and Higher Education

Republic of Poland

Ministry of Science

N\

o—
COMMENTATIONES MATHEMATICAE Vol. 51, No.1 (2011), 55-69
cm ptin
1955

LipiA SKORA

Impulsive differential equations with initial data
difference

Abstract. In this paper, we present some results on impulsive differential inequali-
ties and equations with initial and impulsive data difference.

2000 Mathematics Subject Classification: 34A37, 34K45, 34KO05.

Key words and phrases: impulsive differential equation, impulsive differential inequ-
alities, existence, monotone iterative method, extremal solutions.

1. Introduction. Impulsive differential equations describe processes which
have a short-term rapid change of their state at fixed times or variable times.
During recent years, the impulsive differential equations have been an object of
intensive investigation because of the wide possibilities for their applications in va-
rious fields of science and technology as physics, chemistry, population dynamics,
biotechnology, industrial robotic, optimal control, etc. When studying the initial
value problems the authors have been keeping the initial time unchanged. However,
the fact of changing initial time needs to be taken into consideration since it is dif-
ficult to keep this time fixed in experimentations. The investigations of initial value
problems of differential equations with initial time difference have been initiated in
the papers [9],[10]. Enlightened by these works the study of functional differential
equations and impulsive differential equations with initial time difference was ini-
tiated in [17],[16]. We refer the reader to the papers [1]-[6], [11], [14]-[18] and the
references therein for more complete information on the subject.

The aim of this paper is to prove some new impulsive differential inequalities
with initial data difference. We also establish some new existence results and develop
monotone method. We use techniques given in [7],[8],[12],[13].

2. Preliminaries. Let I = [to, b],to < b < 0o. Suppose that

t0<t1<...<tp<tp+1:b
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are given numbers. We define

PC(I,R) = {u:I — R,u is continuous in I \ {t;}}_, , the limits
u(ty),ulty ), k=1,..,p exist and u(t}) = u(ty),k = 1, ...,p}

and

PC*(I,R) = {u € PC (I,R) ,u is continuously differentiable for any
te I\ {tity s, u'(t), W' (t;) exist ,k=1,...,p }.

For u € PC (I,R), Au(ty) denotes the jump of u(t) at t = ty, i.e.
Au(ty) = u(tr) — u(ty).

Let 19 be such that g < 79 < t1. Denote

To — to =1,
Tk:tk+n7k:17"'7p+lv
J = [7—07b+77]'

Analogously
PC (J,R) ={u:J — R,u is continuous in J \ {7 }7_, , the limits
u(m),u(ry ),k =1,...,p exist and u(r;) = u(m),k = 1,...,p}
and

PC' (J,R) = {u € PC (J,R),u is continuously differentiable for any
te J\{mth_, W (r), () exist ,k=1,....p } )

3. Comparison theorem. We shall now prove the following comparison
result.

THEOREM 3.1 Suppose that:

(1) Functions f;,i = 1,2, where fi € C(IxR,R),fa € C(J xR, R) satisfy
inequality
fl(tvx) < f2(t+7’],l'),

fortel,z eR.

(ii) Functions x € PC (I,R),y € PC (J,R) satisfy the differential inequality
(3.1) D_xz(t) — fu(t, x(t)) < D_y™(t) = f2(t + 1,y (1)),

t+h)—xz(t
tel,t#tek=1,..py ) =y(t+n)and D_z(t) = I}Lminfw
—0—
is the Dini derivative.
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(iii) Functions g1 : {tx}i_; X R = R, go : {7 }/_, x R — R satisfy the inequality
g1(tk, ) < go(mp,2), teR k=1,...,p

and for each t = tx,k = 1,....p the function o1 : R > s — s+ g1(t, s) or for
eacht =1,k =1,...,p the functwn o9 : R > s — s+galt, s) is non-decreasing
on R.

(iv) Impulsive inequalities
(32)  Ax(tr) — g1 (th,2(ty)) < Ay™(tk) — g2 (e + 0,57 (8)) , k=1,....p
are satisfied.

