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A space whose regions are the simple domains
of another space*

1. Introduction. In Theorem 6, Chapter VII, p. 356 of [1], Pro-
fessor R. L. Moore gives a sequence of axioms which characterize the
plane. So many theorems about the plane are proved in Chapter III and
IV of [1], using only his Axioms 0-5 (stated below), that a space satistying
these axioms might at first be thought to be very similar to the plane.
Example 1 at the end of this paper shows, however, that there is a space
satisfying these axioms and containing a point P and a region R that
containg P, such that no domain containing P whose boundary is a simple
closed curve is a subset of R.

In the case of Example 1, a simple modification of the regions in
the space will yield the plane: If X denotes the space in Example I, and 2’
denotes the space whose points are the points of X, and whose regions
are the complementary domains of simple closed curves (i.e., the simple
domains of the space X), then X’ is the plane. In this paper we find, for
a space X satisfying Axioms 0-5, which of these axioms are also sat-
isfied by the space X', defined in terms of X as in the last sentence. It is
shown in Theorem 19 that Axioms 2-5 are satisfied by every such space.
However, an example (Example 2) exists of a space X satisfying Axioms
0-5 such that X’ does not satisfy Axiom 1, (stated below), but a con-
dition is given in Theorem 26 which is both necessary and sufficient in
order that X' satisfy Axiom 1,.

The axioms and certain definitions of Moore [1] used in this paper
are the following. The letter § denotes the set to which X belongs if and
only if X is a point.

AxioMm 0. If R is a region, R is a point set.

AXIOM 1;. There exists a sequence Gy, @G,, Gy, ... such that
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1. for each positive integer n, G, is a collection such that each element
of G, is a region and @, covers S;

2. for each positive integer n, G, , is a subcollection of G,;

3. if B is a vegion and A is a point of R and B is a point of E, there
exists a positive integer n such that if g is a region of @, containing A, then
g is a subset of R and it does not contain B, unless B is A.

AxioM 1. To Axiom 1; add:

4. If My, My, My, ... 18 an infinite sequence of closed point sets such
that for each n, M, contwins M, , and M, is a subset of the closure of some
region of G,, the point sets of the sequence M,, M,, My, ... have a point
in common.

AXIOM 13. In Axiom 1,, substitute for part 3:

3'. If R is a region and A is a point of R and B is a point of R, there
exists a positive integer n such that if X is a region of @, containing A, and Y
is a region of G, intersecting X, then Y is a subset of R and it does not contain
B unless B is A.

AxioMm 2. If P is a point of a rvegion R, there exists a non-degenerate
connected domain containing P and lying in R.

AxtoMm 3. If P is a point, 8—P is connected and non-degenerate.

Axiom 4. If J is a simple closed curve, S—dJ is the sum of two mutually
separated connected point sets, each having J as ils boundary.

~

Axiom 5. If A and B arc two points, every region that contains A
contains a compact continuum that separates A from B (indeed, by Theorem 5,
Chapter 1V, p. 162 of [1], on the basis of this and the preceding axioms,
every region that contains A contains a simple closed curve that sepa-
rates 4 from B).

The statement that the space X satisfies Axioms 0-5 will mean
that X satisfies Axioms 0,1, 2, 3, 4, and 5 (but not Axiom 1; unless ex-
plicitly stated).

Suppose w is a point.

DEFINITION. The pbint set M is said to bhe bounded with respect to
w if and only if w is neither a point nor a limit point of M.

DEerintrION. If J is 2 bounded simple closed curve, then the com-
plementary domain of J that containg w will be called the exterior of J
with respect to w, and the complementary domain of J that does not
contain w will be called the interior of J with respect to w.

If in a theorem some point has been denoted by' the letter w, then,
unless otherwise noted, bounded will mean bounded with respeet to w,
exterior of the simple closed curve J will mean exterior with respect to w,
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etc. The notation I(J) and E(J) will denote the interior and exterior,
respectively, of the simple closed curve J (with respect to w).

DEFINITION. A simple domain is a domain whose boundary is a simple
closed curve. A simple disk is a simple domain plus its boundary.

For definitions of other terms used in this paper, see [1].

2. Theorems.

DEFINITION. If the space X satisfies Axioms 0-5, then X’ denotes
the space obtained by interpreting point to mean point of X, and region
to mean simple domain in 2.

Throughout the following treatment it will be assumed that the
space X satisfies Axioms 0-5.

The definitions of all concepts and properties in the space X' apply
without modification to the space X', with the following two exceptions:
1. An arc in X' is a perfectly compact continuum with only two non-cut-
points. 2. A simple closed curve in X' is a perfectly compact continuum
which is separated by the omission of any two of its points. Defined in
this manner, the ares and simple closed curves of the space X' satisfy
most of the relevant theorems which are results of Axiom 1, e.g., Theorems
95-103, 107, and 108 of Chapter I, [1]. If ¢ is an arc with endpoints A
and B, then S(a) denotes a— (A --B).

THEOREM 1. If the point P is a limit point of the point set M in the
space X, then P is a limit point of M in the space X'.

Proof. Suppose D is a region in X’ containing P. Then D is a simple
domain in 2. Therefore, there exists a region B in X containing P and
lying in D. Now since R contains a point of M distinet from P, D must
also. Thus P is a limit point of M in 2.

Theorems 2-7 are direct consequences of Theorem 1.

THEOREM 2. Every domain in the space X' is a domain in the space Z.

THEOREM 3. Every closed point set in X' is closed in Z.

TUrEOREM 4. If M is a point set, then the closure of M in X is a subsel
of the closure of M in X', and the boundary of M in X is a subset of the
boundary of M in X'

THEOREM 5. Every two mutua,lly separated pomt sets in X' are mutually
separated in X.

THEOREM 6. Ewery conmnected point set in X is connected in X'.

THEOREM 7. Every compact point set in X is perfectly compact in
2’. (See Theorem 37 of Chapter I, [1].)

