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Local properties of certain solutions
of differential equations of elliptic type

In this paper we ghall prove some theorems dealing with the local
behaviour of the following equations:

(1.1) Au(X)+E(r)u(X) = 0,
(2.1) Au(X)-}—Z:’bz(X)uxﬁr c(X)u(X) =0,
(3.1) A;u(X)—kz(w)u(X) =0,

(4.1) APy (X) 40, AP Dy (X)+... +Cpu(X) = 0,
(5.1) ikzp’l aiku;:;a:k(X)‘l‘jé?bjuacj’!‘p(X)’”’(X) = 0.

Here X = (2y,...,%,), p is a positive integer, Cy, ..., C, in (4.1)
are constants, as well as a;, = ag;and b; in (5.1). Further A%u = AAwu, Au =

D
tr 2 2 2
=iZ; U, @D 7° = @} +... 4 5.

Some solutions of those equations will be obtained by separation
of variables. Lemmas 6 and 7 and Theorems 1, 2 and 3 of section 1 are
generalizations of the results of Niemeyer [4] dealing with the Helm-
holtz equation Au--ku = 0 with k constant. In sections 2-5 we transfer
the results of H. Niemeyer into the equations more general than (1.1).
In section 1 we deal with equation (1.1) and in the following ones with
equations (2.1)-(5.1).

1. We deal first with Qquation (1.1).
Let H,(X) = H,(xy, ..., %) be a harmonic polynomial of degree n
and let X = rX,, || X,/ = 1, where || || is the Euclidean norm; then

H,(X) = r"K,(X,).
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K,(X,) is called the spherical function of order n, o will denote the
area of the surface of the p-dimensional unit sphere.
It is well known [2], [4] that there exist exactly

2n-Fp—2 (n-]—p—S) _ (n—l—p——l)_(n+p—3)
n n—1 p—1 p—1

homogeneous, linearly independent, harmonic polynomials of degree n.
Let us introduce the spherical coordinates 7, ¢y, ..., ¢,_y; then

(1.0) N = N(p,n) =

(1.2) - W =1 pry ey Ppo)y =1, D,
where

T op-1 n-2 p-3
P, = I l cosg;, P, = ”cos%, P, = I Icos%-, eery @D, = sing,,
i=1 i=1 =1

0<r<R, D, ={0<¢,<7,y,;.,0< ¢y <, 0y < 21}
Let us write
w(X) = U(r, ®);
then equation (1.1) takes on the form
0ty p—1 98U
or? r or

(1.3) A, U+ R U =0,

where A4,, called the Beltrami operator, satisfies the condition (see [4])
A, Ko (Xo)+n(n+p—2) K, (X,) = 0.
Let us deal with the solutions of (1.3) of form
U(r, @) = w(r) Y (D),

where U(r, @) is of class C* in D, X (0, R]. Inserting this into (1.3) and
separating the variables we obtain

w’(r)  p—1 w(r) _, 4,Y(P)

w(r) T wm T T w@ =0
Thus we are lead to the equations
(1.4) LY (D) AY (D) =0,
(1.5) W' () + (p—1)r~ ' (r)+ [k (1) + 1~*Jw(r) = 0,

where 1 is a constant. Supposing that the solution of (1.4) is of class C*
in D, we obtain 1, =n(n+p—2), »n=0,1,2,..., for the possible
values of the constant A. To those values correspond the spherical fune-
tions

Y, (?) = Kn(-Xo)’
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as the solutions of (1.4). Then the solution of (1.5) may be written
as

(1.6) iy (1) (p—1)rwn () + [P k() —n(n+p—2)]wa(r) = 0,

where n = 0,1, 2, ...

Let
rk(r) = Z bty kp(r) = —n(n-tp—2)+ Zl)ﬂ'i,
i=1 i1
where b; are constants, ¢ =1,2,..., and let b,(n) = —n(n-Fp—2),

p=2,n=0,1,2,...
Applying the results of monograph [5], vol. 3, part 1I, pp. 339-345,
‘we can state the following lemmas.
LeMMA 1. Let v2k(r) be an entive function of the variable v, and let
01(m) = ${—(p—2)+ [(p—2)(p—2+4n) + 1n*]"*} = n
be a positive solution of the equation
fole) = *+(p—2)o—n(ntp—2) = 0;

then there exists a sequence of entire functions
o0

(0) wd =7 YO,
$=0

where O =1, n = 0,1,2,..., which are solutions of equations (1.6)
or r=0. v
The coefficients Cf are determined by the equations

CPfo(n+m) +00L  fy (m+n—1)+...+C fu(n) = 0,
where m =0,1,2,...,n =0,1,2,..., and
fon4-m) = m'+2nm—+(p—2)m, fi = by, fo = by, ..y fn = bm, oM = 1.
Thus
O [m2+2nm + (p—2)m]+ 051 1by+...+0Vbp = 0,
whence
1051 < m=2 1] |05 s+ o A4 1O 1| - Bl ]
By well-known estimations (see [5]) we obtain
o) < B-"P"
where P is a constant greater than 1, and.R is an arbitrary positive con-
stant, independent of n. Therefore the series

o]

Z (R—lp)mrm

m=0
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converging for |r] < P7'R is a majorant for series (0), whence series (0)
converges for arbitrary R.
By Lemma 1

wP (r) = " "0 LCMr L] = M- 06",

where O, 0V are polynomials of degree at most 1 of the variables n
and b (k= 1,...,n) and |by) < R™"M, where R is an arbitrary positive
number and 3 is a constant. Therefore there exists a constant C >0
such that |wQ (@) = " +0 ("), as n — oo wniformly for re[0, C].