(v) z(to) < y(70).
Then

(3.3) z(t) <y(t+mn), t € [to,b].
PRrROOF If (3.3) is false than the set
Z ={telto,b]: =(t) >y(t+n)}

is non empty. Let

t= inf Z.
It follows from (v) that ¢ > to and
(34) z(t) <y(t+mn), t € [to, 1)
(3.5) 2(t) = y(t+n) = y* (1)

We then have the following two cases:
Case 1. Suppose that ¢ # 5,k = 1, ..., p. Then for small A < 0 we have

w(t+h) —a()) _y"(E+h) —y'(D)
h h ‘

Hence
D_x(t) > D_y"(?).
Using above and Assumption (i) we obtain
D_a(t) = fi(t,x(t)) > Dy"(£) — fi(t, 2(?))
> D *({) f2 t_+777 Z) *(E)_f2(£+ﬂay*(t_>)7

which contradicts Assumption (ii).
Case 2. There exists k,1 < k < p, such that ¢ = ¢;. From (3.4)-(3.5), we have

w(ty) <y* (),
(36) I(tk) = y*(tk).
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On the other hand from (iv) we have

(B.7)  aw(tr) =y (te) < x(ty) + g1 (th, x(ty)) — (v* (t5) + g2(tr + 1,47 (7)) -

By (iii) we have

(3.8) g1(tk, 2(t,)) < galtr +m,2(t;,))
and
(3.9) g1(tr, ¥ (1) < galte + 0,97 (t))).

From (3,6),(3.7) and (3.8) we obtain
0=a(ty) =y (te) < 2(ty) + go(te +n, () — (y* (t;) + g2 (ts + 0,47 (1))
which contradicts (iii). From (3.6),(3.7) and (3.9)we obtain
0=a(ty) —y*(tx) < x(ty) + glte, () — (V" (t7) + 91 (s y* (1))

which still contradicts (iii). =

COROLLARY 3.2 The conclusion (3.3) remains valid when the inequality (3.1) is
replaced by

D_a(t) < fi(t,z(t)),
Doy*(t) > falt +n,y" (1), t€I\{tr}io,

or

D_x(t) < f1(t, z(t)),
D_y*(t) > folt+n,y* (1), tel\{txth,

and the inequalities (3.2) are replaced by

Ax(ty) < gi(te, z(ty)),
Ay*(tk) >92(tk+777y*(t;))7 k= 13"'ap

or

Ax(ty) < g1ty z(t;,)),
Ay*(tr) > g2tk +0,y*(t5)), k=1,...p.
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4. Weak inequalities. Now we consider weak impulsive differential inequali-
ties.
THEOREM 4.1 Suppose that:

(i) One of the functions f;,i = 1,2, where f; € C(I xR,R), fo € C(J xR,R)
is strictly decreasing with respect to the argument x € R for eacht € I (t € J)
and

fl(t71’) < f2(t+ﬂa$),
fortel,z eR.

(ii) Punctions x € PC* (I,R),y € PC! (J,R) satisfy the differential inequality
(4.1) a'(t) — filt,x(t) < (y7) (1) — f2(t + 0,97 (1)),
where t € I,t #ti,k=1,..,p,y*(t) = y(t + 7).
(iii) Punctions g1 : {tx}h_y X R = R, go : {m}o_; X R — R satisfy the inequality
g1(te, ) < ga(mi,2), c e R k=1,...,p

and one of the function ¢1(tg,-),92(Tk,) is strictly decreasing on R,k =
1,....p.

(iv) Impulsive inequalities
(42)  Az(te) — g1 (t, 2(tr)) < AY™(t) — g2 (b +0,y" (), k=1,...,p
are satisfied.

(v) z(to) < y(70).
Then

(4.3) z(t) <y(t+mn), t € [to,bl.

ProoOF Without loss generality, we only prove the case when the functions fs(t, ),
92(Tk, ), k=1,...,p are strictly decreasing on R.

Let € = sup{xz(t) — y(t +n),t € I}. Suppose (4.3) is not true, then € > 0 and
there exists ¢ € I such that

z(t) -y (t) = ¢,

(44) x(t) —y*(t) <e, tel

We consider the following cases:

Case 1: Suppose that t € I,t # t,k = 1,...,p. Since z — y* attains its maximum
at t =t we have (z — y*)' () = 0. On the other hand it follows from the inequality
(4.1) and Assumption (i) that

0=(z—y") () < fi(t,z(@)) = fot +n0.y" (D) < fo(t +n,2(2)) — fo( + 1,97 (D).