THEOREM 8. If M is a point set connected either in X or in X', and
the point P is a limit point of M in X', then P is a limit point of M in X.
Moreover, M is closed in X' if and only if M is closed in X.
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Proof. It follows from Theorem 6 that if M is connected in X, then
M is connected in X'. Therefore, we need suppose only that M is con-
nected in X'. Suppose P is a limit point of M in 2’ and R is a region in 2
that contains P. Then by Theorem 5 of Chapter IV, [1], K contains
a simple closed curve J that separates P from some point of M. Now,
the two complementary domains of J are regions in X', and since M
is connected in X’ and intersects both of them, M must interseet J in
a point distinet from P. Thus R contains a point of M distinet from P,
and P is a limit point of M in 2.

If M is closed in X, then M is also closed in X', since, by this theorem,
every limit point of M in X’ is also a limit point of M in X, and there-
fore must belong to M. The converse is true by Theorem 3.

THEOREM 9. If M is a point set connected either in X or in X', then
the closure of M in the space X is the closure of M in the space X'

This is a direct consequence of Theorems 1 and 8.

THEOREM 10. If P is a poini, there exvists a sequence of regions in the
space X' closing down on P.

Proof. Let w denote a point distinet from P.

By Theorem 7 of Chapter 1, [1], there is a sequence R;, R;, Rj, ...
of regions in X closing down on P. If n is a positive integer, there is a simple
closed curve J lying in R and separating P from w, and there is a positive
integer 7 > n such that E; lies in the interior of J with respect to w. Note
that, by Theorem 3, Chapter ITI, p. 142 of [1], the interior of any simple
closed curve lying in R; is a subset of the interior of J. So there iz a sub-
sequence R,, R,, Ry, ... of R, Ry, R;, ... and a sequence D,, D,, D,, ...
of bounded simple domains in X such that for each positive integer n, D,
contains D, ., and P, and the boundary of D, lies in R,.

Now suppose P’ is a point distinet from P and D’ is a region in X’
containing P. By Theorem 12 of Chapter IV, [1], there exists a simple
closed curve J in X that separates P from P’, w, and the boundary of D'.
It follows that I(J) lies in D’ since I({J) contains the point P of D', but
no point of the boundary of D’. There exists a positive integer ¢ such
that R; lies in I(J). Therefore, the boundary of D; lies in I(J), and by
Theorem 3 of Chapter III, [1], D; lies in I(J). Hence D; lies in D’ and
does not contain P'.

Therefore, the sequence D, Dy, D,, ... closes down on P in the
space 2. :

THEOREM 11. If D is a conmected domain in the space X', then the
boundary of D in X' is the boundary of D in X.

Proof. By Theorem 2, D is also a domain in Z. Since the boundary
of a domain is the set of all points of the closure of the domain not in the
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domain, and by Theorem 9 the closure of D in X’ is the closure of D in
X, it follows that the boundary of D in X’ is the boundary of D in Z.

THEOREM 12. If D is a connected domain in the space X', then D is
a connected domain in 2.

Proof. By Theorem 2, D is a domain in 2. Suppose D is the sum
of two point sets, mutually separated in 2, but such that one of them, H,
contains a limit point P in X’ of the other, K. There exists a region R
in 2’ (i.e., a simple domain in X), containing P and lying wholly in D.
Since P is a limit point in X’ of K, R contains a point of K. That is, R
is a subset of D and therefore of H+ K, which is connected in X, but
which intersects both H and K. But this contradicts the assumption
that H and K are mutually separated in 2.

THEOREM 13. If the point set M is closed in the space X', then D is
a complementary domain of M in the space 2 if and only if D is a comple-
mentary domain of M in X' :

Proof. By Theorem 3, M is closed in X. Every region in X' is
a simple domain in X and is therefore connected in X', by Theorem 6.
Hence X’ is locally connected, and every component of §—M in X2 is
a domain in X', Also, the boundary in 2’ of a component of §— M is a sub-
set, of M.

Suppose D is a complementary domain of M in 2. By Theorem 12,
D is a connected domain in 2, so D is a subset of a complementary do-
main D’ of M in 2. But since D’ is connected in X, and contains no point
of the boundary of D in 2' (which lies in M, by the above observation
and Theorem 11), D’ is also a subset of D. So D is D',

Suppose D is a complementary domain of M in 2. Then D is con-
nected in 2" by Theorem 6. So D is a subset of a complementary domain
D' of M in X'. But with respect to X, D' is a connected domain that con-
tains no point of the boundary of D, which lies in M. So D is D'.

THEOREM 14. If the point set M is connected, either in X or in X',
and connected im kleinen in X at the point P, then it is connected im kleinen
in X at P.

Proof. If M is connected in X, then, by Theorem 6, M is connected
in X', Suppose M is connected in X' and connected im kleinen in X ab
the point P.

Suppose D is a region in X' that contains P. Let R denote a region
in 2 that contains P and lies in D. Sinece M is connected im LEleinen in X
at P, there exists a connected region R’ in 2 containing P such that

R’ M is a subset of a component K of R-M. (Note: Since R’ is connected

in 2, R’ denotes the closure of B both in X and in 2'; ¢f. Theorem 9.)
There exists a region D’ in X’ containing P and lying in D whose boundary
lies in R’

Roczniki PTM — Prace Matematyczne XIII 10
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Now suppose @ is a point of M-D’. If Q lies in R’, then @ lies together
with P in the connected subset K of D-M. If @ does not lie in R, then
it lies in a complementary domain Dy of R', which lies in D. (Note: By
Theorem 13, D, is a complementary domain of R’ both in X and in X'.)
By Theérem 11, the boundary b of Dy in X' is also the boundary of Dy
in 2. Now, &-M is a subset of B and consequently of K. Therefore,
K +M-D, is connected in X', for if K-+-M D, is the sum of two point
sets, mutually separated in X', where H, denotes the one that contains
K, and H, denotes the other, then M = H,+4 [H,+{(M—M Dy)]. The
point sets H, and H,-- (M — M-Dy) are mutually separated in X', since
(1) we are assuming that H, and H, are, and (2) H, and M —M-D, are,
because H, lies in Dy, and M — M -Dy lies in §—D,, two mutually sepa-
rated point sets in X', This contradicts the fact that M is connected in X'.
Therefore, ¢ and P lie together in the connected subset K M- Dy of D.