LeMMA 2. Let v2k(r) be an entive function of v and let p,(n) =2—p—mn
be a negative solution of the equation

folo) = *+(p—2)o—n(n+p—2) = 0;
then there exisis a sequence
wi) (r) = r*7"7"Q (r) 4 awl)) () logr

of entire functions, where a is a constant and Q(r) i8 polynomial solution
of equation (1.6) for r > 0.

By Lemma 1 there exists a sequence of solutions of (1.1) of class C*
in a neighbourhood of the origin

(L.7) UD(r, @) = [AD Y +... AT YRl (),
where AP, ..., AY are arbitrary constants.

By Lemma 2 there exist solutions of (1.1) of form
(1.8) UD(r, @) = [BYY +... 4By YR Tl (7)

having at the origin a pole of order n--p—2; here B, ..., BY are arbi-
trary constants. The functions U (r, @) and U (r, @) are analytic in
the entire space, except at the origin and
Y{(®) = EP (Xy), ..., YR(P) = K7 (Xy).

Thus the funetions
(1.9) Va(X) = U'(nl)(Ta CD)-[—U?(?(?’, D)
are solutions of equation (1.1) for » >7, > 0.

Let us now quote certain lemmas, the first of which is due to Wal-

ter [7].
LeEMMA 3. Let w(X) be a solution of class C* in the ball K(R, X)
of radius R and with the centre X = (@, ..., ®,) and let

(1.10) M(R,X,u) = E}p—; g(gg)u(Y)dS
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denote the mean value of the function u(X) over the surface of the ball K (R, X);
then

1° M(R, X, u) = u(X)+ a, , B*Au(X) - o(R?),
2° lim (R*a,;) ' [M(R, X, u)—u(X)] = Au(X),
R0

where

= [2"ilp(p+2) ... (p+2i—2)17"  for i1,

(1.11)
po =1,

in the two-dimensional case (p =2) wR"™' =2zR, (Ra,,)™" = 4R,
alz'l == ‘i‘.
LEMMA 4. Let q(X) be continuous and let uw(X) be function of class

C* solving the equation

(1.12) Au(X)+g(X)u(X) =0
in the ball K(R,X); then
(1.13) MR, X, u) = u(X)+Qs,
(1.14) Q; = —(0) 'SSSq(YV)u(Y)H,(|Y—X|, R)AY
K(R,X)
and
R
R) = [§"ds = (p—2)7" (" "—F*"), r=|X-Y|,p>3

In the two-dimensional case (p = 2) the function Q, is of form

Q, = —(27)" ff ¢(T)u )[flogg(h] ay,

K(R,X)
where K (R, X) is a circle of radius R with the centre R.
Let us prove now converse to Lemma 4.
LuMMA 5. Let the function w(X) of class C* satisfy condition (1.13)
in each ball K(R, X) < Dj then it satisfies equation (1.12) in the region D,
Proof. Let X be an arbitrary point of the region D and let

K(R, X) < D. Since +*~"—R*" > 0, we obtain, applying the mean value
theorem to the integral defined by (1.14),
Q. = — () (p—2)"'q(P)u(P)SSS (P —R*7)dY, PeK(R,X).

K(R,X)

By (1.2)

2n

R n E3
Q.= —[(p—2)0] ¢(P)u(P) [ [ ... [ [ (& "+E"")|J (e, ) dod®,
0 0 0 ¢
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where
J (0, @) = o 'sing, (singy)?...(sing,_,)’~! = o"'J (1, D)
is the Jacobi determinant of transformation (1.2) and fﬂ fn }n lJ(1, D) dD
= o. Therefore 0 e
@ = —(0(p—2)) " q¢(P)u(P)(2p)"" (p—2) R’w = —(2p)"'R*q(P)u(D).
Since by (1.13)
2pR7 (M (R, X, u)—u] = —u(DP)q(P)

we obtain by Lemma 3, equation (1.12) passing to the limit R — 0.
The next lemma is an analogue to the well-known theorem of Harnack.

LEMMA 6. Let {u,(X)} be a sequence of solutions of class C* of equa-

tion (1.1) converging almost uniformly in the ball |X| < O to the function

X) of cluss C*; then the function u(X) satisfies equation (1.1) for | X| < C.
Proof. By Lemma 4 we have for each ball K(C, 0)

M(0, X, 1,) = un(X)—~ (0(p—2))"* SSS () u(¥) (1> "~ B=?)dY;
R(C, X)

passing to the limit as » — co we obtain

M€, Xy u) = u(X)—(o(p—2))"SSS ¢(X)u(¥)(r*~"— R*?)a¥
K(C,X)

and then apply Lemma 6.
An analogous results hold for the exterior of the ball | X| < C.
Lemma 6 implies immediately two theorems.

