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1. Introduction. Impulsive differential equations describe processes which
have a short-term rapid change of their state at fixed times or variable times.
During recent years, the impulsive differential equations have been an object of
intensive investigation because of the wide possibilities for their applications in va-
rious fields of science and technology as physics, chemistry, population dynamics,
biotechnology, industrial robotic, optimal control, etc. When studying the initial
value problems the authors have been keeping the initial time unchanged. However,
the fact of changing initial time needs to be taken into consideration since it is dif-
ficult to keep this time fixed in experimentations. The investigations of initial value
problems of differential equations with initial time difference have been initiated in
the papers [9],[10]. Enlightened by these works the study of functional differential
equations and impulsive differential equations with initial time difference was ini-
tiated in [17],[16]. We refer the reader to the papers [1]-[6], [11], [14]-[18] and the
references therein for more complete information on the subject.

The aim of this paper is to prove some new impulsive differential inequalities
with initial data difference. We also establish some new existence results and develop
monotone method. We use techniques given in [7],[8],[12],[13].

2. Preliminaries. Let I = [t0, b], t0 < b <∞. Suppose that

t0 < t1 < ... < tp < tp+1 = b
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are given numbers. We define

PC (I,ℝ) = {u : I → ℝ, u is continuous in I \ {tk}pk=1 , the limits

u(t+k ), u(t−k ), k = 1, ..., p exist and u(t+k ) = u(tk), k = 1, ..., p
}

and

PC1 (I,ℝ) = {u ∈ PC (I,ℝ) , u is continuously differentiable for any

t ∈ I \ {tk}pk=1 , u
′(t+k ), u′(t−k ) exist , k = 1, ..., p

}
.

For u ∈ PC (I,ℝ) , 4u(tk) denotes the jump of u(t) at t = tk, i.e.

4u(tk) = u(tk)− u(t−k ).

Let τ0 be such that t0 < τ0 < t1. Denote

τ0 − t0 = η,

τk = tk + η, k = 1, ..., p+ 1,

J = [τ0, b+ η].

Analogously

PC (J,ℝ) = {u : J → ℝ, u is continuous in J \ {τk}pk=1 , the limits

u(τ+
k ), u(τ−k ), k = 1, ..., p exist and u(τ+

k ) = u(τk), k = 1, ..., p
}

and

PC1 (J,ℝ) = {u ∈ PC (J,ℝ) , u is continuously differentiable for any

t ∈ J \ {τk}pk=1 , u
′(τ+

k ), u′(τ−k ) exist , k = 1, ..., p
}
.

3. Comparison theorem. We shall now prove the following comparison
result.

Theorem 3.1 Suppose that:

(i) Functions fi, i = 1, 2, where f1 ∈ C (I × ℝ,ℝ) , f2 ∈ C (J × ℝ, ℝ) satisfy
inequality

f1(t, x) ¬ f2(t+ η, x),

for t ∈ I, x ∈ ℝ.

(ii) Functions x ∈ PC (I,ℝ) , y ∈ PC (J,ℝ) satisfy the differential inequality

(3.1) D−x(t)− f1(t, x(t)) < D−y
∗(t)− f2(t+ η, y∗(t)),

t ∈ I, t 6= tk, k = 1, .., p, y∗(t) = y(t + η)and D−x(t) = lim inf
h→0−

x(t+ h)− x(t)
h

is the Dini derivative.
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(iii) Functions g1 : {tk}pk=1 × ℝ→ ℝ, g2 : {τk}pk=1 × ℝ→ ℝ satisfy the inequality

g1(tk, x) ¬ g2(τk, x), x ∈ ℝ, k = 1, ..., p

and for each t = tk, k = 1, ..., p the function σ1 : ℝ 3 s → s + g1(t, s) or for
each t = τk, k = 1, ..., p the function σ2 : ℝ 3 s→ s+g2(t, s) is non-decreasing
on ℝ.