Thus every point of M-D’ lies, together with P, in some subset of
M-D which is connected in X', and M is connected im kleinen at P in
the space 2.

THEOREM 15. Every arc in the space X is an arc in the space X',

Proof. Suppose AB is an arc in X. AB is connected in 2 by Theo-
rem 6, perfectly compact in X’ by Theorem 7, and closed in X’ as a result
of Theorem 8. Neither A nor B is a cutpoint of AB in X', since the pomt
sets AB—A and AB—B ave connected in 2 and therefore in X'

Suppose P is a point of §(AB) = AB-(A-+B). No point of either
of the sets AP—P and PB—P i3 a limit point of the other set in X.
Therefore, by Theorem 8, since AP—P and PB—P are connected in 2,
no point of one of them can be a limit point of the other in X', Conse-
quently, they are mutually separated in X', and P is a cutpoint of AB
in 2.

THEOREM 16. Every simple closed curve in X is a simple closed curve
in 2.

Proof. Suppose J is a simple closed curve in 2. By an argument
similar to the one in Theorem 15, J is a perfectly compact continuum
in 2'.

Suppose P and @ are two points of J. Then J is the sum of two arcs
in 2, PWQ and PZ¢, having only the points P and ¢ in common. It
follows from Theorem 8 that S(PWQ) and S(PZQ) are mutually sepa-
rated not only in X but also in 2, and therefore the omission of the
points P and @ separates .

THEOREM 17. Every simple closed curve J in X separates 8 (the set
of all points of X') into only two mutually exclusive connected domains with
respect to X', each having J as its boundary in X',
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This theorem follows from Theorems 8, 13, and 11.
The following two definitions are taken from [2]:

DEFINITION. If J i8 0 simple closed curve, the componant I of S—J
is flat if and only if it is true that if o« and o' are two arcs lying, except
for their end points, in 7, and the end points of a separate those of o
on J, then « and o intersect.

DEFINITION. A primitive simple closed curve is a simple closed curve
J that separates space into two connected sets each of which is a flat
componant of §—J.

THEOREM 18. Every simple closed curve in X3 is a primitive simple
closed curve in X'

Proof. Suppose J is a simple elosed curve in X. By Theorem 17,
J has only two complementary domains with respect to X'. To show
that J is primitive, we need only show that each of these is flat, so sup-
pose D is a complementary domain of J, and ABC and HEF are two
arcs in X' lying, except for their endpoints, in D, whose endpomts are
in the order AHCFA on J.

Suppose ABC and HEF do not intersect. By Theorem 8, HEF is
closed with respect to 2. With the aid of Theorem 4 of Chapter I, [1],
the arc 4 BC may be covered by a finite collection ¢ of regions in X', each
bounded by a simple closed curve in X, and such that (1) none of these
regions or their boundaries intersects HEF and (2) one region contains 4,
another (, but except for these two, no region of ¢ or its boundary in-
tersects J. There exists an arec WYZ in 2, lying in the sum of the bound-
aries of the elements of @, such that W lies on the segment S(HAF)
of J, and Z lies on the segment S(HCF) of J, and such that WYZ lies
except for its endpoints in D.

Now, let w denote a point not in D+J. Then the segment S(HEF)
in X lies in I(WYZHW)4-1(WYZFW) since, not intersecting the boun-
dary of any element of @, it eannot intersect WYZ. But I(WYZHW)
and I(WYZFW) are regions in X', which implies that S(HEF) is not
connected in X'. We have thus come to a contradiction.

THEOREM 19. The space X satisfies Axioms 2,3, 4, and 5.

Proof. X’ satisfies Axiom 2, since every region in X' is a simple
domain in X and is therefore connected in X', by Theorem 6. Axiom 3
is satisfied, since if P is a point, §—P is non-degenerate and connected
in X, and is therefore connected in X', again by Theorem 6. Since every
region in X' is a simple domain in X, Axiom 5 also holds in X', This leaves
Axiom 4.

Slye has shown [2] that any space satisfying the following condi-
tions (slightly reworded) satisfies Axiom 4:
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1. There exists a region, and each region is a non-degenerate are-
wise connected point set.

2. If P and @ are two points, R is a region containing P, and R’
is a region econtaining P, then there is a region containing P but not @,
and lying in both R and R’

3. If the point P is distinet from. the point @, and from the point @',
and R is a region containing P, then there exists a pummve simple closed
curve in R. that separates P and Q-+Q'.

Now, a region in 2’ is a simple domain in X, so every two points
of it are the endpoints of an arc in X, which is also an arc in 2’ by Theo-
rem 15. Hence, X' satisfies Condition 1. That X’ satisfies Condition 2 is
a direct consequence of Theorem 10. In the case of Condition 3, suppose
that P is distinet from the point @ and from the point @', and that R
"is a region in X' containing P. Then, again as a result of Theorem 10,
there is a region R, in X' such that R, liesin R and contains neither Q
nor @’. So the boundary, J, of R1 is a simple closed curve in 2, lying in
R, that separates P from Q+Q s and Ly Theorem 18, J is a primitive
simple closed curve in X'

TuEoREM 20. The space X' is separable if and only if the space X
is separable.

Proof, If X'is separable, there exists a countable point set K such that
every point of § is a limit point of K in 2. But then by Theorem 1, every
point of § is a limit point of K in X', and therefore &' is also separable.

