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A note on the primitive function of a Bohr almost
periodic function

Abstract. In this article we prove a sufficient condition for the primitive function
of a uniformly almost periodic function to be Bohr almost periodic.
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1. Preliminaries. A set F C R is called relatively dense if there exists a
positive number [ such that every open interval of the real axis of length [ contains
at least one element of the set E. Given any f,g € C"(R), n € Ny, we let

D™ (f,g) = sup <|f(fﬂ) —g@)|+> ‘(f —g)® (x)D :
k=1

z€R

A number 7 € R is called a (D™, ¢)-almost period((D™, ¢)-a.p.) of a function
f € C™(R) whenever D™ (f,, f) < ¢ where ¢ > 0 and f,(z) = f(x + 7). Let
us denote by E(™{e; f} the set of all (D™, ¢)-almost periods of f. A function
f € C™(R) is said to be C™ -almost periodic (C™-a.p.) if for an arbitrary € > 0
the set E(™ {e; f} is relatively dense (see [1]). In particular, when n = 0 one speaks
about an e-almost period of a function f € C(R) which is uniformly almost periodic
(B-a.p.) if for all € > 0 the set E{e; f} of its e-almost periods is relatively dense
(see [2] and [3]).

Let R¢ denote the space of all finite real-valued functions defined on R. Given
any f € Ry and x € R, we put

n—1
V(i) =sup S [fzen) — Fn)
Ly —
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where I ={z—-1=2z¢9 <21 <...<z, =2+ 1}. Given f,g € Ry, let
V(f,9) :Sug(lf(l") —g9@)|+V(f—g2)).
xe

Further, let BV, denote the set of all the functions f € Ry which are of a locally
finite variation, i.e. V(f;2) < oo for all z € R. If V(f, fr) < € with f € BV,
then 7 € R is called a (V, €)-almost period((V,e)-a.p.) of f. Finally, let Ey {e; f} be
the set of all (V, e)-almost periods of f. A continuous f € BV, is called an almost
periodic function in the sense of variation (V-a.p.) if for all € > 0 the set Ey{¢; f}
is relatively dense (see [4]). The following holds (see [2]):

THEOREM 1.1 (P. BoHL, H. BOHR) In order that the primitive function

/f r eR,

of a B-a.p. function f be uniformly a.p. it is necessary and sufficient that F is
bounded.

It is known that if the primitive function F' of a B-a.p. f is bounded, then F is
CW-a.p. (see [1]) as well as F is V-a.p. (see [4]).

2. Main result. Let f be a B-a.p. function and let A}, = {(r—N,7+N): 7 €
E{~; f}} where N,v > 0. We say that the primitive function F' of f is N-bounded
with respect to f ((N, f)-bounded) if for all N, > 0 there is an M > 0 such that
|F(z)] < M for all z € |J A} .

We say that the primitive function F' of a B-a.p. function f is strongly (N, f)-
bounded if F is (N, f)-bounded and for all N > 0 the functions

gn(y) = inf F(z) , Gn(y)= sup F(x)
ZGUAX, mGUAX/

are respectively lower, upper semi-continuous on the right, uniformly with respect

to v > 0.

THEOREM 2.1 If f is a B-a.p. function and the primitive function

= /w fydt, zeR,
0

of [ is strongly (N, f)-bounded, then F is uniformly a.p.

PROOF Let us fix arbitrary N > 0 and ¢ > 0. By assumption, there is a § =
d(N,e) > 0 such that for all 0 < h < ¢ the following hold

€ €

gn(y+h) —gn(y) > -5 and Gn(y+h) - Gr(7) <3
uniformly with respect to v > 0. With a fixed o > 0, the set {F(z) : «
bounded, so that we have constants

gn(Y0) = infW F(z) and Gp(v)= sup F(z).
IEUAAP IeUAX?

e JAV}is
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Thus, there exist z1, 2 € |J AR such that d = |21 — z2| > 0 as well as

F(o1) < gn(0) + 57 and Flaz) > Gu(r) = o
Now, let dy > d and [y > 0 with [y being characterizing the relative density of the set
E{5z: f} in such a way that 5(% + m) < 6. With £ = min(z1,z2) and an
arbitrary fixed o € R there exists an (ﬁ)—a.p. 7 of f such that £+ 7 € (o, a+1p).
Then the numbers y; = 21 +7 and ya = x2 + 7 are in the interval (o, @ + Lo) where

Lo = lp + dy. We now have

Flys) = Flo) = Pla) — Fan) + S f ) — Fe)de
;1
o

> Gn(v0) — gn(0) — 6

Since z; € (; — N, 7, + N) with 7; € E{~o; f} (i = 1,2), hence y; € (r;+7— N, 7; +
T+ N), so that y; € UAX;H_W (1 =1,2). We further obtain

}F(l‘g)—F(ﬂ?l)—

€
F(y2) > F(y1) + Gn(7) — gn(70) — 6
€ €
> Gn(v) —gn(v0) +9n (70 + 12do> ~ %
€
> Gn () — >
so that
€
(1) F(y2) > Gn(v0) — 3
Analogously, we have
€
(2) F(y1) < gn(v0) + 5

Fix an arbitrary x € R. Let us select y; in (2,2 + Lo) in order that (2) holds
Yo+ T+ 5Es

true. Then for 7 € E{5t-; f} we have y1 + 77 € JAy and

Y1

Fa+7%) = Fla) = P +7) = Fln) + [ () = f(t+ 7))

x

> b ) —gn(o) - 2e
gN | Yo 6Lo gn (Yo

12dy 3
2 —g,
so that

(3) Flz+71")— F(zx) > —e.
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Similarly, using (1), we obtain
(4) Flx+71")—F(z) <e.
By (3) and (4) it follows that if 7* € E{5; f}, then

sup [F(z +7") — F(2)| <,
z€R

ie. E{5i-; [} C E{F;e}. This means that E{[";c} is relatively dense. So it follows
that the continuous F' is uniformly a.p. n
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