(iv) Impulsive inequalities

(3.2) ∆x(tk)− g1
(
tk, x(t−k )

)
< ∆y∗(tk)− g2

(
tk + η, y∗(t−k )

)
, k = 1, ..., p

are satisfied.

(v) x(t0) < y(τ0).

Then

x(t) < y(t+ η), t ∈ [t0, b].(3.3)

Proof If (3.3) is false than the set

Z = {t ∈ [t0, b] : x(t) ­ y(t+ η)}

is non empty. Let
t̄ = inf Z.

It follows from (v) that t̄ > t0 and

x(t) < y(t+ η), t ∈ [t0, t̄),(3.4)

x(t̄) = y(t̄+ η) = y∗(t̄).(3.5)

We then have the following two cases:
Case 1. Suppose that t̄ 6= tk, k = 1, ..., p. Then for small h < 0 we have

x(t̄+ h)− x(t̄)
h

>
y∗(t̄+ h)− y∗(t̄)

h
.

Hence
D−x(t̄) ­ D−y∗(t̄).

Using above and Assumption (i) we obtain

D−x(t̄)− f1(t̄, x(t̄)) ­ D−y∗(t̄)− f1(t̄, x(t̄))

­ D−y∗(t̄)− f2(t̄+ η, x(t̄)) ­ D−y∗(t̄)− f2(t̄+ η, y∗(t̄)),

which contradicts Assumption (ii).
Case 2. There exists k, 1 ¬ k ¬ p, such that t̄ = tk. From (3.4)-(3.5), we have

x(t−k ) < y∗(t−k ),

x(tk) = y∗(tk).(3.6)
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On the other hand from (iv) we have

x(tk)− y∗(tk) < x(t−k ) + g1(tk, x(t−k ))−
(
y∗(t−k ) + g2(tk + η, y∗(t−k )

)
.(3.7)

By (iii) we have

g1(tk, x(t−k )) ¬ g2(tk + η, x(t−k ))(3.8)

and

g1(tk, y∗(t−k )) ¬ g2(tk + η, y∗(t−k )).(3.9)

From (3,6),(3.7) and (3.8) we obtain

0 = x(tk)− y∗(tk) < x(t−k ) + g2(tk + η, x(t−k ))−
(
y∗(t−k ) + g2(tk + η, y∗(t−k )

)
,

which contradicts (iii). From (3.6),(3.7) and (3.9)we obtain

0 = x(tk)− y∗(tk) < x(t−k ) + g1(tk, x(t−k ))−
(
y∗(t−k ) + g1(tk, y∗(t−k )

)
,

which still contradicts (iii). ■

Corollary 3.2 The conclusion (3.3) remains valid when the inequality (3.1) is
replaced by

D−x(t) < f1(t, x(t)),

D−y
∗(t) ­ f2(t+ η, y∗(t)), t ∈ I \ {tk}pk=1

or

D−x(t) ¬ f1(t, x(t)),

D−y
∗(t) > f2(t+ η, y∗(t)), t ∈ I \ {tk}pk=1

and the inequalities (3.2) are replaced by

4x(tk) < g1(tk, x(t−k )),

4y∗(tk) ­ g2(tk + η, y∗(t−k )), k = 1, ..., p

or

4x(tk) ¬ g1(tk, x(t−k )),

4y∗(tk) > g2(tk + η, y∗(t−k )), k = 1, ..., p.
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4. Weak inequalities. Now we consider weak impulsive differential inequali-
ties.

Theorem 4.1 Suppose that:

(i) One of the functions fi, i = 1, 2, where f1 ∈ C (I × ℝ,ℝ) , f2 ∈ C (J × ℝ,ℝ)
is strictly decreasing with respect to the argument x ∈ ℝ for each t ∈ I (t ∈ J)
and

f1(t, x) ¬ f2(t+ η, x),

for t ∈ I, x ∈ ℝ.