Suppose X’ is separable but X is not. Then there exists a countable
point set K such that every point of S is a limit point of K in 2'. By
Theorem 164 of Chapter I, [1], there exists in £ an uncountable collec-
tion H of mutually exclusive regions. Let w denote a point, and for each
region h with respect to X in H, let D; denote the interior with respect
to w of some bounded simple closed curve J; that lies in k. Let G denote
the collection of all domains D), for elements » of H. If &, and h, are two
elements of I, then k, and h, are mutually exclusive, and thus J; and
J, are also mutually exclusive; therefore, Dy, and Dy, are distinct. Hence
@ is also uncountable.

Now, each element g of G contains a point P, of K, and therefore,
since K is countable, some point P of K lies in uncountably many ele-
ments of G. That is, there exists an uncountable subeollection H' of H
such that if A belongs to H', then J, separates w from P,

There exists an arc in X from P to w. The are Pw must intersect
every one of the regions in X of the collection H', and it therefore inter-
sects uncountably many mutually exclusive regions in 2. But this is
a contradiction, since Pw is an are in 2 and does not contain uncountably
many mutually exclusive segments.
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Therefore, 2 must also be separable.

In Theorems 21 to 23, only the space X is considered, and all con-
cepts and properties are to be considered as defined with respect to that
space.

THEOREM 21. Suppose w is a point and I, I, L4, ... is8 & sequence
of bounded simple domains such that for each positive integer w, the boundary
of I, lies in a region R, of G, that does not contain w, where G, Gy, G4, ...
is a sequence of collections of regions satisfying Awxiom 1;. Suppose, more-
over, that I, I,, I, ... have a point P in common. Then (1) no point
other than P is common to all the regions of the sequence IR,, RB,, R,, ...,
and (2) if the domains Iy, I,, I, ... have a point @ distinct from P in
common, then Ry, R,, Ry,... have no potnt in common.

Proof. Suppose some point X distinet from P is common to all
the regions R,, R,, R;, ... There exists an arc from P to w which does
not contain X. Since for each #, the boundary of I, lies in R, and sepa-
rates P from w, K, must intersect the are Pw. But X does not lie on Puw,
and therefore there exists a region K containing X but no point of Puw.
Furthermore, there exist§ a positive integer # such that if ¢ is a region
of G, that contains X, then § lies in E. Thus R, lies in R, and cannot
intersect the arc Pw. But this is a contradiction, since it was shown above
that R, does intersect Puw.

Therefore, no point other than # can be common to the regions
R,R,, R, ...

Now if the domains I,, I,, I, ... have two points, P and §, in com-
mon, then, as was just shown, no point other than P can be common
to Ry, R,, R, ... But P cannot be common to these regions either, since
no point other than ¢ can be common to all of them. Thus, the regions
B, Ry, Ry, ... can have no point whatsoever in common.

THEOREM 22. Suppose the space X satisfies Axiom 13 (in addition,
of course, to Awioms 0-5); w, w', and A are three points; and Jy, Jy, J,, ...
is a sequence of simple closed curves such that for each n, (1), A lies in the
tnterior, I, of J, with respect to both w and w', and (2), J, les in some
region of @,, where G, Gy, Gy, ... is a sequence of collections of regions
satisfying Aziom 15. Then the point A is the only point common to I,+J,,
Iy, InFdg, ...

Proof. Suppose some point B distinet from A also lies in I,+J,
I,+dJd,,I,4d,,... By Axiom 3 and Theorem 1, Chapter II, p. 84 of [1],
there exist arcs from B to A and from B to w’, neither of which contains
w. The sum, M, of the arcs BA and Bw’ is a compact continuum inter-
secting each of the simple closed curves J,,dJ,,dJ;, ... Therefore, M
containg a point Z (distinet from w) and a sequenee P, P,, Pg, ... such
that (1) for each positive integer =, P, is a point of M-J,, and (2) some
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infinite subsequence of P,, P,, P3, ... converges to Z (see Theorem 11,
Chapter I, p. 5 of [1]). Let C denote one of the points A and B which
is distinet from Z. There exists a simple closed curve J that separates Z
from both ¢ and w. There exists a region R containing Z whose closure
lies in the interior of J, and, since the sequence Gy, G, G,, ... satisfies
Axiom 1;, there is a positive integer N such that if X and Y are intersect-
ing regions of Gy, one of which contains Z, then X+ ¥ is a subset of R.
Let R’ denote a region of Gy that contains Z. Then, since some subse-
quence of P,, P,, P;, ... converges to Z, there exists a positive integer n
greater than N such that P, lies in R'. Since J,, lies in a region of G, and
intersects R’, J, must lie in B and therefore in I(J). But the point ¢
lies without J and therefore without J,, contrary to the faet that C is
one of the points A and B, each of which is common to I,4-J,, I,+J,,
I+, ...

Therefore, 4 is the only point common to I,+J,, I,+dJ,, I3+d5, ...

THEOREM 23. Suppose the space X satisfies Axiom 1;, w and w' are
points, H and K are mutually exclusive compact continua containing neither
w nor w', and G, Gy, Gy, ... is a sequence of collections of regions that sat-
isfies Awiom 1. Then there exists a positive integer n such that if D is a simple
disk containing neither w nor w’' but intersecting H, and the boundary of D
lies in some region of G,, then D does not intersect K.

Proof. Case 1. The theorem is true if both H and K are mon-dege-
nerate. For, suppose it is false. Then for each positive integer » there

exigts a simple disk E whose boundary lies in a region R, of G,, and
such that D, intersects both H and K, but contains neither «w nor w’.

There exists a positive integer », such that if » is an integer greater
than »,, the boundary, b,, of D, intersects both H and K ; for otherwise
there exists an increasing sequence #,, #,, N3, ... of positive integers
such that for each ¢, b,, does not intersect L, where L is one of the point
sets H and K. Hence L is non-degenerate. For each ¢, let J; denote b,,.
Then, for each ¢, 1(J;) = D, , and since L is connected and intersects
I1(J;) but not J;, L must lie wholly in I(J;). So J,, J,, Js, ... is a sequence
of simple closed curves such that for each =, J, lies in a region of G,,
but I(J,), I(Jy), I(J3),... econtains the non-degenerate point set L,
contrary to the result of Theorem 22.

