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Local properties of certain solutions 
of differential equations of elliptic type

In this paper we shall prove some theorems dealing with the local 
behaviour of the following equations:

(1.1) Au{X) +  k{r)u{X)  =  0,
p

(2.1) d « ( X ) + y  b,(X)*,t+ o ( X ) u (X )  =  0 ,
i = 1

(3.1) А*и(Х) -кЦг)и(Х)  =  0,

(4.1) A ^ u( X ) +G pA^~1)u ( X ) + . . . + G 0u(X)  =  0,
p  p

(5.1) £  щки'х.Хк{Х) +  ^bj -ux. +p(X)u{X)  =  0.
i,k= 1 ? = 1

Here X  =  (aq, . . . ,  xp), p is a positive integer, G0, . . . , G P in (4.1) 
are constants, as well as =  a^and bj in (5.1). Further A2u =  AAu, An =

p  ̂ "
=  2  and r2 =  Ж1 +  ... +  4 -

г=1
Some solutions of those equations will be obtained by separation 

of variables. Lemmas 6 and 7 and Theorems 1, 2 and 3 of section 1 are 
generalizations of the results of Memeyer [4] dealing with the Helm­
holtz equation Au-\-ku =  0 with к constant. In sections 2-5 we transfer 
the results of H. Memeyer into the equations more general than (1.1). 
In section 1 we deal with equation (1.1) and in the following ones with 
equations (2.1)-(5.1).

1. We deal first with equation (1.1).
Let Hn(X) — Hn(xx, . .. ,  xp) be a harmonic polynomial of degree n 

and let X  — rX0, ||X0|| =  1, where || Ц is the Euclidean norm; then

Hn(X) =  rnK n(X0).
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K n{Xo) is called the spherical function of order n, со will denote the 
area of the surface of the ^-dimensional unit sphere.

It is well known [2], [4] that there exist exactly

(1 .0 ) N  =  N(p,  n) =
2n-\-p — 2

n
'nĄ-p — 3\
, n - 1  I

'n- fp—1\ !n-\-p — 3\
, v —1 / \ p - 1 I

homogeneous, linearly independent, harmonic polynomials of degree n. 
Let us introduce the spherical coordinates r , срг, . .., cpp_1-, then

(1.2) 00i — гФ̂ (ср1, . . . ,  cpp_i) , i — 1, ... ,  p ,
where

p — l p  — 2 p —3

ф 1 =  / 7  cos (Pi, Ф 2 =  / J c o s ^ ,  Ф 3 =  / 7 cos <Pi, •••, Ф р  =  Sin <pl t

i =  1 i = l  i =  1

0 <  r <  It, jD± — {0 ^  cpx ^  тс, . .., 0 <  <pp-i ^  7C, 0 <  <Pp_i ^  27t} . 
Let us write

u(X)  =  *7(г,Ф);

then equation (1.1) takes on the form 

d*U p - 1 at/
(1.3) +  r"M 1Z7+fc(r)*7 -  0,

dr2 r dr

where Zlг, called the Beltrami operator, satisfies the condition (see [4]) 

î-Ŝ w(- ô) ~b w(w+jp— 2 )K ,t(X0) =  0.
Let us deal with the solutions of (1.3) of form

U(r, Ф) =  w(r)Y(0) ,

where U{r, Ф) is of class C2 in D xx (0, Щ. Inserting this into (1.3) and 
separating the variables we obtain

w"(r)
w(r)

p—l w'(r) _ 2  A\Y(Ф)
r w(r) Т(Ф)

+  h(r) =  0.

Thus we are lead to the equations

(1.4) A1 Y(0)  +  l Y (0 )  =  0,

(1.5) w " {r)-\-{p—l)r~lw'{r)Ą- [k(r)f-Xr~2]w(r) =  0,

where X is a constant. Supposing that the solution of (1.4) is of class G2 
in D, we obtain Xn =  n{n +  p — 2), n =  0 , 1 ,2 , . . . ,  for the possible 
values of the constant X. To those values correspond the spherical func­
tions

Yn{0) =  K n(X0),
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as the solutions of (1.4). Then the solution of (1.5) may he written 
as
(1.6) r2w'ń{r)-f (p —l)rw'n(r)~{- [r2k(r)~ n(n +  p — 2 )]wn(r) =  0,

where № =  0 ,1 ,2 , . . .
Let

00 oo

г2к(r) =  yj  bir\ kn(r) =  — n(n +  p - 2 )f- bLrl,
7 = 1 7 --1

where hi are constants, г =  1 ,2 , . . . ,  and let b{)(n) — — n(n-\-p —2),
p >  2, № =  0 ,1 ,2 , . . .

Applying tlie results of monograph [5], vol. 3, part II, pp. 339-345, 
we can state the following lemmas.

L e m m a  1. Let r2k(r) he an entire function of the variable r, and let

Qi(n) =  H — (P — 2 ) +  1(P — 2)(l> — 2 +  l№) +  4№2]1/2} =  № 
be a positive solution of the equation

Ш  =  Q*+(p — 2 )Q — n{n-\-p — 2) =  0; 
then there exists a sequence of entire functions

OO

(0) = г » ^ о Г > Л
S=0

where 0 ^  =  1, № =  0 ,1 ,2 , . . . ,  which are solutions of equations (1.6) 
or 0.