THeorEM 1. Let

== f’"‘n(x),

where the functions 4, (X) of class C* are determined by (1.7) and the series
D un(X) is almost uniformly covergent in the ball |X| < C to the function
w(X) of class C*; then the function u(X) satisfies equation (1.1) in the ball
| X} < C. .

THEOREM 2. Let

mm=§nm,

where the functions V,(X) of class C* are determined by (1.9) and the series
D' Vu(X) is almost uniformly convergent in the exterior of the ball |X| < C
to the function u(X) of class C*; then the function u (X ) satisfies equation ( 1.1)
in the exterior of the ball le < C.
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Let K, ;(X,) be the orthonormal system of N(p,n) spherical funec-
tions of order »n and let

) N
(1.15) Ku(Xy) = D CniEns(X) (0 =0,1,2,...),
. “

C.; being arbitrary constants, be a sequence of spherical functions. By
the orthonormality of the system K, ;(X,)

N
(1.16) SS Ki(Xp)ds = ) G, =0 (C,>0).
9K (1,0) =

It is known [8] that

ZK 3(Xo) < (0)7'N,

[

whence by (1.15) and (1.16) and by the Schwarz inequality, we have

aK(1,0)

N N
(L17)  Ei(X) < D Chy D Kij(Xo) < (0)7'N SS K2(X,)ds

LuMMA 7. Let the sequence {K,(X,)} of spherical functions satisfy
(1.16) and let the series

(1.18) , D IWR (1

be convergent for 0 <r < r, (where vy > 0); then for each o >0 the series

Dm0 (r) Ko (X,)
n=0

is almost uniformly and absolulely convergent in the ball |X| < 7.
Proof. The convergence of series (1.18) implies
lim |w{ (r,)|C,, = 0.

N—>00

Thus there exists a constant A, such that for » sufﬁclently large
and w{(r,) # 0 we have

.
"l ()]
By (1.16) and (1.17)
K (Xy) < (0)7'NC.
Thu

N 1/2
K (X)) < (-07) C, < Aocnn@-l)/z-

Roezniki PTM — Prace Matematyczne XTII 12



178 J. Musialek

By Lemma 1, w{)(r,) ~ ry for a certain 7, >0. Then C, < A,7",
whence |w()(r)] < A,7", where A, and A, are constants. So we obtain

12
- ) Cp < Ayt PN gy

[0 K, (Xo)wh) (r)] < n wn)(r)(
— A o@D (_’l)n,
’I'O

where A, and 4; are constants. Thus the radius of convergence of the

series
! 7 k2%
ot @-12 ‘)
7y
is equal to #,.

LeMMA 8 [4]. Let g(X,) be a continuous function on 0K (1,0) and

\E:

Nn=0

let

SS g(X) K, ;(X,)d8x, = 0
8K (1,0)

for each integrer n >0, j =1,...,N; then g(X,) = 0.
This lemma states that the system K, ;(X,) is complete.
LEMMA 9 [4]. Let g(X,) be a continuous function on 0K(1,0) and

let
Cnj =SS Kuj(X)g(Xo)dSx,;
0K (1,0) _
then
o N
SS 19(X,)|2d8x, (34
0K (1,0) ,g{: g; .

This Lemma states that the system K, ;(X,) is closed.

Applying Lemmas 7, 8 and 9 we shall prove a theorem converse to
Theorem 1.

THEOREM 3. Let the function w(X) of class C* satisfy equation (1.1)
in the ball | X| < C; then there exist a sequence {K,(X,)} such that

o0

w(X) = D Un(X),

=0
where U, (X) are determined by formula (1.7) and the series Y U,(X) is
almost uniformly convergent in the ball |X| < C.
Proof. The functions
(1.19) Fpi(r) = SS u(rX,) K, ;(X,)dS,
1X =1

where j = 1,2,..., N, are determined by 0 < r < O and are of class C°.
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By (1.19)
(1.20) P E, () = SS Kn,(Xo )dSx,

1X)=1
On the other hand, by Green’s formula
(1.21)  SSS [K,,;(X,) du—uAdK, ;(X,)1dV

1 X|<R
0
= SS [Kn,(X —— K, ;(X,)]dV.
IX|=R On ’
Since
0 X
o Fng (Xo) = o K, ;(Xo) = o K, (7) )
we have ’
0
(1.22) ‘—a;— I(n,j(XO) == O .
Moreover,
_ 0 -
AKn,j(XO) ort I(n:)(Xo)‘{"" 1(10 —1) or K, 9(X0) 2A1Kn,:i(X0)'

Thus, by (1.22),
AR (Xy) = 7774, (X)) = 17 [—n(n+ p—2) K,y (Xo)].
So by (1.1), (l_.21) and (1.22) we obtain

SS K, ;( XO) dSX = — SSS [Ky,;(Xo) k(0)u—

| X|=r 1 Xi<r

— gt p— 2) Ko (Xo)uldV,

where 0 < o << R. Taking into account (1.20) we get

" R i(r) = SSS K, ;(Xo) k(o) udV +

1 X|<r
+n(n+p—2)SSS ¢ K, (X u(X)aV
1X|<r
whence
7R, () = — [ k()" SS Ko j(Xo)u(eXy) ]| dPde+
0 D
ta(ntp—2) [ ¢ SS Ko, (Xo)u(eXo) | | dde,
0

since

SS K, i(X,)u(0X,) | J|dD = §S K i (Xo)u(oX,)dS
D [X|=e
and by (1.19) it follows that