(ii) Functions x ∈ PC1 (I,ℝ) , y ∈ PC1 (J,ℝ) satisfy the differential inequality

(4.1) x′(t)− f1(t, x(t)) ¬ (y∗)′(t)− f2(t+ η, y∗(t)),

where t ∈ I, t 6= tk, k = 1, .., p, y∗(t) = y(t+ η).

(iii) Functions g1 : {tk}pk=1 × ℝ→ ℝ, g2 : {τk}pk=1 × ℝ→ ℝ satisfy the inequality

g1(tk, x) ¬ g2(τk, x), x ∈ ℝ, k = 1, ..., p

and one of the function g1(tk, ·), g2(τk, ·) is strictly decreasing on ℝ, k =
1, ..., p.

(iv) Impulsive inequalities

(4.2) ∆x(tk)− g1 (tk, x(tk)) ¬ ∆y∗(tk)− g2 (tk + η, y∗(tk)) , k = 1, ..., p

are satisfied.

(v) x(t0) ¬ y(τ0).

Then

x(t) ¬ y(t+ η), t ∈ [t0, b].(4.3)

Proof Without loss generality, we only prove the case when the functions f2(t, ·),
g2(τk, ·), k = 1, ..., p are strictly decreasing on ℝ.

Let ε = sup{x(t) − y(t + η), t ∈ I}. Suppose (4.3) is not true, then ε > 0 and
there exists t̄ ∈ I such that

(4.4)
x(t̄)− y∗(t̄) = ε,

x(t)− y∗(t) ¬ ε, t ∈ I.

We consider the following cases:
Case 1: Suppose that t̄ ∈ I, t̄ 6= tk, k = 1, ..., p. Since x − y∗ attains its maximum
at t = t̄ we have (x− y∗)′ (t̄) = 0. On the other hand it follows from the inequality
(4.1) and Assumption (i) that

0 = (x− y∗)′ (t̄) ¬ f1(t̄, x(t̄))− f2(t̄+ η, y∗(t̄)) ¬ f2(t̄+ η, x(t̄))− f2(t̄+ η, y∗(t̄)).
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Then
f2(t̄+ η, x(t̄)) ­ f2(t̄+ η, y∗(t̄))

which is a contradiction because for each t ∈ J, the function f2(t, ·) is strictly
decreasing.
Case 2: Suppose that t̄ = tk for some k, 1 ¬ k ¬ p. Then we have

(4.5)
x(tk)− y∗(tk) = ε,

x(t−k )− y∗(t−k ) ¬ ε.

Making use of (4.2) and Assumption (iii) we obtain

x(tk)− y∗(tk) ¬ x(t−k ) + g1(tk, x(tk))− y∗(t−k )− g2(tk + η, y∗(tk))

¬ x(t−k ) + g2(tk + η, x(tk))− y∗(t−k )− g2(tk + η, y∗(tk)) < ε,

which contradicts to (4.5).
Case 3: If x(t)− y∗(t) < ε for all t ∈ I, then

x(t−k )− y∗(t−k ) = ε

for some 1 ¬ k ¬ p+ 1.
Let m : [tk−1, tk]→ ℝ be defined by

m(t) =
{
x(t)− y∗(t), t ∈ [tk−1, tk),

ε, t = tk.

Thus m is continuous function. Since m(t) < ε for t ∈ [tk−1, tk), then there exists a
sequence {νn} such that νn ∈ [tk−1, tk), νn < νn+1, lim

n→∞
νn = tk and D−m(νn) ­ 0

for n = 1, 2, ....
Let N0 be such a positive integer that for n ­ N0 we have x(νn)− y∗(νn) > 0.

Then it follows that

0 ¬ D−m(νn) ¬ (x− y∗)′ (νn) ¬ f1(νn, x(νn))− f2(νn + η, y∗(νn))

¬ f2(νn + η, x(νn))− f2(νn + η, y∗(νn)).