The coefficients 0 $  are determined by the equations

— l)  +  ***+Cfo =  0,
where m =  0 ,1 ,2 ,  ...,№ =  0 ,1 ,2 ,  . .. ,  and

fo(n+m)  =  m2+ 2n m+( p~  2)m, f x =  bu f 2 =  b2, . . . , / m =  6m, C(0n) =  1. 
Thus

C^[m 2 +  2№ m +(p-2)m ]+0|:L1&1 +  . . .+ 0 r )&m =  0,
whence

ICffl <  m -2[i&J ICSL.I + . . .  +  |Cp>l |6*_,| +  |йт |].

By well-known estimations (see [5]) we obtain

|Off| <  UTmPm,

where P  is a constant greater than 1, and Ji is an arbitrary positive con­
stant, independent of №. Therefore the series

OO
£  (R~1P)mrm
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converging for \r\ < P _1P is a majorant for series (0), whence series (0) 
converges for arbitrary It.

By Lemma 1
w£)(r) =  гп +  гп+1[С((Г)+СГ)г +  ...]  =  rn+ 0 (rn+1),

where Cp, CP are polynomials of degree at most 1 of the variables n 
and |6*| (Jc =  1, n) and |&*| <  R~kM, where R is an arbitrary positive 
nnmber and M  is a constant. Therefore there exists a constant G >  0 
such that \w${r)\ — fnjrO{rn+l), as n -> oo uniformly for re[0, С].

Lemma 2. Let r2h(r) be an entire function of r and let q2(n) =  2 — p — n 
be a negative solution of the equation

foie) =  Q2+ ( p - 2 ) Q ~ n ( n  +  p -  2) =  0 ; 

then there exists a sequence

w$(r) — r2~p~nQ {r) Ą-auff){r)\ogr

of entire functions, where a is a constant and Q(r) is polynomial solution 
of equation (1 .6 ) for r >  0.

By Lemma 1 there exists a sequence of solutions of (1.1) of class C2 
in a neighbourhood of the origin

(1.7) J7g> (r , Ф) =  [Xg> П"» ■+... + A *  I$>]wg>(r),

where ... ,  are arbitrary constants.
By Lemma 2 there exist solutions of (1.1) of form

(1.8) Т7ф{г, Ф) =  [ B M n) +  . . .+ B *  JpW n\r)

having at the origin a pole of order n-\-p — 2; here B^\ . .. ,  B% are arbi­
trary constants. The functions TJ$(r, Ф) and U$(r, Ф) are analytic in 
the entire space, except at the origin and

ГГ>(Ф) =  i r g > № ) , Y%>(0) =  K%(X„).

Thus the functions

(1.9) У„(Х) =  f/gl(r, 4>) +  W ( r ,  Ф)

are solutions of equation (1.1) for r >  r0 >  0.

Let us now quote certain lemmas, the first of which is due to Wal­
ter [7]. _______

Lemma 3. Let u(X) be a solution of class C2 in the ball K(R, X)  
of radius R and with the centre X  =  (xx, . .. ,  xp) and let

M(R, X ,  и) =  SSS u(Y)dS
0 )R  K{R,X)

(1 .10)
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denote the mean value of the function и (X ) over the surface of the hall K(R,  X ); 
then

1° M(R,  X ,  u) =  u(X)Ą-ap>lR2Au{X)-\-o{R2),
2° lim (R2apl)~l [M(R,  X,  u) — u(X)]  =  Au(X),

Д-»-о
where

(111) ap,i =  +  (P +  2 i ~ 2 )]-1 for i > l ,
&p, о ~  1 ,

in the two-dimensional case (p =  2) wRp~l =  2nR, (R2apl)~1 = 4 R~2,
«2,1 —

Lemma 4. Let q{X) be continuous and let u(X) be function of class 
C2 solving the equation

(1.12) Au(X) +  q(X)u(X) =  0
in the ball K ( R , X ); then

(1.13)
(1.14)

and

M(R,  X ,  u) = u ( X ) + Q 2,

q2 = - ( ft>)-1SSSff(r)w(Y)#1( |r -X |,.B )d r
K(R,X)

H 1 ( r , R ) = J s 1 pds =  (p — 2) l {r2 V—R2 p), r — \\X— Г||, p >  3,

In the two-dimensional case (p =  2) the function Q2 is of form

Q 2 — — (2ТГ)-1 dT,

where K (R , X ) is a circle of radius R with the centre R.
Let us prove now converse to Lemma 4.
Lemma 5. Let the function u(X) of class C2 satisfy condition (1.13) 

in each ball K(R,  X)  <= D ; then it satisfies equation (1.12) in the region D.
P roof. Let X  be an arbitrary point of the region D and let 

K{R,  X)  c: D. Since r2- n—R2- n o, we obtain, applying the mean value 
theorem to the integral defined by (1.11),

Q2 =  — (co)-1 (p — 2)~1q(P)u(P) SSS (r2~p—R2~p)dY , P e K ( R , X ) .
K(R,X)

By (1.2)
R 7Г 7Г 2 ТГ

q 2 =  - [ ( p - 2 ) « ] - I2 (P )« (P )/  / . . . / /  (ег- ,’^ В 2- р) ^ ( в ,Ф)\авёФ,
0 0 0 0
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where

J(Q, Ф) =  (f  ^in<p1(sin<7>2)2...(sin<ft5_1f  1 =  ^ ,_1J(1, Ф)
tz n  2n

is the Jacobi determinant of transformation (1.2) and /• • • / /  |J(1, Ф)| йФ
0 0 0

=  со. Therefore

Qi =  - ( o > ( p - 2 ))-lq(P)u(P)(2p r 1 ( p - 2 )liho =  -  (2p)~1E2q(P)u(P) . 