60 Impulsive differential equations with initial data difference

Then
(t+n () = fa(t + 1.y (1)
which is a contradiction because for each t € J, the function fs(t,-) is strictly

decreasing.
Case 2: Suppose that ¢ = t;, for some k,1 < k < p. Then we have

z(ty) —y*(tr) = ¢,

“5) 2(t0) — () <2

Making use of (4.2) and Assumption (iii) we obtain

w(ty) =y (tr) < a(ty) + g1(te, z(tr)) — y™ (6) — g2tk + 1,97 (t))

<
<z(ty) + g2tr +m,2(te)) =y (t ) — g2t + 0,y (tr)) <,

which contradicts to (4.5).
Case 3:If z(t) — y*(t) < e for all t € I, then

for some 1 < k< p+1.
Let m : [ty—1,tr] — R be defined by

g, t = tg.

m(t) = { a(t) —y*(t), tE [tr1,ty),

Thus m is continuous function. Since m(t) < ¢ for ¢ € [tx—1,tx), then there exists a
sequence {v, } such that v, € [tg—1,tk), Vn < Vpt1, lim v, =t and D_m(v,) >0
n—oo
forn=1,2,.
Let No be such a positive integer that for n > Ny we have x(v,) — y*(v,) > 0.
Then it follows that

0< Dom(vy) < (@ =y (n) < filvn, 2(vn)) = f2(Vn + 0,y (va))

oo +m,2(v0)) = fa(vn + 0,9 (V0))-

<
<

Then
f2(l/n + U,fU(Vn)) > f2(l/n + va*(Vn)),

which is a contradiction because for each ¢ € J, the function fo(t,) is strictly
decreasing. n

5. Existence result. Consider the initial value problems for impulsive diffe-
rential equations

af’(t)

(5.1) Ax(ty
z(to)

= ( z(t), tel\{titiy,
Z Li(z(t;), k=1,..,p,
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and

y'(t) = fty(t), teJ\{n}i_,
(52) Ay(Tk) = k(y(Tk;_))v k= ]-7 ~ Dy
y(10) = o

We introduce the following assumptions:

(H1) There exist v € PC! (I,R),w € PC! (J,R) such that v(t) < w(t+n), t € I,

where
V() < f(t,o(t), tel\{tti_q,
(5.3) Av(ty) < Ip(v(t,)), k=1,..p,
’U(to) < Vo
and
w'(t) > f(t,w(t)), teJ\{m}_,,
(5.4) Aw(t) > I(w(ty, ), k=1,..,p,
w(Ty) = wo.

(H2) f e CRxR,R), f(t,u) is nondecreasing in ¢ for each v € R and

sup |f(t,u)] < A(t) a.e.on I,
o(t)<usw(t-+n)

where A € LY(I).
(H3) I : R — R are continuous and nondecreasing for each k =1, ..., p.
We are now in a position to state and prove existence result for the problem

(5.1).

THEOREM 5.1 Let assumptions (H1)-(H3) hold. Then problem (5.1), where
vo < o < wo has a solution x such that

v(t) <z(t) <w(t+n), tel.

PROOF Let
w*(t) =w(t+mn), tE to,t1].
We have
w*(to) = w(to +n) = w(r) > v(to)
and

(w)'(t) =w'(t+n) > f(t+nwlt+n) = f(t+n,w"({)),t € [to, 1]
Consider the initial problem

2t = Fta(t), € [to, ],
(5.5) { i) = 2o, [to, t1]
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where F : [tg,t1] x R — R is defined by

. w*(t) — x
f(t,w(t)) + EE
(5.6) F(t,z) =< f(t,x), o)<z <wt),

ol + S

x> w(t),

x < v(t).

Since

sup |F(t,x)| < A(t),a.e. on [tg,t1]
z€R

then (5.5) has a solution z; on [tg,t1] (see Theorem 2.7.1,[7]).
We prove that

(5.7) v(t) < z1(t) < w*(t), t € [to, t1],

hence z; is a solution of (5.1), t € [to, 1]
We shall now prove that

x1(t) < w*(t), tE€ [to,t1]-
If it is not true, than the function
m(t) = x1(t) —w*(t), t€ [to,t]
attains a positive maximum at some ¢ € (tg,t1] and
m(t) >0,
m'(t) > 0.
In consequence
z1(t) > w* (1),
i (t) > (W) (B).
On the other hand

w*(t) — z1(2)

(58 0<ai®)— @)D <SG O) + T

Moreover, in view of H2
f(tw* () = f(E+n,w" (1) <O.
From this and (5.8) we obtain the contradiction

w*(t) — x1(t)

0<24() = () < )

< 0.

