for any measurable subset B C G with u(B) < §. Here xp
denotes the characteristic function of the set B.

d) o is strongly finite, i.e. eg € E? (G).

e) o is absolutely continuous, i.e. there exists a > 0 such that for every f € X (G),
with o[f] < oo, the following condition is satisfied: for every & > 0, there is 6 > 0
such that o [afxp] < &, for every measurable subset B C G with u (B) < 4.

For more details about the above definitions and notations see [21], [22] and [5].
Note that, since u (G) < oo , if g is strongly finite and absolutely continuous then
it is also absolutely finite (see [2]).
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A sequence of functions {f,} C L2 (G) is called modularly convergent to a func-
tion f € Le (@), if

lim o[A(fn — f)] =0 for some A > 0.

n—oo

Also {f.} is F—norm-convergent (or strongly convergent) to f iff

lim o[A(fn — f)] =0 for every A > 0.

n—oo

The two notions of convergence are equivalent if and only if the modular satisfies
a Agp—condition, i.e. there exists a constant M > 0 such that o[2f] < Mp|f],
for every f € X (G) (see [21]). For example, this happens for every LP—spaces
and Orlicz spaces generated by p—functions with the Ay—regularity condition (see
[21], [5]). The modular convergence induces a topology on L¢ (G), called modular
topology. Given a subset B C L?(G), we will denote by B the closure of B with
respect to the modular topology. Then f € B if there is a sequence {f,} C B such
that f,, is modularly convergent to f.

Let us remark that C (G) C L2 (G) whenever g is monotone and finite. Analo-
gously, if ¢ is monotone and strongly finite, then C' (G) C E?¢ (G) ( see [4] ).

2. Main Results. This section have been largely motivated by that of [5].
Assume that fi,---, fi, € Cy (G) have the following property:

There exist continuous functions g; € C,, (G), i = 1,--- ,m, such that for every
s,t € G, the function

(1) Py (t) :Zgi (s) fi(t),
i=1

is positive and equal to zero if and only if s = ¢.

Throughout this paper let A = (a;,) be a non-negative regular summability
matrix and let T' = {T,,} be a family of positive linear operators T,, : D — X (G),
where C, (G) C D C X (G). Here D is the domain of the operators T),.

Assume further that the family {7} satisfies the following property
(*): There exists a subset Xp C D N L2 (G) with C, (G) C Xt and a constant
R > 0 such that for every function f € Xt we have T,,f € L2 (G) and

sta — limsup o [AT,, f] < Ro[\f]

for every A > 0. Also, we will denote the value of T, f at a point s by T, (f;s).
Furthermore, we will use the following assumption:

(2) sta —limo[A(Tnfi — fi)] =0, for some A >0and i=1,---,m.
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LEMMA 2.1 Let A = (ajn) be a non-negative reqular summability matriz and o
be a monotone modular and suppose that the condition (2) holds. Then, for every
function defined by

t)zzgifi(t)v 91,92, gm €ER and t € G,

we have
sta —limo [A (T}, (P) — P)] =0, for some A > 0.
n

PROOF Let M := = max lg:| and let choose o > 0 such that amM < A. Then,

\Z\

using the property of the modular, we get

N
NIE

ola (TP — P)] elamM (T, fi — fi)]

[ (T fz_fz)]zov t=1--,m.

.
I
—

3)

N
,MS

o
Il
=

For a given € > 0 define the following sets:
D = {n:ola(T,P—P)]>
D; = {n:eDTufi—f)l> =}, i=1-.m.

Then it is clear that D C ‘T_LrJLlDi. So, by (3) we may write

m
E ajn<g E Ajn, | -
neD =1 \n€D;

Letting j — oo on the both sides of the last inequality and using (2), we obtain the
result. u

LEMMA 2.2 Let A = (aj,) be a non-negative regular summability matriz and ¢ be a
monotone modular. Suppose that conditions (1) and (2) hold. Then for the function
Py (t) in (1) we have

sta —lim o [N(T,,P())(.)] =0 for some A > 0.

PRrROOF Choose a so large constant M > 0 such that g; (s) < M for every i =
1,---,m and for every s € G. Let a > 0 be such that amM < A. Then

0 [a(TnP(J) ()] 0|« [ ((T P( P( ))]
0 [amM (T’fbfl )]

N
Ms

(4)

@
Il
-

N

N
Il
_

oMNTufi = fi)]-
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As Lemma 2.1, for a given € > 0 define the following sets:

D = {n:ola((TuP) () - P,)] >¢},
Di = {n:olNTfi-f)z S} im0 m

Then it is clear that D C 47_LTJLID1<. So, by (4) we may write

> ajn < : ( > ajn> :

nebD nebD;

Letting j — oo on the both sides of the last inequality and using (2), we obtain the
result. n

LEMMA 2.3 Let A = (aj,) be a non-negative regular summability matriz and o be
a finite, monotone and N —quasi-conver modular. Suppose that the conditions (1)
and (2) hold. Let fs € Cy, (G), s € G, be a family of functions such that f, (t) is a
continuous function of (t,s) € G x G and fs (s) = 0 for every s € G. Then we have

sta — hrIan AT f)) ()] =0 for some A > 0.