Since by (1.13)

2pB -2[ M ( B , X , u ) ~ u ]  =  — u(P)q(P)

we obtain by Lemma 3, equation (1.12) passing to the limit R -> 0.
The next lemma is an analogue to the well-known theorem of Harnack. 
L e m m a  6. Let {un(X)} be a sequence of solutions of class C2 of equa­

tion (1.1) converging almost uniformly in the ball \X\ <  О to the function 
u(X) of class C2; then the function u(X) satisfies equation (1.1) for \X\ <  C. 

P roof. By Lemma 4 we have for each ball K(C,  0)

M(C, X , un) =  un( X ) ~ l c o ( p - 2))-1 SSS q(Y)un(Y)(r2~p — R2~p)d Y ;
ЩО, X)

passing to the limit as n -> oo we obtain

M{C, X ,  u) =  u( X )— ((o(p — 2))_1 SSS q(Y)u(Y)(r2~p- R 2- p)dY
K(C,X)

and then apply Lemma 6.
An analogous results hold for the exterior of the ball \X\ <  C. 
Lemma 6 implies immediately two theorems.
T h e o r e m  1. Let

OO

u(X)  =  JTun(X),
n=0

where the functions un(X) of class C2 are determined by (1.7) and the series 
] ?un(X) is almost uniformly covergent in the ball \X\ <  C to the function 
u(X) of class C2; then the function u(X) satisfies equation (1.1) in the ball 
\X\ <  G.

T h e o r e m  2 . Let
OO

u(X)  =  У  Vn(X),
n—0

where the functions Vn{X) of class C2 are determined by (1.9) and the series 
Vn(X) is almost uniformly convergent in the exterior of the ball \X\ <  C 

to the function u{X) of class (72; then the function u{X) satisfies equation (1.1) 
in the exterior of the ball \X\ <  C.
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Let K n<j(XQ) be the orthonormal system of N(p,n)  spherical func­
tions of order n and let

N

(1.15) K n(X0) =  ^ C n j K ^ X » )  (n =  0 ,1 , 2, ...),
7 = 1

Cn j being arbitrary constants, be a sequence of spherical functions. By 
the orthonormality of the system K nj ( X 0)

N

(1 .16 ) s s  E*(X0)dS =  Y c l j  =  c l  (Cn >  0).
дЩ1,0) fil

It is known [8] that
N  

7 = 1

whence by (1.15) and (1.16) and by the Schwarz inequality, we have
N  N

(1.17) K l (X „) <  У  <?nJ V K l_t[X „) <  SS E%(Xt)dS.
jTi fTi вкр.0)

Lemma 7. Let the sequence {K n(Xff] of spherical functions satisfy 
(1.16) and let the series

OO

(1.18) , y [ W i 4 ( r ) ] <
71 = 0

be convergent for 0 <  r <  r0 (where r0 >  0); then for each a >  0 the series
OO

y V w W M ^ X o )
71 =  0

is almost uniformly and absolutely convergent in the ball \X\ <  r0. 
P roof. The convergence of series (1.18) implies

lim |wk1)(r0)|C» =  0.
71—>00

Thus there exists a constant A x such that for n sufficiently large 
and и $ (г0) Ф 0 we have

A x
Cn <  i (1)y - :p

K ’ W I
By (1.16) and (1.17)

K l ( X 0) ^  (cor'NCl.
Thu

/ TV\1/2
|^„(X 0) K ( — I

Roczniki PTM — Prace Matematyczne XIII 12
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By Lemma 1, w$\r0) ~  r% for a certain r0 >  0. Then Cn <  A 2r0 n, 
whence |ге|г1)(г)| <  J.3rw, wdiere A 2 and ^i3 are constants. So we obtain

IN \112
|»“Kn(X0)wi1,(»‘)l <  « “»£»(*•) I— I Gn <

Tn
where A 4 and A 5 are constants. Thus the radius of convergence of the 
series

2 n ° + ( P -1)/2
n

is equal to r0.
Lemma 8 [4]. Let g(X0) be a continuous function on dK( l ,0)  and 

let
SS = о

9iqi,0)
for each integrer n >  0, j  =  1, . .., TV; then g(X0) =  0.

This lemma states that the system Knj  (X0) is complete.
Lemma 9 [4]. Let g(X0) be a continuous function on dK( 1 ,0 ) and 

let

then

Cn.i =  SS K n>i(X0)g(X0)dSXo;
дЩ1,о)

SS \g(x0)\4SXo
авр,о)

N

Z Z cnj
n = 0 /=1

This Lemma states that the system K nj ( X 0) is closed.
Applying Lemmas 7, 8 and 9 we shall prove a theorem converse to 

Theorem 1.
Theorem 3. Let the function u(X) of class C2 satisfy equation (1.1) 

in the ball \X\ <  (7; then there exist a sequence {Iln(X0)} such that

u(X) =  £ u n(X),
n = 0

where Un(X) are determined by formula (1.7) and the series £  Un(X) is 
almost uniformly convergent in the ball |X| <  C.