There exists a sequence P, P,, P;, ... and a point Z of K such
that (1) for each n greater than n,, P, is a point of b, lying in K, and (2)
some subsequence of P,, P,, P;,... converges to Z (see Theorem 11,

Chapter I, p. 5 of {1]). There exists a simple eclosed curve C separating Z
from both H and w (by Theorem 12, Chapter IV, p. 169 of [1]) and a re-
gion R containing Z and lying in the interior of ¢ with respect to w. Since
the sequence G,, G,, G,, ... satisfies Axiom 1, there- exists a positive
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integer n, such that if X and Y are intersecting regions of Gy,, one of
which contains Z, then X | Y lies in R. Let R’ denote a region of Gy,
that contains Z, and #’' denote a positive integer greater than both n,
and n, such that P, lies in R'. Then R, intersects R’ and so R, lies
in R, and sinee b, lies in R, , b, also lies in R, and therefore in I(C).
But then, by Theorem 3, Chapter 111, p. 142 of [1], D, lies in I(C) and
cannot intersect H, contrary to the original assumption. This completes
the proof of Case 1.

Case 2. The theorem is true if K is degenerate, but H is not. By Theo-
rem 4, Chapter IV, p. 162 of [1], there is a simple closed curve J sepa-
rating H from K. Since the continua H and J are both non-degenerate,
we may apply the result of Case 1 to them. Hence, there exists a positive
integer n such that if D is a simple disk intersecting H but containing
neither w nor w’, and the boundary of D lies in a region of G, then D
does not intersect J. But since D is connected, D cannot intersect K
without intersecting J, so Case 2 is proven. -

Case 3. The theorem is true if H is degenerate but K is not. The proof
is similar to that for Case 2.

Case 4. The theorem is true if both H and K are degenerate. Again,
there is a simple closed curve separating H from K. Since H is degenerate,
but J is not, we may apply the result of Case 3 to them. Hence, there
exists a positive integer » such that if D is a simple disk intersecting H
but countaining neither w nor w’, and the boundary of D lies in & region
of G, then D does not intersect J, and consequently cannot intersect K.
So Case 4 is proven, and this completes the proof of Theorem 23.

THEOREM 24. If the space X satisfies Axiom 1, then so does the
space X'. ‘

Proof. Let w and w’ denote points; C,, 0y, Cy, ... a sequence of
simple domains in X, such that for each =, C, contains C,,, and such
that w is the only point common to all the elements of the sequence;
and (), Cy, Cy, ... a sequence defined similarly with respect to w’ such
that €, and C; are mutually exclusive. Let Gy, @,, Gs, ... denote a se-
quence of collections of regions in X satisfying Axiom 1;. For each =,
let @), denote the collection to which D belongs if and only if (1) D is

one of the domains C,, Cy, Cyp1y Cnyry ..., o (2) D is a simple domain
in X such that its boundary, J, lies in some region of G,, and D+J
contains neither w nor «w’. Then Q,, @,, @;, ... is a sequence of collections

of regions in X'

Parts 1 and 2 of Axiom 1; are clearly satisfied by the sequence Q,,
@3, Q3, ... Suppose D is a region in X (i.e., a simple domain in X) and 4
and B are points of D. If 4 is either w or w’ (say w), then there exists
a positive integer n such that C, lies in D and does not contain B. By
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Theorem 23, there exists a positive integer #' greater than n--1 such
that if D is a simple disk in ¥, containing neither w nor w’, but whose
boundary lies in some region of G, (i.e., if D is a domain of @, other
than Oy, Cpy Croyyy Croy1s ..), then D does not intersect the boundaries
of both C, and C,,. It follows that no region of Q, intersects the bound-
aries of both €, and C,,,, since O, Cp 1, Coyy,... all lie in C,,,,
and Cp, Cpoyyy O i, ... all fail to intersect (,. Now, if X and Y are
intersecting domains of ¢, such that X contains A (i.e., w), then (1) X
must be one of the domains C,, Cp 1, Cp s, ..., since no other domains in
Q. contain w, and hence X lies entirely in C),,,, and (2) since ¥ eannot in-
tersect both X and the boundary of €, without also intersecting the
boundary of C,,;, Y lies entirely in C,. Thus, X-+7¥ lies in C,, and
therefore in D, and does not contain B.

Suppose 4 is neither w nor w’'. There exist simple closed curves J
and J' in X such that J lies in D and separates A from B, w, and w’,
and such that J' separates 4 from J. By Theorem 23, there exists a posi-
tive integer n such that (1) no simple disk in 2 which contains neither w
nor w’, but whose boundary lies in a region of @,, intersects two of the
sets A, J, and J’, and (2) 0, +C;, does not intersect J. Now, suppose X
and Y are two intersecting domains in ¢, such that X contains 4. X is
not one of the domains Cy, 07, 0y, Cs, ..., since @, does not contain any
of the domains Cy, Cy, Cy, Cy, ..., Cr_y, Opn_y, and none of the domains
Cpy Cry Cyiry Cryy - .. intersects J (which X would have to do if it con-
tained w or w’ as well as A). Thus, by the definition of the sequence
Q1,Q:,Qs, ..., X must be a simple disk, containing neither w nor w’,
whose boundary lies in some region of G,. X, then, cannot intersect J',
and therefore lies entirely within J'. Since Y intersects X and therefore
1(J), Y cannot be one of the domains C,, C;, C;, C5, ..., by an argument
similar to that given above for X. Therefore, Y is also a simple disk,
containing neither w nor w’, whose boundary lies in a region of G;,, and ¥
cannot intersect both J and J'. Since Y intersects I(J') and cannot
intersect J without also intersecting J', ¥ must lie wholly within J.
Hence XY lies in I(J), and therefore in D, and does not contain B.