PROOF We begin with the similar method used in Theorem 3.1 of [11]. There exists
a P* with P*(t) > 0 for all t € G; if s1 # sy are two points of G, we can take
P* = P*(s1) + P* (s2). So, we can write P* of the form

Pr(t) = Zgifi ().

Let us consider the diagonal A := {(s, s):s€ é)} For a given 0 < € < 1, each

point of A has an open neighbourhood U in G x G for which |f; (t)| < & for every
(t,s) € U. Define the sets V = UU and F = (G x G) \V. Then F is compact. Let
w =ming ger Ps (t) > 0 and Q = max(; 5)er | f5 (t)]. Then, for every (s, t) € Gx G
we have

O] <o+ GTu(Puis).

Now using monotonicity and linearity of the operators T,, we have

T (£ 9)] < €T (03 8) + 5 T (P 8)

Then, for v > 0 we have
o [NTuf) ()] < o292 (Tueo) (] + 2 [ 275 (TuP) ()]

< Neo29N (Tueo) ()] + |27 (TP) ()] = L+ 1.
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Firstly, let us consider I;. We can choose a positive constant a > 0 such that
1=eg(t) < aP*(t),t € G. So applying the modular we have

0[2YN (Tneo) ()] < o[2yNa (T, P*) ()]
<o[4yNa((TnP) () = P* ()] + e[4yNaP~ ()]
=I11+1ip.

Now consider I; ;. By Lemma 2.1, there exists a K7 C N with d4 (K;) = 1 and
a > 0 such that

ela((TuP™) () =P ()] <1

for sufficiently large n € K. For I 2, since the functions fi,--- , fm € L2 (G), there
exists v > 0 such that go[vf;] < oo for every i = 1,--- ,m. Now, putting M =
max!" |g;| and taking v such that 4ymM Na < v and 4yNa < a, by monotonicity
of modular we have

m
Lip=0 [4’YNGP*] =0 {4’7]\7@ Z gz’fi]

i=1

NIE

< Y oldymMNaf]

1

30

< ofvfi].
1

-
I

So, we have Iy < eW for an absolute constant W > 0 and for sufficiently large
n € Kj.

Now consider I>. By Lemma 2.2, there exists a Ko C N such that 4 (K2) = 1 and
limyex, Iz = 0 for v > 0. Let K = K; N K. Observe that d4 (K) = 1. Hence,
for every sufficiently large n € K and for sufficiently small v > 0 we conlude that
lim,ecx T, (fs; ) = 0, which completes the proof. n

LEMMA 2.4 Let A = (a;,) be a non-negative regular summability matriz and o be
a finite, monotone and N —quasi-conver modular. Suppose that the conditions (1)
and (2) hold. Then for every f € Cy, (G) we have

sta —limo A (T,f — )] =0, for some X > 0.

PRrROOF For a fixed f € C, (G) define the function f, by

f(s)
P (s)

fo @) =1 () - P (1)

where the function P* is strictly positive in G. By Lemma 2.3 there exists v > 0
such that st — lim,, o [A(T, f()) (.)] = 0. This means that

) sta= Jim 0| ()0 - 225 @ 0)| <o
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For a fixed \g > 0 we have

oo (Tuf = N <[220 ((Tuf) () = £ (TP )]
f( )

If we choose g such that 2)\g < 7, then from (5) we have

sta —lim o [2)\0 ((Tnf) () - 15*(8) (T,, P*) (.))} =0.

Let A :=max & 15*(7?5)) , then by monotonicity of g, we may write

o[22 (@) (0 - P ()] < orar (TP - P,

P*()
for sufficiently small A\g > 0, which completes the proof. n

Hence, from Lemma 2.1 we have st4 — lim,, o {2)\0& (ToP*)()—=P*()] =0

REMARK 2.5 If we replace (2) with stq — lim, o [A (T fi — fi)] = 0, for all A > 0
and ¢ =1, -- ,m, then using exactly the same proof as before we can show that for
every f € Cy (G), we have sty — lim, o [\ (T,,f — f)] = 0, for some A > 0.

Now we can state the main result of this section.