Then
f2(νn + η, x(νn)) ­ f2(νn + η, y∗(νn)),

which is a contradiction because for each t ∈ J, the function f2(t, ·) is strictly
decreasing. ■

5. Existence result. Consider the initial value problems for impulsive diffe-
rential equations





x′(t) = f(t, x(t)), t ∈ I \ {tk}pk=1,
4x(tk) = Ik(x(t−k )), k = 1, ..., p,
x(t0) = x0

(5.1)
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and




y′(t) = f(t, y(t)), t ∈ J \ {τk}pk=1,
4y(τk) = Ik(y(τ−k )), k = 1, ..., p,
y(τ0) = y0

(5.2)

We introduce the following assumptions:

(H1) There exist v ∈ PC1 (I,ℝ) , w ∈ PC1 (J,ℝ) such that v(t) ¬ w(t+ η), t ∈ I,
where





v′(t) ¬ f(t, v(t)), t ∈ I \ {tk}pk=1,
4v(tk) ¬ Ik(v(t−k )), k = 1, ..., p,
v(t0) ¬ v0

(5.3)

and




w′(t) ­ f(t, w(t)), t ∈ J \ {τk}pk=1,
4w(τk) ­ Ik(w(τ−k )), k = 1, ..., p,
w(τ0) ­ w0.

(5.4)

(H2) f ∈ C(ℝ× ℝ,ℝ), f(t, u) is nondecreasing in t for each u ∈ ℝ and

sup
v(t)¬u¬w(t+η)

|f(t, u)| ¬ λ(t) a.e. on I,

where λ ∈ L1(I).

(H3) Ik : ℝ→ ℝ are continuous and nondecreasing for each k = 1, ..., p.

We are now in a position to state and prove existence result for the problem
(5.1).

Theorem 5.1 Let assumptions (H1)-(H3) hold. Then problem (5.1), where
v0 ¬ x0 ¬ w0 has a solution x such that

v(t) ¬ x(t) ¬ w(t+ η), t ∈ I.

Proof Let
w∗(t) = w(t+ η), t ∈ [t0, t1].

We have
w∗(t0) = w(t0 + η) = w(τ0) ­ v(t0)

and

(w∗)′(t) = w′(t+ η) ­ f(t+ η, w(t+ η)) = f(t+ η, w∗(t)), t ∈ [t0, t1].

Consider the initial problem
{
x′(t) = F (t, x(t)), t ∈ [t0, t1],
x(t0) = x0,

(5.5)
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where F : [t0, t1]× ℝ→ ℝ is defined by

F (t, x) =





f(t, w∗(t)) +
w∗(t)− x

1 + |x| , x > w∗(t),

f(t, x), v(t) ¬ x ¬ w∗(t),
f(t, v(t)) +

v(t)− x
1 + |x| , x < v(t).

(5.6)

Since
sup
x∈ℝ
|F (t, x)| ¬ λ(t), a.e. on [t0, t1]

then (5.5) has a solution x1 on [t0, t1] (see Theorem 2.7.1,[7]).
We prove that

(5.7) v(t) ¬ x1(t) ¬ w∗(t), t ∈ [t0, t1],

hence x1 is a solution of (5.1), t ∈ [t0, t1].
We shall now prove that

x1(t) ¬ w∗(t), t ∈ [t0, t1].

If it is not true, than the function

m(t) = x1(t)− w∗(t), t ∈ [t0, t1]

attains a positive maximum at some t̄ ∈ (t0, t1] and

m(t̄) > 0,

m′(t̄) ­ 0.

In consequence

x1(t̄) > w∗(t̄),

x′1(t̄) ­ (w∗)′(t̄).

On the other hand

0 ¬ x′1(t̄)− (w∗)′(t̄) ¬ f(t̄, w∗(t̄)) +
w∗(t̄)− x1(t̄)

1 + |x1(t̄)| − f(t̄+ η, w∗(t̄)).(5.8)

Moreover, in view of H2

f(t̄, w∗(t̄))− f(t̄+ η, w∗(t̄)) ¬ 0.