P () = — [ @ k(o) Fay(0)do+n(n-tp—2) [ ¢ Fue)de
0 0

179
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Differentiation of both sides of this equality with respect to r gives
(1.6). By L.emma 1 a regular integral for v > 0 of this equation is the
function

(1.23) | Fouj(r) = Cpjowd ()
for 0 <r < C. By (1.15), (L.16), (1.23) and by Lemma 9
w(rXy) = D ;K 5(Xo),
n=0
Uy 5 (T) = SS u‘(q/'XO)Kn,i(Xﬂ) = Fn,]’(r)7
K (1,0)

w(rX,) _[me(f)m,(x )| 7[21 O gl (1) Ko s(Xo)[

SS w*(rX,)dS = S’(w“) ZCZ Z(w(” )202

oK (1,0)
and finally
SS wr(rX,)dsS = ¥ (w0l (1))2C5,

2K (1,0) =

<

whence

SS |u(rX,)|2d8 = 2 [0l (r)|202 .

By Lemma 7 the series

p(rXy) = 2 wil (1) Ko (Xg) = Y 0 (r) D Oy Koy (Xy)
n=0 j=1
o N o:) N
2 D Ongwd () g (Xe) = D ) B (1) K j(Xo) = Z Un(X),
=0 F=1 N=0 §=1

is uniformly and absolutely convergent for ¢ = 0, 0 <r < (. Complete-
ness of the system K, ;(X,) implies u(rX,) = y(rX,), whence wu(rX,)
= Y Uy(X) for 0<r<C, ie., u(rX, = p(rX,).

2. In this section we shall deal with the properties of the solutions
of equation (2.1). To be able to apply Lemmas 1 and 2 and method of
separation of variables we shall first give.

LEMMA 10. Let

»
(2.2) D' bi(X)dX;
1=1
2, b,
be a complete differential and let b;(X) = Bi(r), ¢(X) = C(v) and 1——6(—X)
i=1 Ty

= f(r); then the transformation
(2.3) w(X) = v(X)exp(—1Q(X)),
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where
» x;

(2.4) Q(X) =" [ bi(Ss)ds;
=1 x(,),’

and S; = (@1, ooy Bi_1y Siy Tiy1,y ..., Xp), transforms equation (2.1) into

(2.5) Io(X) = Ao(X)+K () o(X) = 0,
where '
(2.6) Ko = ~4, d—i] Y] o,

We omit the simple proof.

Applying to (2.5), analogously as in section 1, the method of separa-
tion of variables we obtain an equation of form (1.6) in which the func-
tion k(r) is to be replaced by the function K (r) defined by formula (2.6).
Next, assuming that 72K (r) is an entire function of the variable r > 0
and that p,(n) = n is a positive solution of the equation f,(p) = o®+
+{(p—-2)p—n{n—p—2) =0, we apply Lemma 1 and formula (2.3)
and so we obtain a sequence of solutions of class C* for r > 0 of equation
{2.1) of form

(2.7) UD(r, ®) = exp(— 3N ALY, +...+47 Ynwd (7),

where AY, ..., AY are constants and the function @ (X) is defined by (2.4);
it corresponds to sequence (1.6). Then applying Lemma 2 under the
assumption that »2K(r) is an entire function for >0 and that p,(n)
= 2—p—mn i3 a negative solution of the equation f,(¢) = 02+ (p—2)0—
—n(n+p—2), we obtain by Lemma 2 and formula (2.3) another sequence
of solutions of (2.1)

(2.8) UP(r, &) = exp(—1Q)[BVY,+...+ By Yu]wl(r),

where B, ..., By are constants, and the function @ is defined by (2.4).
This sequence corresponds to (1.7). The functions UY and UP are ana-
Iytic in the entire space except the origin. Thus the functions

(2.9)  Va(X) = exp(—3Q) [T (r, D)+ UD(r, D)]

are integrals of (2.1) for r >, > 0. Sequence (2.9) corresponds to se-
quence (1.9). The next lemma play a similar role as Lemma 3.

LeMMA 11. Let the function w(X) of class C° satisfy in the ball K (R, X)
equation (1.2); then

» 0
(2.10) M(R,X,u) =u(X)+ %gﬁg[zbi(y)#jL

(7.2—17_R2—p) ] dY

Fo(Tu(¥) ——=;
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where r = | X—Y|. In the two-dimensional case (p = 2) formula (2.10)
takes on the form

1 )
MR, X, 0) = w(X)— ff[ () 2 e (Y)u(Y)logfi] av.
2w ERX)-i=1 ys T

~

The analogue of Lemma 5 is

LeMMA 12, Let the function u(X) of class C* satisfy in the ball K (R, X)
condition (2.10). Then it satisfies equation (2.1). N
The proof, based on Lemma 3, is similar to this of Lemina 5.