THEOREM 2.6 Let A = (aj,) be a non-negative reqular summability matriz and o be
a monotone, absolutely finite, absolutely continuous and N — quasi-conver modular
on X (G). Let T = {T,} be a sequence of positive linear operators satisfying property
(). Let condition (1) holds and suppose that

sta—limo[A(Tnfi — fi)] =0, for every A >0 andi=1,--- ,m.

Then for all f in L2 (G) N D such that f — C, (G) C X, we have

sta —limo[A(Tnf — )] =0, for some A > 0.

PROOF Let f € L2 (G)ND be a function such that f—C,, (G) C XT. By Proposition
1 of [4], we know that C\, (G) = L (G). Hence, there exist a A > 0 and a sequence
{f.} € Cy (G) such that ¢[3Af] < oo and lim, ¢ [3A\(fi — f)] = 0, i.e., for a given
€ > 0 there is positive number kg such that

(6) 0 [BA(fr — f)] < e for every k > ko.
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For fixed kg, by the linearity and positivity of the 7}, and monotonicity of p we can
write

X o N(Tnf = N <oBATn (f = fro)] + 0 BA(Tofry — fro)]
+Q[3)‘(fk_fko)]

From () and (6), we can write

sta — hm:uP o [3A (Tn (f - fko))] < 0 [3/\ (fk - fko)]

< Re.

On the other hand, since fi, belongs to Cy, (G), it follows from Remark 2.5 that
for every A > 0

sta —limsup o [3A (T fro — fio)] = 0.
Now, taking st4 — limsup as n — oo in (7), we obtain that

sta —limsup o [N(Tf — f)] <e(R+1),

which yields the proof from the arbitrariness of € > 0. n

REMARK 2.7 Note that a similar result holds true in the case when G is compact
replacing of course C,, (G) with C' (G). The proof is exactly the same.

If we replace the matrix A = (a;,,) by the identity matrix, then the property ()
reduces to following property.

(*'): There exists a subset Xo C DN L2 (G) with C,, (G) C X and a constant
R > 0 such that for every function f € Xt we have T,,f € L¢ (G) and

limsup ¢ [AT,. f] < Ro [Af]
for every A > 0. Hence, our Theorem 2.6 coincides with Theorem 1 of [4].

COROLLARY 2.8 Let o be a monotone, absolutely finite, absolutely continuous and
N —quasi-convex modular on X (G) and T = {T,} be a sequence of positive linear
operators satisfying property (x ). Let assumption (1) be satisfied. Then if

lim o[A(Tnfi — fi)] =0, for every A >0 and fori=1,--- m.

n—oo

then im,, T,,f = f, modularly in L8 (G) for each f € Le(G)N D such that f —
Cy (G) C Xr.

3. Concluding Remarks. In this section we deal with an example of a positive
linear operators for which Corollary 2.8 does not work but our Theorem 2.6 works.
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Let I = [0,1]> = [0,1] x [0,1] and let ® be class of all continuous functions
¢ : [0,00) — [0, 00) such that ¢ is a convex function, ¢ (0) = 0, ¢ (u) > 0 for u > 0
and lim, . ¢ (u) = oco.

For ¢ € @, we define the functional

p? 1] 1:/80(|f(3)|)d3=/1/1<ﬁ (If (u, v)]) dudv
0 0

I

for every f € X (I). In this case, since ¢ is convex then p? is a convex modular on
X (I) which satisfies all assumptions listed in Section 1. Furthermore, the subspace

L (1) :={f € X (I): p? [Af] < oo, for some A > 0}

is the Orlicz space generated by ¢ (see [21]).
Now let us consider the bivariate operators of Kantorovich type on L% (I) defined
by

(k4+1)/(n+1) (G+1)/(n+1)

(f7my 7’L+1 ank,] ny f(u,v)dudv

i k/(n+1)  §/(nt1)

where py, 1, ; is defined by

n! : —k—j
gy L—a—y)"

Prokd = 3051 tn — k — 5)!

for k,j >0, z,y > 0 and = +y < 1. Also, py 1, ; satisfies the condition

(8) S P (@) =1

k,j=0
kti<n

(see, [23]).