P roof. The functions

(1.19)

where j  = 1 , 2 ,

Fnj(r) = SS u(rX0)Knj ( X 0)dS,
1*1 = 1

.., N, are determined by 0 <  r <  C and are of class G2.
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By (1.19)
Oti

(1.20) r»-'K.Ar) = SS
]V| = 1 on 0

On the other hand, by Green’s formula
(1.21) SSS  [Knj(X0)Au-uAKni(X„)]dV

\X\̂ R
__  r ди d

=  SS -K»,,(X0) —- - u — KnJ(x0)Uv.
|Х| = Л on on

Since
д r д d IX\

j - K nJ(X0) = ~ K nJ(X„) = -^ K n ,i

we have

(1.22) J L K  {x 0) =  0.
or

Moreover,

AKn>J(X0) = ^ - K nJ(X0) +  r - 1 ( p - l )  дд- К п̂ Х ,) +  г-*АхКп̂ Х , ) .  

Thus, by (1.22),
AKn>j(X0) =  r~2A1K nJ{Xc) =  r~2[ — n(n +  p — 2)Knj { X 0)].

So by (1.1), (1.21) and (1.22) we obtain
Q'W

SS Kni(X„) - - d s x = -  SSS [К^{Х,)Ыв) и -
|X|=r ОП |JC|<r

— Q~2n(nf-p — 2)Kn>j{X0)u]dV, 
where 0 <  q <  E. Taking into account (1.20) we get 

f - ' K A * )  =  SSS  Kn>i(X0)1c(Q)udV-f
|X|<r

+  n{n +  p - 2 )  S S S  Q~2K nJ(X0) и (X) dV ,
|X|<r

whence
Г

r^'Ki(r)  = -  f Me)ep~I SS Kr, j(x0M e X 0)\Jmde+
a о

r

А-п(п-\-р — 2) Г {Г3+г> SS K nj{X0)u(QX0)\J\d<PdQ, 
0 D

since
S S ir n>/(x 0) « ( ex 0)| j|*P =  SS KnJ( x 0)u(Qx 0)dS
D ’ |̂ |=e

and by (1.19) it follows that
r  T

C’ - 'K A r)  =  -  j  ^’~ ' Ш Ж А ё ) ‘1 в+ п (п +р -2)  f  ev- 3F«Ae)de-
0 0



180 J. Mueiałek

Differentiation of both sides of this equality with respect to r gives
(1.6). By Lemma 1 a regular integral for r >  0 of this equation is the 
function
(1.23) Fn,j(r) =  CnjwS4r)
for 0 <  r <  C. By (1.15), (1.16), (1.23) and by Lemma 9

и № )  -- ^  dn,j -K-nj (- ô) ?

= SS u{rX0)Knj { X 0) = Fnj(r),
дЩ1,0)

OO OO

u>4rXa) =  [ y  FnTi(r)Knii(X„)]2 =  [ 2 ' с . Д " ( ' ) г « № ) ] '

N

and finally

SS u*(rx0)<is = у  «»)* V  clj = У  ЫРус1,
ЗКр»0) w=0 ? = 1 n=0

SS « H r X 0)ds =  Y{wSHr))><?,
д Щ  1,0) A.J

n = 0
whence

OO

SS Iu(rX0)\*<lS =  у  \w$(r)\*cl.
7t=0

By Lemma 7 the series
OO OO OO

v (*•*..) = y < > (r)tf„ (x 0) = У « 4 1,м У < ?» ,Л Л Л )
?=1

N N= У у с̂ М-й̂ лх») = У у F^WK^x,) = У Е7„да,
77=0 ? = 1 п=0 7 = 1 71=0

is uniformly and absolutely convergent for a =  0, 0 <  r <  G. Complete­
ness of the system K nj { X 0) implies u(rX0) =  гр(гХ0), whence n(rX0) 
=  £  Un(X) for 0 <  r <  C, i.e., u{rX0) =  y>[rX9).

2. In this section we shall deal with the properties of the solutions 
of equation (2.1). To be able to apply Lemmas 1 and 2 and method of 
separation of variables we shall first give.

L e m m a  10. Let
p

(2.2) у b,(X)dXi
7=1

h  dbi{X)be a complete differential and let lh{X) =  Bi(r), c(X) =  G(r) and У 
=  f ( r ) ; then the transformation
(2.3) u(X)  =  v(X)exp(—lQ{X)),

i=1 dxi
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where
V Xi

(2.4) Q { X ) = 2  /  »,№ )*<
‘ - 1 Ą

mid Si =  (я?!, . . . ,  a?*-!, Si, %i+i, . .., iCp), transforms equation (2.1) into
(2.5) Lv{X)  =  21«(Х)+ЛГ(г)|;(2:) =  0, 
w&ere

(2.6) ^ (r) =  - ł ,

We omit the simple proof.
Applying to (2.5), analogously as in section 1, the method of separa­

tion of variables we obtain an equation of form (1.6) in which the func­
tion k(r) is to be replaced by the function K(r)  defined by formula (2.6). 
Next, assuming that r2K(r)  is an entire function of the variable r >  0 
and that Qx(n) — n is a positive solution of the equation / 0(p) — £2 +  
-f {p — 2) q — n(n — p — 2) =  0, we apply Lemma 1 and formula (2.3) 
and so we obtain a sequence of solutions of class C2 for r >  0 of equation
(2.1) of form
(2.7) Pg>(r, Ф) =  e x p ( - i « ) [ V 1‘» r i +  . . . + Jl f  b K ' t f ) ,
where A *  are constants and the function (JiX) is defined by (2.4);
it corresponds to sequence (1.6). Then applying Lemma 2 under the 
assumption that r2K(r)  is an entire function for r > 0  and that g2{n)
—  2  —  p —  n is a negative solution of the equation /0({?) =  q2 jt (p  —  2 ) q —