Analogously we can prove that

'U(t) < :cl(t), te [to,tﬂ.

— f{t+n,w(t)).
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Since
o(ty) <ai(ty)) Sw'(ty)

and I; is nondecreasing, we get
Li(v(ty)) < Li(za(ty) < Li(w*(t))-
From this, by (5.3) and (5.4) we have

o(tr) <o(ty) + Lie(ty)) < (7)) + Lz (8))
Sw () + Lh(w™(t)) = wlr) + Lhw(r)) <w(n) = w(ty +n) = w*(t).

Repeating the same arguments we can show that the problem

{ 2/ (t) = F(t,x(t)), tE€[ti,ta],
w(ty) = z1(t;) + Li(za(ty)),

where F' is defined analogously as in (5.6), has a solution x5 on [t1,t2] such that
v(t) < z2(t) Sw(t+n), tE€t,ta]

So forth and so on for ¢ € [t,,t,+1], we consider the initial problem

{ a'(t) = F(t,z(t)), te€ [ty tprl,
z(tp) = xp(t;) + Ip(zp(t;))~

Analogously, we can prove that this problem has a solution z,; such that
v(t) < @pir(t) Sw(t+m), tE [ty tpra]
Continuing the proof, let

xl(t), t e [O,tl);
I(t): xg(t), te [tl,tg);

Tpy1(t), TE [ty tptal.

Then x is a solution of problem (5.1) and v(t) < z(t) < w(t+1n), t € 1. m

6. Monotone method. Next result develops monotone iterative technique in
the present frame work.

LEMMA 6.1 ([15]). Let m € PCY(I,R),a € R such that

u'(t) <au(t), tel\{tx}i_,,
Au(ty) <0, k=1,..,p,
0

Then u(t) < 0,t € I.
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THEOREM 6.2 Suppose that assumptions of Theorem 5.1 hold and there exists
M > 0 such that

whenever t € I,v(t) <y <z <w(t+n).
Then there exist monotone sequences {v,},{wn} such that lim v,(t) = p(t),

lim @,(t) = 7(t),7 = r(t +n) monotonically and piecewise uniformly on I, where
n—oo

p is the minimal solution of (5,1) with xo = vy and r is mazimal solution of (5.2)
with yo = wo in the sector (v, w], w(t) = w(t +n),t € I.

Proor We define

w1 (t) = w(t+mn),
vi(t) =v(t), tel

as the first iterations. Next define the sequences {v,},n > 1 as the solution of

U;H—l(t) = f(t,vn(t)) -M (Un—i-l(t) - vn(t)) ) t e I\ {tk}£=17
(6.2) Avpy1(te) = I (va(ty)) s k=1,....p,

Un+1(to) = vo

and the sequence {w,},n > 1 as the solution of

Wiy (8) = f(E+1,0a(t) = M (Wni1 () — 0n(t), t € T\ {te}ioy,
(6.3) AWy (ty) = Iy (wn(ty)) , k=1,...,p,
Wn11(to) = wo,
where @, (t) = w,(t +n),t € I.
The existence and uniqueness of solutions for the above systems are guarantee

by general results on the initial value problem of impulsive differential equations.
It can be shown by induction that

(6.4) V() < Upg1(t) < W1 (t) < W, (t), tel,n>1.
If we consider m(t) = v1(t) — va(t),t € I then

m'(t) = vy (t) — v5(t)
< St 01(t) = f(tvi(t) + M (va(t) — vi(t) = —=Mm(t), t € I\ {tr}_y,
Am(tp) = Avy(te) — Dvg(te) < Ii (vi(ty) — Ik (v (t;)) =0, k=1,...,p,
m(to) = Ul(to) — ’U2<t0) = Vg — Yy = 0.
By Lemma 6.1 we have m(t) <0, ¢t € I. In consequence v1(t) < va(t),t € I.