Observe that K, maps LY, (I) into itself. Because of the condition (8), as in the
proof of [3] Lemma 5.1 ,we can use Jensen inequality and obtain that for every
f € LL(I) and n € N there is an absolute constant M > 0 such that

9) p? [Knf] < Mp?[f].
Let A = C; and define a real sequence (s,) by

s — 1 ,if n is square
" 0 , otherwise

Although (sy,) is not convergent in ordinary sense, its statistical limit exists and
equals to 1, i.e., st — lim,, s,, = 1.
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Now consider the sequence of positive linear operators . = {L,} on L, (I) defined
by

(10) LTL (fwray) = SHKTL (fvxay)a z,y > 07 T+Yy <landneN.
From the inequality (9), we have

p? ALnfl = p?[Asn K f]
Snpw P‘an]
s Mp¥ [\ f]

N

for every f € Xy, := L (I) and A > 0. Since (s,,) is statistically bounded sequence,
we have st — limsup,, s, = st — lim,, s, = 1. So, taking st — limsup as n — oo on
both sides of the above inequality, we obtain

st — limsup p¥ [AL, f] < Mp? [Af].

n

Hence the (%) property is satisfied with the choice of Xy, = L, (I). Since I is
a compact subset of R?, we can replace C, (I) with C (I). Hence, the condition
C(I) C Xy = Lf (I) is also satisfied.

Now choose the functions f; and g; in C' (I) such that the condition (1) holds. Let
fi(u,v) =1, fo (u,v) =u, f3(u,v) = v, f1(u,v) =u?+0? and ay (z,y) = 22 + 32,
as (z,y) = —2x, a3 (x,y) = —2y, a4 (z,y) = 1. Then the function Py defined by

4
P(S,t) = Zai (s) fi (t) = ||S _t”2 NS [07 1]2
i=1

satisfies the condition (1), where s = (z,y) and t = (u,v).
We claim that

(11) st —lm p? AN (L, fi — fi)] =0 for every A >0 and i =0,1,2,3,4.

From [23], we see that

L, (flaxay) = Sn

nx 1
Ly (fas2,y) = sy n+1+2(n+1)
1
Ln(f3;2,y) = sn n?1+2(n+1)
-1 I—z)+y(d— 2
Lo uoy) = s, (n )(x((n:cl))2 Y ( y))+3(n+1)2

For any A >0
)\|Ln (flvxvy) 7f1 (xay)| = >\(1 7511)
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which implies

PP AN (Lnfi = f1)] = p?[A(1—s,)]

P

I
= oA =sn)p(l)
= (I=sn)e(M)

by the definition of (s,). Here, u (I) is Borel measure of unit square I and equals
to 1. Since st — lim,, (1 — s,,) = 0, we have

st — lim p? [A (Lp f1 — f1)] = 0 for every A > 0.

Therefore (11) remains for ¢ = 0. On the other hand, for any A > 0

M(Ln (f2;2,9) = fa (z,9))] = “n%_ ‘

e (- som) * e

A{(1sn)+2(i‘tl)}

N

N

which implies

pf N (Lnfa— f2)] < p? {A ((1 — o)+ 2‘(:?;1)”

< p“’[2>\(1—sn)]+pw{m}
< {pw(n(lsn)pr{mH 0

Hence

PPN L = F] < (1= 50) 0 @) + s (22 )

So, for all A > 0, we have st — lim,, p® [A (L fo — f2)] =0
Similarly for all A > 0, we can obtain that

st =lim p? A (Lnf3 = f3)] =0
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Finally, let us consider the case i = 4 in (11).

MLy (fas2,y) — fa(z,9)]

_ _S m-—1D@A-—z)+y(1-y) 250 (o o
_A_” (n+1)° +3(n+1)2 (2% +v%)
g)\-(n—l)(x—ky—(f?—t-y?))anr 25, 27(x2+y2)
I (n+1) 3(n+1)
_(n— 1) sp 2, 5 o B (n—1)s,
g/\_(n—i-l)z +3(n+1)2+(x +y)<1 (n+1)° )]

/\(3(;11)4—(1—%))

which implies

PN Lnfs = f)] < p* [A <(1 mam) 3(;11))]

< [3(2:”] P RA(L = 50)
st (3 ) + (- e ),

Therefore st — lim,, p? [A (L, fa — f1)] = 0, for all A > 0.

So, condition (11) holds for ¢ = 1,2, 3, 4. From Theorem 2.6, for every f € X, =
LE (I), there holds st — lim,, p? [A (L, f — f)] = 0, for all A > 0. However, for any
A > 0, since

p? NLnf = )] =07 A (snKnf — [)]

| p? M , if n is square
Tl PP NKnf—f)] , otherwise

the sequence {p? (A (K, f — f))} has two subsequences with different limit points. In
other words, there is not any A > 0 such that the sequence {p® (A (K,,f — f))} tends
to zero as n — oo. Hence, for the sequence of positive linear operators L. = {L,}
defined by (10), it is shown that Theorem 2.6 is stronger than its classical case.
Consequently, Theorem 2.6 is a generalization of Corollary 2.8.
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