— n(n-\-p — 2), we obtain by Lemma 2 and formula (2.3) another sequence 
of solutions of (2.1)
(2.8) U<?>(r, Ф) =  e x p ( - ^ ) [ M 1)r i  +  . . . + 5 j rYN]w$(r),

where B^\ . . . ,  В% are constants, and the function Q is defined by (2.1). 
This sequence corresponds to (1.7). The functions and Uffl are ana­
lytic in the entire space except the origin. Thus the functions

(2.9) ' Yn(X) =ex . -p ( - iQ) [UW(r ,0)  +  U%4r, Ф)]

are integrals of (2.1) for r >  r0 >  0. Sequence (2.9) corresponds to se­
quence (1.9). The next lemma play a similar role as Lemma 3.

L e m m a  11 . Let the function u{X) of class C2 satisfy in the ball K(B,  X)  
equation (1.2); then

q г p Qu
(2.10) M{R,  X ,  u) =  u{X)Ą----- SSS Y b i( Y ) 1— +

со °Уъ
(r2~p—B2~p) 1

+  e {Y ) u ( Y ) Y - — — L \ dY,



where г =  \X—Y\. In the two-dimensional case (p =  2 ) formula (2.10) 
tales on the form

The analogue of Lemma 5 is
L e m m a  12. Let the function u(X) of class G2 satisfy in the ball K(B,  X)  

condition (2.10). Then it satisfies equation (2.1).
The proof, based on Lemma 3, is similar to this of Lemma 5.
Making use of Lemmas 10, 11 and 12 we can prove, analogously as 

Lemma 5, the
L e m m a  13. Let {un(X)} be a sequence of integrals of class C2 of equa­

tion (2.1), converging almost uniformly in the ball \X\ <  G to a function 
u{X) of class C2. I f  the functions dunjdxi (i =  1 ,2 , . . . ,p)  converge almost 
uniformly to dujdxi in the ball \X\ <  G, then the function u(X) satisfies 
equation (2.1).

The last lemma implies two theorems.
T h e o r e m  4. I f
1° Un(X) are functions defined by formula (2.7),
2° u ( X ) =  £  Un(X),
3° the series 2  Un(X) converges to u(X) almost uniformly in the ball 

\X\ <  G to the function u(X),  as well as the series 2  dUJdXi converges 
almost uniformly to U'Xi(X),

then the function u(X) satisfies in the ball \X\ <  G equation (2.1).
A similar theorem may be obtained for the exterior of the ball \X\ <  G. 

It coresponds to Theorem 2, and the functions Yn{r, Ф) are in this case 
defined by formula (2.9).

Using Lemmas 7 and 10 we can prove, similarly as Theorem 3, the 
following converse to Theorem 4:

T h e o r e m  5. Let the function u(X) of class G2 satisfy equation (2.1); 
then there exists a sequence {Kn{Xf)} of harmonic polynomials of degree 
n respectively such that u(X) =  2  Ut(X), the functions Un(X ) being 
defined by (2.7), and the series 2  Un(X) being almost uniformly convergent 
in the ball \X\ <  C.

All the preceding lemmas apply also to the self-adjoint equation

(2.11)



Differential equations of elliptic type 183

since it is a particular case of equation (2.1). Indeed, it may be rewritten as 

(2.11a) d n + ^ A i^  +  m u { X ) = 0 t

where Ai =  [rp{r))~l p' The function p(r) is supposed here to be
analytic and positive for r ^  0. It is easy to check that Ai(X)dcci is 
a exact differential; hence, by Lemma 10, the transformation
(2 .12)

where

(2.13)

u{X)  =  е х р (-| ^ 1)^(Х),

Qi(X) =  2  J MSi)d»i

and Si =  (л?!, . .., Xi_u Si, %i+i, . .., %p), converts equation (2.11) into
(2.14) 
where

(2.15) 

or

Lv(X) =  Av-\-Kx(r)v — 0,

Кг(г) =  ~  ł( ? ( r )) -V M f- ł[* - jy £ y  +B'(r)] + Щ

К  x(r)
i = 1

m
p(r) ’

Applying the method of separation of variables we obtain an equa­
tion of form (1.6) in which the function le(r) is to be replaced by K x{r) 
defined by (2.15). Supposing that the function r2K x(r) is entire for r >  0 
and that gx(n) — n is a positive solution of the equation f 0(g) 
=  {>2+  (p — 2) q — п(п +  р — 2) =  0 we apply Lemma 1 and formula (2.12) 
to obtain a sequence of solutions of class C2 of the equation

(2.16) UP(r, Ф) =  e r p ( - | Ql) ( A ^ T 1 +  . . .+A^T„)U!Sqr),

where ... ,  A ?  are constants and the function Qx(X) is defined by 
(2.13) and N  by (1.0).