Thus the sequence Q,,Q,, Q,, ... satisfies Axiom 1;.

DEFINITION. Let w and X denote two definite points. The sequence
Q1) Qs, Qs, ... of collections. of regions in X' is said to be derived from
the sequence G, G, G5, ... of collections of regions in 2'if and only if, for
each positive integer n, @, is the collection of simple domains in X to
which D belongs if and only if either (1) D does not contain X and is the
exierior with respect to w of some simple closed curve that lies, together
with w, in some region of G,, or (2) D is the interior with respect to w
of some simple closed curve that lies in some region of G, that does not
contain w.
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If 3’ satisfies Axiom 1, there is a sequence ,, @,, @;, ... satisfying
the requirements of that Axiom with respect to X'. In Theorem 25 we
show that it is possible to select the sequence @,, Q,, @, ... so that it
is derived from a certain sequence @G, G,, Gg, ... satisfying Axiom 1
with respect to ZX.

THEOREM 25. Let w and X denote two definite points. If the space X'
satisfies Awxiom 1, then there is a sequence G, G, Gy, ... of collections of
regions in X satisfying Axiom 1 with respect to X, such that the sequence
Q1, Qs Qs, ... of collections of regions in X' derived from Gy, Gy, Gy, ...
satisfies Axiom 1 with respect to X'

Proof. Since X satisfies Axiom 1, there exists a sequence G, Gy, Gs, ...
of collections of regions in X satisfying the requirements of Axiom 1.
By hypothesis, there exists a sequence Q;, @;, @, ... of collections of
simple domains in X satisfying the requirements of that axiom with
respect to the space X'. Let R,, R,, R, ... denote a sequence of regions
in X cloging down on w, such that for each »n, R, lies in some simple do-
main of @,. For each #, let G, denote the collection of regions in X to
which R belongs if and only if (1) R is a member of the sequence E,,
Rypyy ..., or (2) for some bounded simple domain ¢ of Q.., B is a region
of G, lying in ¢'. The sequence G, G,, G, ... satisfies Axiom 1 with
respect to 2.

Let Q,, Q,, Q3, ... denote the sequence of collections of regions in X’
derived from the sequence Gy, G,, G5, ... of regions in 2. The sequence
Q1 Qs, @, ... clearly satisfies the first two parts of Axiom 1. Suppose D
is a simple domain, and A and B are points of D. If A4 is w, there exists
a simple domain D’ in 2 containing 4 and lying in D but not containing B.
There exists a positive integer n such that R, lies in D’. Suppose ¢ is
a domain of @, that contains w. Then the boundary of ¢ must lie in R,,
since (1), R,y Kyy1y Ruy2, ... are the only regions of @, that contain w,
and (2) if the boundary of ¢ does not lie in some region of G, that contains
w, then ¢ itself cannot contain w, by the definition of the -sequence
Q1 9y, Qs ... Since R, lies in D', the boundary of g lies in D’; thus g lies
in D' and therefore in D, and does not contain B.

If A is distincet from w, there exists a simple domain D’ in X' lying
in D, and containing 4, but neither B nor w. Since the sequence @,
Qs, Q3, ... satisfies Axiom 1, there exists a positive mteger n such that
if ¢' is a domain of Q,, then ¢ lies in D' if ¢’ contains 4, and q lies in
8S—D" but does not contain X if ¢’ contains w. Now, suppose ¢ is a domain
of @, that contains A.

If ¢ contains w, then by the definition of the sequence @,, @,, @s, ...,
(1), ¢ is the exterior with respect to w of a simple closed curve J in 2’ lying
in a region K of @, which also contains w, and (2). ¢ does not contain X.
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But every region of ,, that contains w (i.e. R,, R,,Jrl Byis,...)1s a subset
of R,, and R, itself lies in some simple domain q of Q. Therefore, since R

contains w, ¢’ contains w, and consequently ¢’ lies in §— D’ and does
not contain X i.e., if J' denotes the boundary of ¢’, then both D’ and X
lie in the same complementary domain of J', which must be I(J’), since
¢’ is E(J'). Now, the simple closed curve J, which is the boundary of ¢,
lies in I,, and hence in ¢’, and therefore cannot separate any point of
D’ from X. Thus, since ¢ does not contain X, ¢ does not contain any
point of D’ either; in particular, ¢ does not contain A. But since this
contradicts the assumption made above, it must be false that ¢ con-
tains w.

Thus ¢ must be the interior with respect to w of some simple closed
curve J in X lying in a bounded region R of ¢, and R must lie in some
domain ¢’ of @, whose boundary is a simple closed curve J' in X, such
that ¢’ +J' does not contain w either. Thus ¢’ is I(J'), and since J lies
in ¢, I(J) lies in ¢'; but I(J) is ¢. Since ¢’ is in @, and contains A (¢’ con-
tains ¢, and ¢ contains 4), ¢’ lies in D', Thus § lies in D, and thercfore
in D, and does not contain B.

To show that the sequence @, @,, @s, ... satisfies the fourth part
of Axiom 1, the following argument suffices. Suppose M,, M,, M,, ...
is a sequence of point sets, each closed in X', such that for each positive
integer », M, contains M, ,, and M, lies in the closure of some domain
of Q,. Then, for each n, M, also lies in the closure of some domain of
Q., and, since the scquence @i, Q;, @Q;, ... satisfies Axiom 1, the point
sets M,, M,, M;, ... have a point in common.

THEOREM 26. The space X' satisfies Awiom 1, if and only if there
exist @ point w and a sequence G, Gy, Gy, ... of collections of regions in the
space X satisfying the conditions of Axiom 1 such that if A is a point distinet
from w, and J is a simple closed curve that separates A from w, then there
exists a positive integer n such that if B is a bounded region of G,, and R
contains a simple closed curve that separates A from w, then R lies entirely
within .