Analogously let
m(t) = wa(t) — w1 (t),t € 1.
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We have

m'(t) = wy(t) — wi(t)
f(t+n,wi(t) — M (wa(t) — wi(t) — f(t+n,w1 (1))
—Mm(t), tel\{te}_,,
Am(ty) = Ao (te) — Awr (tr) < I (01 (ty ) — I (w1(t,)) =0, k=1,..,p,

m(to) = wg(to) - ’lz)l(to) = Wy — Wy = 0.

||//\H

By Lemma 6.1 we have m(t) <0, ¢t € I. In consequence ws(t) < wy(t),t € I.
Now let m(t) = va(t) — wa(t). We have
m/(t) = vy(t) — wy(t) = f(t,v1(t)) — M (v2(t) — v1(t))
— [t +n@0(t) + M (w2(t) —wi (1)), t eI\ {trti,
Using H2, we have
[ w1(t) < f(E+n,wi(t), tel
This together with the condition (6.1) give

m'(t) < f(t,vi(t)) — M (v2(t) — vi(t)) — f(t,wi(t)) + M (02(t) — w1(t))
<M (@1(t) = v1(t)) = M (v2(t) = vi(t)) + M (w2(t) — wi (1))
= =M (v2(t) — 0a(t)) = —Mm(t), teI\{tr};_y,
Am(ty) = Avg(te) — Awa(tr) = I (vi(ty)) — Ik (w1(t;)) <0, k=1,..,p,
m(to) = Ug(to) - IDQ(to) =y —wp < 0.
By Lemma 6.1 we have m(t) < 0, ¢ € I. In consequence vs(t) < wa(t),t € I. We
see that inequalities (6.4) are valid for n = 1. Assuming that inequalities (6.4) are
valid for n > 1 we show that they are valid for n + 1.

Let
m(t) = Wpy1(t) — wu(t), tel.

We have

m/(t) = wy, 41 (8) = W, (8) = f(E+ 0,00 (1)) = M (Dnp1(t) — wn (1))
= f(t+n,wp-1(t)) + M (W, (t) — wp—1(t))
S M (W1 (t) = @n (1)) = M (Wp11(t) — 0n(t)) + M (0 (1) — Wn1(t))
= —M (Wp41(t) —Wn(t)) = —Mm(t), tel\{te}i_;,
Am(ty) = Ay (ty) — Ay (ty) = Ix (0n(ty)) — I (0n-1(t,)) <0, k=1,...,p,
m(to) = Wn+1(to) — Wn(to) = wo — wo < 0.
By Lemma 6.1 we have m(t) < 0,t € I. In consequence wy41(t) < w,(t),t € I.
Let
m(t) = vp41(t) —w,(t), tel.
We have

m/(t) = vj 41 () = W, (t) = f(t,vn(t)) = M (vng1(t) — vn(t))
= f{t 40,0, 1) + M (Wnia(t) — wn(t)) -
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By H2 we have
f(t, 0 () < f(E+n, wn(t))

and in consequence using (6.1) we obtain

m'(t) < f(t,vn(t)) = M (Un41(t) = va(t) = f(t, @n(t) + M (pp1(t) — wn(t))
M (0, (t) — vp(t) — M (Vn41(t) — vn(t)) + M (Wp41(t) — Dn(t))

= =M (Vn41(t) = Wn41(t)) = —Mm(t), teI\{tulp_y,
Am(ty) = Avgyr(tr) — AWpy () = Iy (vn(tk )) — I (wn(t,;)) <0, k=1,..,p,

m(to) = Un+1(t0) — wn+1(t0) = Vo — Wo < O

<
<

By Lemma 6.1 we have m(t) < 0, ¢ € I. In consequence vy, +1(t) < Wypy1(t),t € 1.
Analogously we can prove that v, (t) < v,41(t),t € I. By induction we have proved
(6.4).

It than follows from standard arguments that lim v,(t) = p(t), lim @,(t) =

7(t),7(t) = r(t+n) piecewise uniformly on I, and that p, r are solutions of (5.1),(5.2)
respectively in view of the fact that v, satisfy (6.2) and w,, satisfy (6.3).