Similarly, applying Lemma 2, supposing that r2K x(r) is an entire 
function for r > 0  and that g2{n) =  2—p — n is a negative solution of 
the equation f 0(g) — p2 +  (p — 2) q — n(n-\-p — 2) we .obtain in virtue of 
Lemma 2 and formula (2.12) another sequence of solutions of equa­
tion (2.14)

(2.17) U%>(r, Ф) =  е х р ( - Ш ( ^ ! 1)1Г1 +  ---+ £ »  Yn)w^ ( t),

where . . . ,  are constants and the function Q, (X ) is defined hy 
formula (2.13). Sequence (2.16) corresponds to sequences (1.7) and (2.7),
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and (2.17) corresponds to (1.8) and (2.8). The functions U$  and Z7̂2) 
are analytic in the whole space except at the origin. For r >  r0 >  0 the 
function

(2.18) Vn(X) =  exp { - \ Q x)(V^{r,  Ф) +  У${г,  Ф)),

form a sequence of solutions of equation (2.1). This sequence corresponds 
to sequences (1.9) and (2.9). The analogous of Lemma 3 is Lemma 14. 
Let the function u(X)  of class G2 satisfy in the ball K(R,  X)  equation 
(2.11); then

[ t ( \ ^
1 ~ т \ У т - ^  +
rp{r)  diji

+  “ Т Т ад( Г )1 (r2- p- R 2~v) d Y . p {r )  J

In the two-dimensional case, formula (2.19) may written in form

Гp'(r) ^  du k(r)M{R,X,u) = u{X)-^~ SS I У  4- —7~^(r)llog — (iY.2tz K(R,X) L rp (r) diji p(r) J
в
r

The analogue of Lemma 5 is
L e m m a  15. Let the function u(X) of class G2 satisfy condition (2.19) 

in the ball K(B,  X ); then it satisfies equation (2.11).
The proof is similar to this of Lemma 5.
By an argument based upon Lemmas 6 and 13 we can prove an 

analogue of Lemma 13. Theorems 4 and 6 may be transferred to case 
we deal now under the assumption that the functions Un( X ) and Vn(X) 
are defined by formulas (2.16) and (2.18).

3. In this section we deal with certain solutions of equation (3.1). 
Using, similarly as in section 1, the method of separation of variables 
we obtain equations (1.4) and (1.6) as well as the equation

(3.2) Wn(r) +  r~1 (p—l)w'n{r)— [Jc(r) +  n { n +p  — 2)r~2]wn(r) =  0.

Let r2Ti{r) be an entire function of the variable r >  0 and let Qt(n) =  n 
be the positive solution of the equation f 0(g) =  {?2 +  {p—2)g—n{n-{-p — 
— 2) =  0; then, according to Lemma 1, (r)} is a sequence of solution
of equation (3.2) of class 02 for r >  0 and is a sequence of solu­
tions of (1.6) of class G2. Thus there exists at the origin a sequence of 
solutions of (3.1) of class G2,

(3.3) U$(r ,  Ф) =  r jv ]w a (r )+  [ £ ) № +
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where are arbitrary constants. Let now r2k(r)
be an entire function for r >  0 and let g2(n) =  2 —p — n be the negative 
solution of the equation / 0(e) =  Q2+ ( p  — 2 )e — n{n-{-p — 2) = 0 ;  then, 
by Lemma 2, {Wn{r)} and {w\f(r)} are a sequences of solutions of equa­
tions (3.2) and (1.6), respectively. These solutions have a pole of order 
n-\-p — 2 at the origin. Thus the functions

(3.4) V%(r,  Ф) =  (6fg,Y1 +  . . . + e "  3Tjv)43)(r) +
+  [ # ! № + . . .  + Я "  r w]wt4>(r)

form a sequence of solutions of (3.1) having at the origin the only pole 
of order n + p  — 2. Here 0£\ HS], . .. ,  are arbitrary constants.
The functions U§\ and Fl2)2 are analytic in the entire space except at 
the origin. Thus the functions

form a sequence of integrals of equation (3.1) for r >  r0 >  0.
Following Courant and Hilbert (see [1], vol. 2, p. 216) and Wal­

ter [7] we shall give two lemmas.
Lemma 16. Let the function u{X) be of class C4 in the ball K(l i ,  X)) 

then it satisfies formula (1.10) and

lim {B/la1Kf)- l [ M { l i , X , u ) - u { X ) - a PilB2Au'\ =  A2u(X),
R-> о

where

M (B , X , u) =  u(X)-\-ap>lli2 Au-sr aPi2BiA2u-Jro(It,'!’),

the constants ap>i being defined by (1.11). In the two-dimensional case we 
have (RfaPi7)~ l =  B~4’64.

Lemma 17. Let the function u(X) of class (74 satisfy in the ball K(B,  X)  
the equation

(3.6) * A2u ( X ) - q { X ) u ( X )  =  0;

(3.5) r n(r, Ф) =  E4‘,\(г, Ф) +  и $ ( г ,  Ф)

then

(3.7) i!I (B , X , u) — u(X)-f- aPtiB2Au~\~Qzj

where

(3.8) Q3 =  (co)-1 SSS q ( Y)u(Y)E, (\Y-X\,B)dY
K(R,X)

and
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In the two-dimensional case (p =  2)

Q з ( « г 1 /  /
K(R,X)

 ̂ р “1
Г elog —  log — <Ы д(Г)ад(Г)йГ. 

i Q г J

L e m m a  18. Let the function u(X) of class G4 satisfy in the ball K(R,  X)  
condition (3.7); Йе# й satisfies equation (3.6).