From this and (5.8) we obtain the contradiction

0 ¬ x′1(t̄)− (w∗)′(t̄) ¬ w∗(t̄)− x1(t̄)
1 + |x1(t̄)| < 0.

Analogously we can prove that

v(t) ¬ x1(t), t ∈ [t0, t1].
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Since
v(t−1 ) ¬ x1(t−1 )) ¬ w∗(t−1 )

and I1 is nondecreasing, we get

I1(v(t−1 )) ¬ I1(x1(t−1 )) ¬ I1(w∗(t−1 )).

From this, by (5.3) and (5.4) we have

v(t1) ¬ v(t−1 ) + I1(v(t−1 )) ¬ x1(t−1 ) + I1(x1(t−1 ))

¬ w∗(t−1 ) + I1(w∗(t−1 )) = w(τ−1 ) + I1(w(τ−1 )) ¬ w(τ1) = w(t1 + η) = w∗(t1).

Repeating the same arguments we can show that the problem
{
x′(t) = F (t, x(t)), t ∈ [t1, t2],
x(t1) = x1(t−1 ) + I1(x1(t−1 )),

where F is defined analogously as in (5.6), has a solution x2 on [t1, t2] such that

v(t) ¬ x2(t) ¬ w(t+ η), t ∈ [t1, t2].

So forth and so on for t ∈ [tp, tp+1], we consider the initial problem
{
x′(t) = F (t, x(t)), t ∈ [tp, tp+1],
x(tp) = xp(t−p ) + Ip(xp(t−p )).

Analogously, we can prove that this problem has a solution xp+1 such that

v(t) ¬ xp+1(t) ¬ w(t+ η), t ∈ [tp, tp+1].

Continuing the proof, let

x(t) =





x1(t), t ∈ [0, t1);
x2(t), t ∈ [t1, t2);
... ...
xp+1(t), t ∈ [tp, tp+1].

Then x is a solution of problem (5.1) and v(t) ¬ x(t) ¬ w(t+ η), t ∈ I. ■

6. Monotone method. Next result develops monotone iterative technique in
the present frame work.

Lemma 6.1 ([13]). Let m ∈ PC1(I,ℝ), a ∈ ℝ such that

u′(t) ¬ au(t), t ∈ I \ {tk}pk=1,

4u(tk) ¬ 0, k = 1, ..., p,

u(t0) ¬ 0.

Then u(t) ¬ 0, t ∈ I.
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Theorem 6.2 Suppose that assumptions of Theorem 5.1 hold and there exists
M ­ 0 such that

f(t, x)− f(t, y) ­ −M(x− y)(6.1)

whenever t ∈ I, v(t) ¬ y ¬ x ¬ w(t+ η).
Then there exist monotone sequences {vn}, {w̄n} such that lim

n→∞
vn(t) = ρ(t),

lim
n→∞

w̄n(t) = r̄(t), r̄ = r(t + η) monotonically and piecewise uniformly on I, where

ρ is the minimal solution of (5,1) with x0 = v0 and r is maximal solution of (5.2)
with y0 = w0 in the sector [v, w̄], w̄(t) = w(t+ η), t ∈ I.

Proof We define

w̄1(t) = w(t+ η),

v1(t) = v(t), t ∈ I

as the first iterations. Next define the sequences {vn}, n > 1 as the solution of

v′n+1(t) = f(t, vn(t))−M (vn+1(t)− vn(t)) , t ∈ I \ {tk}pk=1,

4vn+1(tk) = Ik
(
vn(t−k )

)
, k = 1, ..., p,(6.2)

vn+1(t0) = v0

and the sequence {w̄n}, n > 1 as the solution of

w̄′n+1(t) = f(t+ η, w̄n(t))−M (w̄n+1(t)− w̄n(t)) , t ∈ I \ {tk}pk=1,

4w̄n+1(tk) = Ik
(
w̄n(t−k )