Proof. Suppose there exist a point w and a sequence G,, G, G,, ...
satisfying all of these conditions. Let I,,I,,1I,,... denote a sequence
of simple domains in 2 having only the point w in common, such that
each contains the closure of the next. For ench positive integer n, let Q,
denote the collection to which D belongs if and only if either (1) D is
one of the domains I,,, I, 1y Inys, ..., oF (2) D is the interior with respect
to w of some simple closed curve in X that lies in a bounded region of G,,.

The sequence @, @,, @3, - .- clearly satisties parts 1 and 2 of Axiom 1,.
Suppose A and B are points of the simple domain I. If 4 is w, then there

exists a positive integer » such that I, lies in T and does not contain B.
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Since every member of ¢, that contains w belongs to the sequence
Lyy Iniy Togzy --., the closure of any domain of @, that contains A4 lies
in T—B.

If A is distinet from w, there exists a simple closed eurve J in X
separating A4 from both B and w, and such that I(J) also lies in I. Now,
by hypothesis, there exists a positive integer » such that (1) if R is
a bounded region of G, which contains a .simple closed curve that sepa-
rates A from w, then R lies entirely within J, and (2) I, does not con-
tain 4. Suppose ¢ is a domain of ¢, that contains A. Then since ¢ is not
one of the domains I, I, .4, I, ., ..., there exists a simple closed curve
J' lying in a bounded region R of G, such that ¢ is I(J'). But & must
lie wholly within J, and therefore J' lies within J. Thus § lies wholly
within J, and therefore in I, and does not contain B.

The space X', then, satisfies Axiom 1,.

Now, suppose the space 2 satisfies Axiom 1,. Let w denote a point,
and Q,, ¢, @, ... a sequence of collections of simple domains in 2 sat-
isfying the conditions of Axiom 1;, and Gy, G,, G, ... a sequence of collec-
tions of regions in 2 satisfying Axiom 1. For each #, let G, denote the
collection to which R belongs if and only if R is a region of G, that lies
in some domain ¢ of ¢,, such that § does not contain w unless B does.

The sequence ., G,, Gy, ... satisfies Axiom 1, since the sequence
Gy, G,, Gy, ... satisfies Axiom 1. Now, suppose A is a point distinet from w,
and J is a simple cloged curve that separates 4 from w. Since the sequence
Q1, Q2 Qs, ... satisfies Axiom 14, there exists a positive integer n such
that every domain of ¢, that contains 4 lies along with its boundary
in I(J). Suppose R is a bounded region of G, containing a simple elosed
curve J that separates A from w. Then R lies in a domain q of Q, whose
closure is bounded. For some simple closed curve (' in X, ¢ is I(C). Thus
J’ lies in I(C), and therefore I(J'), which contains 4, is a subset of I(C)
(i.e., of g). Since ¢ contains 4 and is a domain of @,, ¢ lies along with
its boundary in I(J); and therefore, since R lies in ¢, R must also lie
entirely within /.

3. Examples.

ExamrLE 1. Consider the plane. For each positive integer » and
each positive integer m, let P, denote the point (2'72™, 0), and D(n, m)
the circular disk centered at P, with radius 27**-n/(n41). For each
positive integer n, (1) let @, denote the sum of the circular disks D(n, m),
for all positive integers, m, (2) let 0, denote a circular domain centered
at the origin with radins 2°*~™, and (3) let R, denote the point set
On‘On'Qn-

Let X denote the space obtained by interpreting the word point
to mean a point of the plane, and the word region to mean a subset B
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of the plane such that either (1) for some circular domain D such that
D does not contain the origin, R is D, or (2) for some positive integer
n, B is R,.

The space X satisfies Axioms 0-5, and the space X derived from X
in the manner indicated in this paper, is the plane. Let O denote the
origin, M denote the set consisting of all the points Py, Py, Ps, ..., and I
denote the interval having (0, 0) and (1, 0) as the coordinates of its
endpoints.

The following examples show that the converses of a number of
the earlier theorems in this paper are not true: (1) O is a limit point of
the point set M in the space X', but not in the space X (cf. Theorem 1),
(2) the point set R, is a region in X, but not in X', since the point O of
R, is a limit point of §—R, in the space 2’ (¢f. Theorem 2); (3) the point
set M is closed in X' (indeed, it has no limit point in ZX), but M is not
closed in 2’ since O is a limit point of M with respect to X' which is not
a point of M (ef. Theorem 3); (4) the point sets O and M are mutually
separated in X, but not in X', (ef. Theorem 5); and (5) I is an arc in X',
but not in 2 (¢f. Theorem 15).

Moreover, if the condition that the point set A be connected is
omitted from the hypothesis of Theorem 14, then the point set M+ 0
in this example is connected im ZXleinen in the space Z, but not in the
space X', contrary to the conclusion of Theorem 14. Also, the interval I
in this example is a point set which is connected in both X and X', and
connected im kleinen at the point O in the space X', but not in the space X\

ExaMpPLE 2. The following is an example of a space X that satisfies
Axioms 0-3, but such that the space X', derived from it in the manner
described earlier, does not satisfy Axiom 1,.

Consider the plane. Let I denote the unit interval, and M denote
the Cantor (ternary) set on I. The set A is often obtained as the com-
mon part of the elements of a certain sequence AM,, M,, M,,... such
that for each n, the components of M, consist of 2" intervals of length
3~". Let F denote the collection of all endpoints of the intervals of
My, My, M,, ..., and K denote M —E. If P is a point of M, and = is a
positive integer, let I,,(P) denote the component of M, that does not
contain P, but that lies together with P in a component of M, _,.

Let T denote a reversible transformation of K into some collection
of mutually exclusive circular disks of radius 1, none of which intersects
the plane. For each point P of K, let L and Rp denote the endpoints
of a diameter of 7(P); Xp, a third point of the boundary of T'(P); and Cp,
the center of 7'(P).