Making use of Lemmas 10, 11 and 12 we can prove, analogously as
Lemma 3, the

LEMMA 13. Let {u,(X)} be a sequence of integrals of class C* of equa-
tion (2.1), converging almost uniformly in the ball | X| < C to a function
u(X) of class C*. If the functions du,[0x; (i = 1,2, ..., p) converge almost
uniformly to Oufow; in the ball |X| < C, then the function w(X) satisfies
equation (2.1).

The last lemma implies two theorems.

THEOREM 4. If

1° U, (X) are functions defined by formula (2.7),

X) = X Un(X),

3° the series Y U,(X) converges to w(X) almost uniformly in the ball
|X| < O to the function u(X), as well as the series > 0U,[dx; converges
almost wniformly to U, (X),

then the function w(X) satisfies in the ball |X| < C equation (2.1).

A similar theorem may be obtained for the exterior of the ball | X| < C.
It coresponds to Theorem 2, and the functions V,(r, @) are in this case
defined by formula (2.9).

Using Lemmas 7 and 10 we can prove, similarly as Theorem 3, the
following converse to Theorem 4:

THEOREM 5. Let the function u(X) of class (* salisfy equation (2.1);
then there exists a sequence {K,(X,)} of harmonic polynomials of degree
n respectively such that w(X) = Y U,(X), the functions U,(X) being
defined by (2.7), and the series > U,(X) being almost uniformly convergent
in the ball | X| < C.

All the preceding lemmas apply also to the self-adjoint equation

»

0 ou
(2.11) Z'a;[p(’”) ]+km u(X) = 0,

?,7=
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since it is a particular case of equation (2.1). Indeed, it may be rewritten as

v
ou k(r)
(2.11a) Au -+ A, — + u(X) =0

—-1_

where A4; — (rp(r)) p'(r)z;. The function p(r) is supposed here to be
analytic and positive for r > 0. It is easy to check that } 4,(X)dw; is
a exact differential; hence, by I.emma 10, the transformation

(2.12) u(X) = exp(—1¢,)v(X),
where
» &
(2.13) Qu(X) =D [ 4Ay(8))ds;
=1 zg
and S; = (@, ..., ;_y, S5y Tigy, ..., ¥y), converts equation (2.11) into
(2.14) Iv(X) = Av+ K, (r}v = 0,
where
_ (r) k(r)
215) 100 = — 100 4o 7 ] 4 O
(218) Ka() = = HpO o= [, B0+
or
d 204, k()
1 21 N1
K (r) = 4;1AL 2:/{ oz, + ) .

Applying the method of separation of variables we obtain an equa-
tion of form (1.6) in which the function %(#) is to Le replaced by K, (r)
defined by (2.15). Supposing that the function #2K,(r) is entire for » > 0
and that p,(») =n is a positive solution of the equation f,(o)
= 024 (p—2)p—n(n+p—2) = 0 we apply Lemma 1 and formula (2.12)
to obtain a sequence of solutions of class €* of the equation

(2.16) UD(r, @) = exp(— 3Q)(ADY,+...+ AT Y)wl) (r),

where A", ..., AY are constants and the function Q,(X) is defined by
(2.13) and N Dby (1.0).

Similarly, applying Lemma 2, supposing that #2K,(r) is an entire
function for » >0 and that p,(n) = 2—p—mn is a negative solution of
the equation f,(p) = ¢+ (p—2)o—n(n+p—2) we obtain in virtue of
Lemma 2 and formula (2.12) another sequence of solutions of equa-
tion (2.14)

(2.17) UD (r, &) = exp(— 10,) (BOY,+...+BY Yx)wd (r),

where B{"), ..., BY are constants and the function @,(X) is defined by
formula (2.13). Sequence (2.16) corresponds to sequences (1.7) and (2.7),
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and (2.17) corresponds to (1.8) and (2.8). The functions UY and UY
are analytic in the whole space except at the origin. For r >70 >0 the
function

(2.18) Va(X) = exp(—3Q) (UL (r, D)+ UL (r, D),

form a sequence of solutions of equation (2.1). This sequence corresponds
to sequences (1.9) and (2.9). The analogous of Lemma 3 is Lemma 14.

Let the funetion «(X) of class (® satisfy in the ball K(R, X) equation
(2.11); then

B . 1) o Ou
(219) MR, X, ) = u(T)+(o(p—2)" SIS | T Myt +
k)
p(r)

\
u(Y)] (PR Y.

+

In the two-dimensional case, formula (2.19) may written in form

[p Q) Z AL u(ﬂ]log%df

M(R, X, u) = u(X)— G & On  p0)

Zn K(R X)

The analogue of Lemma 5 is

LeMMA 15. Let the function uw(X) of class C* satisfy condition (2.19)
in the ball K(R, X); then it satisfies egquation (2.11).

The proof is similar to this of Lemma 5.

By an argument based upon Lemmas 6 and 13 we can prove an
analogue of Lemma 13. Theorems 4 and 6 may be transferred to case
we deal now under the assumption that the functions U, (X) and V,(X)
are defined by formulas (2.16) and (2.18).

3. In this section we deal with certain solutions of equation (3.1).
Using, similarly as in section 1, the method of separation of variables
we obtain equations (1.4) and (1.6) as well as the equation

(3.2)  wn (r)+r (p—1)wn(r)—[k(r)+n(n+p—2)r " Jw,(r) = 0.