)
, k = 1, ..., p,(6.3)

w̄n+1(t0) = w0,

where w̄n(t) = wn(t+ η), t ∈ I.
The existence and uniqueness of solutions for the above systems are guarantee
by general results on the initial value problem of impulsive differential equations.
It can be shown by induction that

vn(t) ¬ vn+1(t) ¬ w̄n+1(t) ¬ w̄n(t), t ∈ I, n ­ 1.(6.4)

If we consider m(t) = v1(t)− v2(t), t ∈ I then

m′(t) = v′1(t)− v′2(t)

¬ f(t, v1(t))− f(t, v1(t)) +M (v2(t)− v1(t)) = −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4v1(tk)−4v2(tk) ¬ Ik
(
v1(t−k )

)
− Ik

(
v1(t−k )

)
= 0, k = 1, ..., p,

m(t0) = v1(t0)− v2(t0) = v0 − v0 = 0.

By Lemma 6.1 we have m(t) ¬ 0, t ∈ I. In consequence v1(t) ¬ v2(t), t ∈ I.
Analogously let

m(t) = w̄2(t)− w̄1(t), t ∈ I.
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We have

m′(t) = w̄′2(t)− w̄′1(t)

¬ f(t+ η, w̄1(t))−M (w̄2(t)− w̄1(t))− f(t+ η, w̄1(t))

= −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4w̄2(tk)−4w̄1(tk) ¬ Ik
(
w̄1(t−k )

)
− Ik

(
w̄1(t−k )

)
= 0, k = 1, ..., p,

m(t0) = w̄2(t0)− w̄1(t0) = w0 − w0 = 0.

By Lemma 6.1 we have m(t) ¬ 0, t ∈ I. In consequence w̄2(t) ¬ w̄1(t), t ∈ I.
Now let m(t) = v2(t)− w̄2(t). We have

m′(t) = v′2(t)− w̄′2(t) = f(t, v1(t))−M (v2(t)− v1(t))

− f(t+ η, w̄1(t) +M (w̄2(t)− w̄1(t)) , t ∈ I \ {tk}pk=1.

Using H2, we have
f(t, w̄1(t)) ¬ f(t+ η, w̄1(t)), t ∈ I.

This together with the condition (6.1) give

m′(t) ¬ f(t, v1(t))−M (v2(t)− v1(t))− f(t, w̄1(t)) +M (w̄2(t)− w̄1(t))

¬M (w̄1(t)− v1(t))−M (v2(t)− v1(t)) +M (w̄2(t)− w̄1(t))

= −M (v2(t)− w̄2(t)) = −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4v2(tk)−4w̄2(tk) = Ik
(
v1(t−k )

)
− Ik

(
w̄1(t−k )

)
¬ 0, k = 1, ..., p,

m(t0) = v2(t0)− w̄2(t0) = v0 − w0 ¬ 0.

By Lemma 6.1 we have m(t) ¬ 0, t ∈ I. In consequence v2(t) ¬ w̄2(t), t ∈ I. We
see that inequalities (6.4) are valid for n = 1. Assuming that inequalities (6.4) are
valid for n ­ 1 we show that they are valid for n+ 1.
Let

m(t) = w̄n+1(t)− w̄n(t), t ∈ I.
We have

m′(t) = w̄′n+1(t)− w̄′n(t) = f(t+ η, w̄n(t))−M (w̄n+1(t)− w̄n(t))

− f(t+ η, w̄n−1(t)) +M (w̄n(t)− w̄n−1(t))

¬M (w̄n−1(t)− w̄n(t))−M (w̄n+1(t)− w̄n(t)) +M (w̄n(t)− w̄n−1(t))

= −M (w̄n+1(t)− w̄n(t)) = −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4w̄n+1(tk)−4w̄n(tk) = Ik
(
w̄n(t−k )

)
− Ik

(
w̄n−1(t−k )

)
¬ 0, k = 1, ..., p,

m(t0) = w̄n+1(t0)− w̄n(t0) = w0 − w0 ¬ 0.