P roof. Since (R2— q2) (q2—r2) >  0, we obtain applying to inte­
gral (3.8) the mean value theorem

Q, =  (шГ'д(Р)и(Р)  SSS Г f
K(R,X) L i

(H2- e 2)(e2- r 2) dg dY,

where P €K( R , X) .  Further, applying transformation (1.2) we obtain
и в

Q3 =  u(P)q{P) j  rp~2 f  (R2-  g2)(g2- r 2)g~2- pdgrdr.
о r

Now introducing now variables T =  R2, z =  q2, r2 =  t, and changing 
the order of differentiation we get

T z

Qz =  b J [ J tHP~2)(z-t)dt]  {T - z ) z ~ i{p+2)dz,
о 0

where В =  \u{P)q{P). Hence Q3 =  (2p(pĄ-2)) lR4u(P)q(P),  and by
(3.7) we get

(3.9) R~42p(p-\-2) [M(R,  X ,  u) —u ( X ) ~  ap>1R2Au] — u(P)q(P).

Passing to the limit as R 0 by Lemma It  we obtain (3.6).
In the two-dimensional case (p =  2) formula (3.9) takes an the 

form
32R~4[AI(R, X , u ) - u ( X ) - I ~ 1R2Au] =  u(P)q{P).

L e m m a  19. Let {un(X)} be a sequence of solutions of equation (3.1) 
of class G4 converging almost uniformly in the ball \X\ <  G to a function 
u(X)eC4 and let the functions Aun(X) be convergent almost uniformly to 
Au{X) for \X\ <  <7; then the function u(X) satisfies equation (3.6).

The proof of Lemma 19, based on Lemmas 17 and 18, is similar to 
this of Lemma 6.

Lemma 19 implies directly the following theorems analogous to 
Theorems 1 and 2.

Theorem 6. Let the functions Un(X) be defined by formula (3.3) 
and let the series £  Un(X) be almost uniformly convergent in the ball \X\ <  G 
to a function u(X)  of class C4. I f  the functions £  A Un(X) are almost uni­
formly converging to Au(X) for \X\ <  C, then the function u(X) satisfies 
equation (3.1) in the ball \X\ <  G.
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An analogous result we obtain for the outside of the ball \X\ <  G 
and the functions Vn{X) defined by (3.5).

4 . We shall deal now with certain properties of the solutions of 
equations (4.1). Let us set

S

(4.1a) E (u) =  f j (  A —ki) и (X) =  0,
i —l

where are real constants. Applying the separation of variables to each 
factor of (4.1a) we obtain system (1.4) of equations and

(4.2) wń,i (r) +  (p — 1) r~1 Wnti (r) — [ h +  n (n-\-p — 2) r~2 ] w№fi (r) =  0,

where i =  Let the functions {w)f{r)} and {w2n{r)}  form for
r >  0 a sequence of integrals of class G2 of equations (4.2). Then the 
functions

S

(4.3) , Ui!>(r, Ф ) = Л  [D?y Г , + . . .  +D &  r,v]«41Л(r)
г=1

are for r >  0 the solutions of (4.1) and the functions

(4.4) v^( r ,  Ф) =  2 ; № i + . . . + * f t r J,]«e - ‘>(r)
i=  l

are solutions of (4.1) for r >  0. Here Dfy, . .. ,  E fy , . .. ,  Fn,i are 
arbitrary constants.

For the outside of the ball \X\ <  G solutions of (4.1) are

(4.5) Vn(r, Ф) =  U$'(r, Ф) +  и^(г ,  Ф).

Lemma 20 [7]. Let u{X) be of class C2S in the ball K ( R , X ) ‘, then
s - l

(4.6) Щ М, X , u) =  aPiiE2iA{i)u {X)Xap>sIi:2sAis)u{X),
i—0

where X e K ( B , X )  and aVii are defined by (1.11) and
s - l

lim {a-P'sR^r^MiR, X ,  u ) - £  ap>iK2iA^u(l)) =  A(s)u{X),
i=0

It follows from Lemma 20
Lemma 21. Let the function u(X) of class C2s in the ball K(B,  X)  

satisfy equation (4.1); then
s-l

M(R,  X , u ) =  £  a p . i ^ u W + Q s ,
г=1

(4.7)
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where
(4.8) Qs =  ( « Г 1 SSS [C!)_ 1/l,- 1>«(X) +  . ..+ C uM(X)]if»_I(|Y-X|,£)(J3T

K(R,X)

=  ap>sR2sA{s)u(X)  =  - a PiSR2s[G1̂ 1 A ^ u ( X )  +  . . . +G0u ( l ) ] ,
where

„  ™ . r‘ [(B2- f ) ^ - f ) r l M v'.VTET-F,j H) — Щь9р J .25+33—3 X  eX{R ̂ X ) .
r *

L e m m a  22. Lei Йе function u{X) of class C2S satisfy in each ball 
K ( R , X )  condition (4.7); then it satisfies equation (4.1).

P roof. Writing Qs in form (4.8) and dividing both sides of (4.7) 
by ap>sR2s and passing to the limit as R -> 0, we obtain (4.1) in virtue 
of Lemma 20.

L e m m a  23. Let {um{X)} be a sequence of solutions of class G28 of 
equation (4.1) converging almost uniformly in the ball \X\ <  G to a function 
u(X) of class C2s and let the functions Aum(X), A2um{X),  . . . ,  A(s~^um{X) 
converge almost uniformly to the functions Au(X),  . . . ,  A2u(X),  ... 
. . . ,  A(s~x) u(X), respectively. I f  the functions um(X) satisfy equation (4.1), 
then the function u(X) satisfies equation (4.1).