Let 2k (r) be an entire function of the variable » > 0 and let g,(n) = n
be the positive solution of the equation f,(¢) = g2+ (p—2)e—n{n+p—
—2) = 0; then, according to Lemma 1, {w{}(r)} is a sequence of solution
of equatlon (3.2) of class C* for r > 0 and {w(}(r)} is a sequence of solu-
tions of (1.6) of class C° Thus there exists at the origin a sequence of
solutions of (3.1) of class C%

(33)  UEk(r, @) = [DPY\+...+Dy Ynluwlh (r)+ (B Y, +
+ ABY Y nlwlh(r),
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where D, ..., DY, BY, ..., B} are arbitrary constants. Let now #2k()
be an entire function for » > 0 and let o,(n) = 2—p—n be the negative
solution of the equation fy(¢) = o*+(p—2)o—n(r4+p—2) = 0; then,
by Lemma 2, {w5(r)} and {w“‘) (r)} are a sequences of solutions of equa-
tions (3.2) and (1.6), respectively. These solutions have a pole of order
n+p—2 at the origin. Thus the funections

(3.4) UL(r,®) = GPY,+...+GY Y)uwl (r)+
+HPY 4.+ HY YTwP (r)

form a sequence of solutions of (3.1) having at the origin the only pole
of order n+p—2. Here G, ..., GY; HY, ..., HY are arbitrary constants.
The functions US) and U(z, are analytic in the entire space except at
the origin. Thus the functions

(3.5) Valr, @) = UL (r, @)+ UL)(r, P)

form a sequence of integrals of equation (3.1) for r >, > 0.
Following Courant and IIilbert (see [1], vol. 2, p. 245) and Wal-
ter [7] we shall give two lemmas.

LEMMA 16. Let the function u(X) be of class C* in the ball K(E, X);
then it satisfies formula (1.10) and

lim (R'ay,) ' [M (B, X, u)—u(X)—a,, B* Au] = Au(X),
R0
where
MR, X,u) = u(X)+a,, B Adu+tap, R A u+ o(RY),

the constants a,; being defined by (1.11). In the two-dimensional case we
have (R'a,,)™' = R™*64. '

LEMMA 17. Let the function w(X) of class C* satisfy in the ball K (R, X)
the equation

(3.6) ' A2y (X)—g(X)u(X) = 0;

then

(3.7) M(R, X, u) = u(X)+ap, R*Au-+Q,,
where

(3.8) Qs = (w)'lKS(gg ¢(V)u(X) U (|Y—X|, R)aY
and

I’-’rl

T (R — ) —7)
f ¢ do, r=|X-Y|, p>3
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In the two-dimensional case (p = 2)

Qs = () ff[f elog ~1og £ de] (¥)u(1)aY.
K(R,X)
LuMMA 18. Let the function u(X) of class C* satisfy in the ball K (R, X)
condition (3.7); then it satisfies equation (3.6).
Proof. Since (R?’— p?)(p?—7r?) >0, we obtain applying to inte-
gral (3.8) the mean value theorem

R 2 (2
Qs = (o) ¢(P)u(P) SSS[ [ ‘;ﬁff 7 d@]dY,

K(R,X)

where Pe K (R, X). Further, applying transformation (1.2) we obtain
Qs = u(P)q fw*’ f 2 0?)(p?—12%) o~ P dordr.

Now introduecing now variables T = R? 2z = ¢?, r? = {, and changing
the order of differentiation we get

r
Q=25[| f #O7D (g—t) dt] (L —2)2 0 de,
0 0

where B = lu(P)g(P). Hence Q; = (2p(p+2)J 'R*u(P)q(P), and by
(3.7) we get

(3.9) E'2p(p+2)[M(RE, X, u)—u(X)—ap, B Au] = u(P)q(P).

Pagsing to the limit as B — 0 by Lemma 14 we obtain (3.6).
In the two-dimensional case (p = 2) formula (3.9) takes an the
form
B2R[M(R, X, u)—u(X)—4 'R’ Au] = u(P)q(P).

LEMMA 19. Let {u,(X)} be a sequence of solutions of equation (3.1)
of class C* converging olmost uniformly in the ball |X| < C to a function
w(X)eC" and let the functions Au,(X) be convergent almost uniformly to
Au(X) for | X| < O; then the function u{X) satisfies equation (3.6).

The proof of Lemma 19, based on Lemmas 17 and 18, is similar to
this of Lemma 6.

Lemma 19 implies directly the following theorems mulogous to
Theorems 1 and 2.

THEOREM 6. Let the functions U,(X) be defined by formula (3.3)
and let the series Y U, (X) be almost uniformly convergent in the ball | X| < C
to a function u(X) of class C*. If the functions D AUL(X) are almost uni-
formly converging to Au(X) for |X| < O, then the function u(X) satisfies
equation (3.1) in the ball |X| < C.
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An analogous result we obtain for the outside of the ball |X| < C
and the functions V,(X) defined by (3.5).