By Lemma 6.1 we have m(t) ¬ 0, t ∈ I. In consequence w̄n+1(t) ¬ w̄n(t), t ∈ I.
Let

m(t) = vn+1(t)− w̄n(t), t ∈ I.
We have

m′(t) = v′n+1(t)− w̄′n(t) = f(t, vn(t))−M (vn+1(t)− vn(t))

− f(t+ η, w̄n(t)) +M (w̄n+1(t)− w̄n(t)) .
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By H2 we have
f(t, w̄n(t)) ¬ f(t+ η, w̄n(t))

and in consequence using (6.1) we obtain

m′(t) ¬ f(t, vn(t))−M (vn+1(t)− vn(t))− f(t, w̄n(t)) +M (w̄n+1(t)− w̄n(t))

¬M (w̄n(t)− vn(t))−M (vn+1(t)− vn(t)) +M (w̄n+1(t)− w̄n(t))

= −M (vn+1(t)− w̄n+1(t)) = −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4vn+1(tk)−4w̄n+1(tk) = Ik
(
vn(t−k )

)
− Ik

(
w̄n(t−k )

)
¬ 0, k = 1, ..., p,

m(t0) = vn+1(t0)− w̄n+1(t0) = v0 − w0 ¬ 0.

By Lemma 6.1 we have m(t) ¬ 0, t ∈ I. In consequence vn+1(t) ¬ w̄n+1(t), t ∈ I.
Analogously we can prove that vn(t) ¬ vn+1(t), t ∈ I. By induction we have proved
(6.4).

It than follows from standard arguments that lim
n→∞

vn(t) = ρ(t), lim
n→∞

w̄n(t) =

r̄(t), r̄(t) = r(t+η) piecewise uniformly on I, and that ρ, r are solutions of (5.1),(5.2)
respectively in view of the fact that vn satisfy (6.2) and w̄n satisfy (6.3).

To prove that r is maximal solution of (5.2) on [v, w̄], let y be any solution of
(5.2) with y0 = w0 on [v, w̄]. It is obvious that

y(t+ η) ¬ w(t+ η) = w̄1(t), t ∈ I.

Suppose that for some n we have

y(t+ η) ¬ wn(t+ η) = w̄n(t), t ∈ I.

Then setting m(t) = y(t+ η)− w̄n+1(t) we get

m′(t) = y′(t+ η)− w̄′n+1(t)

= f(t+ η, y(t+ η))− f(t+ η, w̄n(t)) +M (w̄n+1(t)− w̄n(t))

¬M (w̄n(t)− y(t+ η)) +M (w̄n+1(t)− w̄n(t))

= −M (y(t+ η)− w̄n+1(t)) = −Mm(t), t ∈ I \ {tk}pk=1,

4m(tk) = 4y(tk + η)−4w̄n+1(tk) = Ik
(
y(t−k + η)

)
− Ik

(
w̄n(t−k )

)
¬ 0, k = 1, ..., p,

m(t0) = y(t0 + η)− w̄n+1(t0) = w0 − w0 ¬ 0.

By Lemma 6.1 we have m(t) ¬ 0. In consequence

y(t+ η) ¬ w̄n+1(t), t ∈ I.

Now it follows by induction that

y(t+ η) ¬ w̄n(t), t ∈ I, n ∈ N.

Thus passing the limit we may conclude that

y(t+ η) ¬ r(t+ η), t ∈ I.
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Let x be any solution of (5.1)with x0 = v0 on [v, w̄]. The same arguments prove
that

vn(t) ¬ x(t), t ∈ I, n ∈ N.
By taking limits as n→∞ and using Theorem 5.1 we may conclude that

ρ(t) ¬ x(t) ¬ y(t+ η) ¬ r(t+ η), t ∈ I.