Suppose P is a point of K, 0 < 0 < 2=, and » is a positive integer.
Let D,(P, 6, n) denote the domain in the plane (see Fig. 1) bounded
by the radii PP, and PP; and the arec P, P, P, of a circle C centered at P,
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such that all the following requirements are satisfied: (1) 1/» is the least
positive measure of both of the angles I’, PP, and P,PP,, (2) the length
of the radius PP, of C is 1/n, (3) if @ is & point on the x-axis to the right
of P, then 0 is the least positive measure of the angle QPP,, measured

Fig. 1

counterclockwise from the are PQ to the arc PP,. Let P;, P,, and P,
denote three points of the boundary of T'(P) such that (1) the least
positive measure of the angle RpCpP,, measured in the RpXpLp direc-
tion from the arc Op Rp to the arc CpP;, is 0, and (2) 1/n is the least po-
sitive measure of each of the angles P,CpP, and P,CpP,. Let P,ZP,
denote the arc of the circle J such that (1) J is tangent to the intervals
CpP; and CpP; at the points P; and P;, respectively, and (2) PZP;
lies in 7'(P). Finally, let D,(P, 0, n) denote the component of T(P)—P;ZP;
that contains Pj.

R is said to be a type I region of order » if and only if, for some
point P of K and some number 0, 0 < 0 < 2n, (1) B is D (P, 0,n)+
+D,(P, 0, n), and (2) R contains no point of I. Note that if P is a point
of K, then for every point X of the boundary of T(P), other than ILp
and Rp, there is a positive integer ¥ such that if n > N, some type [
region of order n contains X; but the points Lp and Rp belong to no
type I region whatsoever.

Now suppose P is a point of M, and D,, D,, D,, ... is a sequence
of domains in the plane such that (1) if P is a point of £, then for each
n, 1, is a circular domain centered at P, with radius 1/n, and (2) if P
is a point of K, then either (a) for each =, D, is D, (P, O, n), or (b) for
each n, D, is D,(P, =, n). Let I, I;, I5, ... denote the subsequence of
I1,(P), I,(P), I;(P),... consisting of all the terms of this sequence that
intersect D,. Let Z(1),Z(2),7Z(3),... denote a sequence of mutually
exclusive bounded gimple domains in the plane such that for each posi-
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tive integer m, (1) Z(m) contains I, (2) if I,, does not intersect D; for
some positive integer ¢, then neither does Z(m), (3) if I,, lies in D; for
some positive integer ¢, then so does Z(m), and (4) if I, intersects D;
for some positive integer ¢, Z(m) neither contains P nor separates D,.
For each positive integer m, let Z(1,m),Z(2,m), Z(3,m),... denote
a sequence of simple domaing such that for each n, (1) Z(n, m) contains
I, and (2) Z(n,m) lies in Z(n+1,m) and in Z(m). Let Q, denote the
sum of the simple disks Z(n, m) for all positive integers m. Finally, let
Dy, Dy, Di, ... denote a sequence of point sets such that for each n, D,
is D,—D, Q,. -

For each point P, let D, (P) denote the circular domain of radius 1/»
centered at P. If P is a point of M, then by the process used in the last
paragraph to obtain from the sequence D,, D,, D,, ... a sequence D,
Dj, Ds, ... we obtain from the sequences D,(P), D,(P), Dy(P), ... and
D,(P,0,1), D,(P,0,2), D,(P,0,3),... and Dy(P,n,1), D(P,x,?2),
Dy(P, =, 3), ..., the sequences D,(P), Dy(P), Dy(P), ... and D{(P,0,1),
Dy(P,0,2), Di(P,0,3),... and D;(P,x,1), D; (P, =w,2), D/(P,=,3),...
and R is said to be a type IL region of order » if and only if
for some point P of M, (1) if P belongs to E, R is D,(P), and (2) if P
belongs to K, then either (a) R is Dy(P, 0,n)+D,(P,0,n), or (b) R
is Dy(P, ,n)-+Dy(P, w,n). Note that if n is a positive integer and P
is a point of E, or is Rp or Lp. for some point P’ of K, then some type
II region of order n contains P; but if P, and P, are two points of M,
and R 1s a type II region, then (1) R cannot contain both P, and P,,
if they are points of Z, and (2) R cannot intersect both 7'(P,) and T(P,),
if they are points of K.

R is a type I1I region of order » if and only if R is a circular domain
of radius 1/n such that either (1) R lies in the plane, but does not inter-
sect M, or (2) for some point P of K, R lies in T(P), but does not in-
tersect the boundary of 7'(FP). Note that if P is a point which is not on
the boundary of T(P’) for any point P’ of K, and which is not a point
of ¥, then there is a positive integer N such that if » > N, some type
HI region of order n contains P.

DEFINITION OF THE SPACE 2. P is a point of the space 2 if and
only if P ig either (1) a point in the plane, but not in K, or (2) a point
of T(P') for some point P’ of K. For each positive integer n, let G, denote
the collection of all regions of type I, type II, or type IlI, of order =
or more. R ig a region of 2 if and only if R is an element of G,.

The sequence G, G,, G,, ... satisfies all the requirements of Axiom 1.
Indeed, the space X satisfies all the Axioms 0-5. However, the space X',
obtained from X' in the usual manner, fails to satisfy Axiom 1,. This may
be seen by considering the point set J obtained in the following manner.
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Let ALBN A denote the circle in the plane that has I as a diameter, where
the point L of this circle lies above I. Let U denote the collection to
which « belongs if and only if either (1) # is the semicircle ALB, (2) for
some positive integer #, x is the closure of some segment in H,, or (3)
for some point P of K, x is LpCpRp. Then U is an uncountable collection
of mutually exclusive ares in the space X, but J, the sum of all the ares
in U, is a simple closed curve with respect to the space X'. Since no space
that satisfies Axiom 1, can contain a simple closed curve which containg
uncountably many mutually exclusive intervals, it follows that X' cannot
satisfy Axiom 1,.
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