4. We shall deal now with certain properties of the solutions of
equations (4.1). Let us set

8

(4.1a) Bu) = [[(4—k)u(X) = 0,

=1

where k; are real constants. Applying the separation of variables to each
factor of (4.1a) we obtain system (1.4) of equations and

(£.2)  wua(n) +(p—1)r" Wi (1) — kit n(n+p—2)rJw,:(r) = 0,

where i = 1,...,s Let the functions {wh'(r)} and {wl*(+)} form for
r >0 a sequence of integrals of class C* of equations (4.2). Then the
funections

(4.3) COD(r, @ Z (DY, +... Dy Yy Twi (r)
are for r >0 the solutions of (4.1) and the funetions
(4.4) U (r, @ > 0 Y B Yy T (r)

are solutions of (4.1) for »>0. Here D, ..., Dy, i, ..., Fr; are
arbitrary constants.
For the outside of the ball |X| < C solutions of (4.1) are

(4.5) Valr, ®) = UD(r, &) + TP (r, D).
LEMMA 20 [7]. Let u(X) be of class C* in the ball K (R, X); then
s—1
(4.6) M(R, X, u) = ) ap B AOu(X)+ a,,B* A u(X),
t=0

where X <K (R, X) and a,; are defined by (1.11) and
8—-1

lim (ap’sts)‘l(M(R, X, u)— a,,,iR“'A(S)u(X)) = A®y(X).
B0 i=0

It follows from Lemma 20
LEMMA 21. Let the function w(X) of class C* in the ball K(R, X)
satisfy equation (4.1); then
81

(L.7) MR, Xyu) =Y ap AP u(X) Qs

t=1
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where
L (4.8) Qs = (w) SI§S [Cpoy AN u(X) ...+ Cyu(X)]Hs (1Y —X|, R)AY
K(
= aps B A u(X) = —a,sB*[0p_; A Du(X)+... +Cu(X)],
where

R 2 —
(B —2) (% — )T
f

t28+p_3

Hs_\(r, &) = @ dt, XEK(R, X).

LEMMA 22. Let the function w(X) of class C* satisfy in each ball
K(R, X) condition (4.7); then il satisfies equation (4.1).

Proof. Writing ¢, in form (4.8) and dividing both sides of (4.7)
by a,sR* and passing to the limit as R — 0, we obtain (4.1) in virtue
of Lemma 20. _

LeMMA 23. Let {u,,(X)} be a sequence of solutions of class C* of
equation (4.1) converging almost uniformly in the ball | X| < C to a function
u(X) of class C** and let the functions Aupm(X), Aup(X), ..., 44 Dy, (X)
converge almost uniformly to the functions Au(X),..., Fu(X),...

.y AV (X)), respectively. If the functions u,(X) satisfy equation (4.1),
then the function u(X) satisfies equation (4.1).
Proof. In virtue of Lemma 20

s—-1
MR, X, up) = Z az),iRBiA(i)unc(X)+Qs7
=1
where
Qs = (0)™' SSS [Op_y AV (Y) -+ 4+-Co(Y)]H, (|1 Y —X|, R)AY .

K(R,X)

Passing to the limit as m — oo, we obtain (4.6). By Lemma 21 the
function «(X) satisfies equation (4.1).

It follows from Lemma 23

THEOREM 7. Let the series Y U,(X) of f&mciwns defined by (4.3) be
almost uniformly convergent in the ball | X| < C o a function w(X) of class
0, and let A3 U (X) = 3 AU(X) = Au(X),..., 4V Y U (X) =
= 3 AV (X) = A Du(X) in the ball |X| < C; then the function
w(X) satisfies equation (4.1) in the ball |X| < C.

An analogous theorem holds true for outside of the ball |X| < C.

3. In this section we shall consider properties of solutions of equa-
tion (5.1).
LeEMMA 24 [3]. Let o; satisfy the 8_1/6167]& of equations

. 2Zaikak—|—bi = 0,

k=1
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where ©i = 1,2, ..., p, and let the function u(X) of class C* be a solution
of equation (5.1); then the function
D
v(X) = u(X)exp (—- Zaix‘i)
i
is a solution of the equation

4
(5.2) Y s (X)+C(X)0(X) = 0,
k=1
where

D
O(A7) == Z (l;jk(lj(lk—])(X).
k=1
Conversely, if v(X) is a solution of equation (5.2), then the function

(5.3) w(X) = 1;(X)exp( Y aimi)
i8 a solulion of equation (5.1).

In the sequel we shall denote by g the ingide of the ellipsoid defined
by the equation

»
(5.4) f(X) = > a®(@— o) (my—at) —R* = 0,
k=1
where a” are elements of the matrix inverse to (ag).

Let us write
v(Y)

M(R, X, ) = [p(R)] ?Ei ok
where
as
B = 8 5
and
P2 9!
(5.5) g(X) ={ D[ X a*m—a]}>
T=1 k=1

In the two-dimensional case (p = 2) we have

2(Y)
M(R,X,v) = (a,)"" | ——==ds
1(5?) (2) oﬁ{;g(y);
where
ds
ty= [y X = (Y1, )

of, 9§ (Y) ’
TEMMA 25 [6]. Let the function v(X) be of class C* in Epg; then

lim (2pR™Y)[M(R, X, »)—2v(X)] = Lo(X),
R0
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where
»