The proof is complete. ■

7. Differential-functional inequalities. Let I = [t0, b], t0 < b ¬ ∞. Let
τ > 0 be a fixed real number. We denote

I0 = [t0 − τ, t0], It0 = [t0 − τ, b],

PC ([−τ, 0],ℝ) = {φ : [−τ, 0]→ ℝ, φ is continuous everywhere except for a finite

number of points t̄ at which φ(t̄−) and φ(t̄+) exist and φ(t̄+) = φ(t̄)
}
.

Suppose that t0 < t1 < ... < tp < tp+1 = b are given numbers. We define

PC (It0 ,ℝ) = {u : It0 → ℝ, u is continuous in It0 \ {tk}pk=1 , the limits

u(t+k ), u(t−k ), k = 1, ..., p exist and u(t+k ) = u(tk), i = 1, ..., p
}
.

If x ∈ PC (It0 ,ℝ) , then for any t ∈ I define the function xt ∈ PC ([−τ, 0],ℝ) by

xt(Θ) = x(t+ Θ), −τ ¬ Θ ¬ 0.

As we see xt is the graph of x on [t− τ, t] shifted to the interval [−τ, 0].
Let τ0 be such that t0 < τ0 < t1. Denote

τ0 − t0 = η,

τk = tk + η, k = 1, ..., p+ 1,

J = [τ0, b+ η],

Jτ0 = [τ0 − τ, b+ η].

Analogously

PC (Jτ0 ,ℝ) = {u : Jτ0 → ℝ, u is continuous in Jτ0 \ {τk}pk=1 , the limits

u(τ+
k ), u(τ−k ), k = 1, ..., p exist and u(τ+

k ) = u(τk), k = 1, ..., p
}
.

If y ∈ PC (Jτ0 ,ℝ) , then for any t ∈ J define the function yt ∈ PC ([−τ, 0],ℝ) by

yt(Θ) = y(t+ Θ), −τ ¬ Θ ¬ 0.

The following theorem generalizes results obtained in [17].
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Theorem 7.1 Suppose that:

(i) One of the functions fi, i = 1, 2, where

f1 ∈ C (I × ℝ× PC([−τ, 0],ℝ),ℝ) ,

f2 ∈ C (J × ℝ× PC([−τ, 0],ℝ),ℝ)

is nondecreasing with respect to the functional argument ϕ ∈ PC([−τ, 0],ℝ)
for each t ∈ I(t ∈ J), x ∈ ℝ and

f1(t, x, ϕ) ¬ f2(t+ η, x, ϕ),

for t ∈ I, x ∈ ℝ, ϕ ∈ PC([−τ, 0],ℝ).

(ii) Functions x ∈ PC (It0 ,ℝ) , y ∈ PC (Jτ0 ,ℝ) satisfy the functional-differential
inequality

D−x(t)− f1(t, x(t), xt) < D−y
∗(t)− f2(t+ η, y∗(t), y∗t ),

where t ∈ I, t 6= tk, k = 1, .., p, y∗(t) = y(t+ η).

(iii) Functions g1 : {tk}pk=1 × ℝ→ ℝ, g2 : {τk}pk=1 × ℝ→ ℝ satisfy the inequality

g1(tk, x) ¬ g2(τk, x), x ∈ ℝ, k = 1, ..., p

and for each t = tk, k = 1, ..., p the function σ1 : ℝ 3 s → s + g1(t, s) or for
each t = τk, k = 1, ..., p the function σ2 : ℝ 3 s→ s+g2(t, s) is non-decreasing
on ℝ.

(iv) Impulsive inequalities

∆x(tk)− g1
(
tk, x(t−k )

)
< ∆y∗(tk)− g2

(
tk + η, y∗(t−k )

)
, k = 1, ..., p

are satisfied.

(v) xt0 < yτ0 in [−τ, 0].

Then

x(t) < y(t+ η), t ∈ [t0, b].

The proof is similar to the proof of Theorem 1.1 and we omit it.
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