To prove that r is maximal solution of (5.2) on [v, @], let y be any solution of
(5.2) with yo = wp on [v,@]. It is obvious that

y(t+n) <w(t+n) =w(t), tel
Suppose that for some n we have

y(t+mn) <wp(t+n) =w,(t), tel.
Then setting m(t) = y(t + 1) — Wy41(t) we get

m'(t) =y (t +n) — Wy, 44 (t)
= ft+n,yt+n) — f{t+n,0.(t)) + M (Dn41(t) — Wn(t))
< M (0 (t) = y(t +n)) + M (W1 (t) — Wn(t))
=M (y(t+n) — Wns1(t)) = —Mm(t), teI\{teli,,
Am(ty) = Dyt + 1) = Dwnga (te) = I (y(t, +n)) — I (0a(t;)) <O, k=1,...,p,
m(to) = y(to + 1) — Wnt1(to) = wo — wo < 0.

By Lemma 6.1 we have m(t) < 0. In consequence
y(t+n) <w,y1(t), tel.
Now it follows by induction that
y(t+n) <wy(t), tel,neN.
Thus passing the limit we may conclude that

ylt+n) <r(t+n), tel.
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Let = be any solution of (5.1)with zy = vy on [v,®]. The same arguments prove
that
vp(t) < x(t), tel,neN.

By taking limits as n — oo and using Theorem 5.1 we may conclude that
p(t) <z(t) <ylt+n) <r(t+n), tel.
The proof is complete. n
7. Differential-functional inequalities. Let I = [to,b], {0 < b < oco. Let
7 > 0 be a fixed real number. We denote

Io =[to —7,t0), Iy = [to — 7,0,

PC ([-7,0],R) ={¢: [-7,0] = R, ¢ is continuous everywhere except for a finite
number of points ¢ at which ¢(f~) and ¢(t") exist and ¢(t) = ¢(f)} .

Suppose that g < t; < ... <t, < tp41 = b are given numbers. We define

PC (I,,R) = {u: I;, — R, u is continuous in Iy, \ {tx},_; , the limits
u(t), u(ty ), k=1,..,p exist and u(t) = u(ty),i =1,...,p}.

If x € PC (I;,,R), then for any ¢ € I define the function a¢ € PC ([-7,0],R) by
(@) =2(t+0), —-T7<O<L0.

As we see z; is the graph of z on [t — 7, ] shifted to the interval [—,0].
Let 79 be such that t; < 79 < t1. Denote

To —lo =1,
Tk:tk+n7k:17"'7p+17
J: [7—07b+7ﬂ7

Jry = [0 — 7,0+ 7).
Analogously

PC (J7,R) ={u: J; — R,u is continuous in J, \ {7x},_; , the limits
u(r),u(ry, ), k=1,..,p exist and u(ry) = u(ri),k =1,...,p}.

If y € PC (Jr,,R), then for any ¢ € J define the function y, € PC ([—7,0],R) by
¥(0) =y(t+0), -T<O<0.

The following theorem generalizes results obtained in [17].
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THEOREM 7.1 Suppose that:

(i) One of the functions f;,i = 1,2, where
fieC(IxRx PC([-7,0,R),R),
f2 € C(J xR x PC([-1,0],R),R)

is nondecreasing with respect to the functional argument ¢ € PC([—,0],R)
for eacht € I(t € J),x € R and

fl(t7x7§0) < f2(t+77»937@)»
forte I,z e R o € PC(]—1,0],R).

(ii) Functions v € PC (I,,R),y € PC (J,,,R) satisfy the functional-differential
inequality

D_x(t) = fu(t,z(t),2) < D_y*(t) = fa(t + 1,97 (8), 47),
wheret € It # ti, k=1,...,p,y*(t) = y(t +n).
(iii) Functions g1 : {te}h_; X R = R, g2 : {7 }1_; x R — R satisfy the inequality
91(te, ) < g2(mi, ), r€RE=1,...,p

and for each t = ty, k = 1,...,p the function o1 : R 3 s — s+ ¢1(t, s) or for
eacht = 1,k = 1,...,p the function oo : R 3 s — s+ go(t, s) is non-decreasing
on R.

(iv) Impulsive inequalities
Ax(ty) — o1 (tk,x(t;)) < Ay*(tr) — g2 (tk + n,y*(t;)) , k=1,..,p
are satisfied.
v) Tty < Yr, @0 [—7,0].
Then
z(t) <y(t+n), t € [to,b].

The proof is similar to the proof of Theorem 1.1 and we omit it.
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