W
Ly = e ’D;;.
i,hk=1

ﬂ&'k‘

LeMMA 26 [6]. Let v(X) be a solution of equation (5.2) in Eg; then
(55.6) MR, X,u) =0v(X)—k, SSS (" 7" —R*")0(Y)C(Y)dY,
B

iR
where
]22
%y SSS (" —R*™P)dY —
Ep 2p
In the two-dimensional case we have
R
(5.6a) M(R,X,0) = o(X)—k, [ [log = C(Y)u(Y)dY,
, r
where
182

4
LemMa 27, Let a function v(X) of class C* in & region G satisfy in
an ellipsoid Er = G condition (5.6); then the function v(X) is a solution
of equation (5.2) in Q.
Proof. Since *"P—R*"? >0 (logR/r >0), we obtain by the mean
value theorem

M(R, X,v)—0(X) = —k,C(P)v(P) SSS (" ?—R*?)dY,
Er

Y

Ic2ff10g—l-[:—dY =
2

where P c E;;. By Lemma 26

M(R, X, v)—0v(X) = —C(P)v(P)(2p)"'R?
whence
R22pM(R, X, v)—o(X) = —C(P)v(P).
By Lemma 25 we obtain (5.2) passing to the limit ag £ — 0. Hence
by Lemma 24 the function #(X) defined by (5.3) satisfies equation (5.1).
LeMMA 28. Let

»
(T) v =Dty (i =1,...,p),
j=1

and TT* = A, where A = (ag) be a positiv matriz, A~ = (a), T = (1y)
and ™, t;; are constants, and T" denotes the transpose of the matriz T. If
U(Y) = w(X)|x_r-yx), u(X) is of class C* in R"; then:

» vy

o 2 ik .

1 Z Yy = Z a”r;op= 0%
J==1

k=1

2 PU(Y > 0
z 2__(__)= Zaik Ow;x )
i k

3
= 0y ) k=1
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We omit the simple proof.
It follows from Lemma 28,

K3

LEMMA 29. Let .ij (¥ =1, ¥ =Y, ¢ =4+...+42, and let
H, (Y) = o"K,(Y,) be=la, harmonic polynomial of degree n; then
TW(X) = Ha(T (X)) = 0"8a(X,),
where f a¥alet =1 and 8,(X,) = I(n(T(XO)), forms a solution of the

k=1 »

equation LTy (X) = D ag(Ty)way, = 0.

Let R(X),...,Rs(X) (s=N(p,n)—N(p,n—2)) be a wmaximal
linearly independent system of harmonic polynomials of degree n and let
Qu(Y) = T*R, (T~ (X).

Levmya 30 [2]. The system @y, ...,Qs s a maximal linearly inde-
pendent system of homogeneous polynomials of degree n satisfying the equa-
tion LQ(Y) = 0 (such polynomials are called quasi-harmonic).

LeMMA 31. Let {v,(X)} be a sequence of solutions of class C* of equation
(5.2) converging almost uniformly in the ellipsoid Eg to the function v(X)
of class O?; then the function defined by (5.3) satisfies equation (5.1) in Eg.

Proof. By Lemma 26
M(R, X, v,) = 0,(X)—k,SSS (" P —R*?)0,(Y)0(Y)dY,
Egp
where
k, SSS (**"?P—R*?)dY = (2p)"'R.
Eg

In the two-dimensional case (p = 2)

M(R, X, 0) = 0u(X)— s [ [ log > 0(¥)o, (V)T
Fr

where

Passing to the limit as # — oo we obtain
M(R,X,v) = v(X)=k, SSS (* "—R*"?)o(Y)C(Y)dY.
ER

Thus by Lemma 27 the function »(X) satisfies equation (5.2) and
by Lemma 24 it satisfies equation (5.1).

Lemmas 24 and 29 imply the

LEMMA 32. Let the functions 0,(Y) = w,(v)Ho(Y) satisfy equation
(L.1); then the fumctions

wa(X) = wa() Tu(X)exp( Y wit)
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satisfy equation (5.1).
Lemmas 30, 31, and 32 imply the
LeMMA 33. Let the functions

5.7) w (N HP (), wi () HP(Y,)

are linearly independent solutions of equation (1.1); then the functions

(5.8)  w (TP (Xy)exp( Y ww), 0 (o) TP (X,)exp| ) i)

form linearly independent solutions of equation (5.1).
Lemma 33 implies easily the

LEMMA 34. Transformation (T) is a bijection among functions (5.7)
and (5.8).

THEOREM 8. Let the function u(X) of class C* satisfy equation (5.1)
in Eg; then there ewists a sequence {v,(X)} such that w(X) = D u,(X),
where u,(X) = v, (X)exp (Y a;@;) and the series D u,(X) converges almost
uniformly in Hg.
Proof. By (1.1) and by Lemma 31 for each function v(Y) of class
C* Y| < ¢ satisfying equation (1.1) there exists a sequence {K,(Y)}
of polynomials such that the series o(¥) = > w{)(r)K,(¥,) is almost
uniformly convergent for |¥Y| < €. Let #(X) be an arbitrary function
of class C* satisfying equation (5.1) in Eg. Applying transformation (T)
to the independent variables X and to the function #(X) we obtain a func-
tion »(Y) satisfying equation (5.7) in the ball K (R, X). Next, applying
the transformation 7" we obtain our conclusion, g.e.d.
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