P roof. In virtue of Lemma 20
S- 1

Щ В , X , um) =  У  aVtiK^A^n„(X)+Q. ,
г= 1

where

Qs =  («,)- ' SSS [<?,_, A<-"-"um[Y) +  ...+C„{Y)-\H8_1 (\Y-X\, щ а х .
K(R,X)

Passing to the limit as m -> oo, we obtain (4:6). By Lemma 21 the 
function u(X)  satisfies equation (4.1).

It follows from Lemma 23
T h e o r e m  7. Let the series fy Un(X) of functions defined by (4.3) be 

almost uniformly convergent in the ball \X\ <  G to a function u(X) of class 
C2S, and let A £  Vn{X) =  £  AUn{X) =  Au{X) , . .. ,  A ^  %  Un{X) =  
=  £  A(8~^Un(X) =  Â s~x)u{X) in the ball \X\ <  0 ; then the frmction 
u(X) satisfies equation (4.1) in the ball |X| <  G.

An analogous theorem holds true for outside of the ball \X\ <  G.

5. In this section we shall consider properties of solutions of equa­
tion (6.1). ;

L e m m a  24 [3]. Let щ satisfy the system of equations
V

'  ̂ aikak~\~bi — 0 ,
1



Differential equations of elliptic type 189

where i =  1 ,2 ,  . . . ,p,  and let the function u(X) of class C2 be a solution 
of equation (5.1); then the function

p
v{X) — ^(X)exp aiX^

i=l
is a solution of the equation

(5.2)

where

p
2  aav'J.4 (X)+C(X)v(X)  =  0,

i,k=1

P

C(X) =  £  a/ta,at ~ p ( X ) .
i,k=1

Conversely, if v(X) is a solution of equation (5.2), then the function

(5.3) u(X) =  fl(X)exp( ^  щх^ 

is a solution of equation (5.1).
In the sequel we shall denote by ER the inside of the ellipsoid defined 

by the equation
p

(5.4) / (X )  =  £  =  0,
i,k= 1

where alk are elements of the matrix inverse to (aik). 
Let us write

where

and

(5.5)

M ( R , X , v ) . =  [ap{R)Yl SS
v(T)

mB g{X)
dS,

,(R) = SS
dS

dEB Y)

1
2.

In the two-dimensional case (p — 2) we have

where

, cv (Y)  ,U(R,  X ,  v) =  (a,)” 1 J f - -  ds,
dE2 9 \ * )

ds
dE2 g(Y)« 2 =  f ~ Г  =  (?/!,?/2).

L e m m a  25 [6 ]. Let the function v{X) be of class ( f  in Er \ then

lim (2pR 2) [M(R,  X , v) — v{X)] — Lv(X),
R-+0
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where
P

Lr =  t (iijc r x x̂,j. • 
l,k=l

L e m m a  26 [6]. Let v(X) be a solution of equation (5.2) in ERr, then
(5.6) M(R, ,X,u)  =  v (X ) -h pSSS (r2- p- E 2~p)v(Y)C(Y)dY ,

e r
where

KSSS (r2- p- B 2- ,,)dT =  — .
e r  2 p

In the two-dimensional case we have

(5.6a) M ( R , X , v )  =  v(X)-Tc2 f flog  — C( Y)u( Y)dY,
Щ ' f

where

h2 f  f  log —  dY —
V 2 r 4

L e m m a  27. Let a function v(X) of class C2 in a region 0  satisfy in 
an ellipsoid ER c= О condition (5.6); then the function v(X) is a solution 
of equation (5.2) in G.

P roof. Since r2~p—R2~p >  0 (logJRjr >  0), we obtain by the mean 
value theorem

M ( R , X , v ) ~ v { X )  =  —hpC(P)v(P) SSS (r2- p- R 2~p) dY ,
er

where P  <= ER. By Lemma 26

M ( R , X , v ) - v { X )  =  -C(P) v ( P) ( 2p)~1R2
whence

R~22pM(R,  X ,  v ) - v ( X )  =  -G{P)v(P) .

By Lemma 25 we obtain (5.2) passing to the limit as R -> 0. Hence 
by Lemma 24 the function u(X)  defined by (5.3) satisfies equation (5.1). 

L e m m a  28. Let
p

(T) yi =  £  tijXj (i =  1, . .. ,  p ) ,
1= i

and TT* =  А~г, where A  =  («^) be a positiv matrix, A -1 =  (агк), T =  (%) 
u'fc, tij are constants, and T* denotes the transpose of the matrix T. I f  

U(Y) =  u {X)\x =t~1(Y), u(X) is of class C2 in Rn; then:

i°  2 1 агк®1Як= e2,3 = 1 
p

2- у d2U(Y)
~ W ~

p

Щк
i,k=l

d2u
dxidxk ’
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We omit the simple proof.
It follows from Lemma 28.

L e m m a  29. Let %  {y\f =  1, У =  qY0, q2 =  y\X...  +  y2v, and let
i=1

Hn{Y) =  QnK n(Y0) be a harmonie polynomial of degree n; then

Tn(X) =  Hn(T(X)) =  QnSn(X0), 
v

where агкx\x\ =  1 and Sn(X0) =  Kn[T(X0)), forms a solution of the
i,k= 1 V

equation LTn{X) — £  aik{T'ń)XiXk — 0.
i,k=1

Let R-i{X), . .., RS(X) (s =  N ( p , n ) - N ( p , n - 2 )) be a maximal 
linearly independent system of harmonic polynomials of degree n and let 
Qn{ Y ) = T * R n(T- l{X)).

L e m m a  30 [2]. The system Qs is a maximal linearly inde­
pendent system of homogeneous polynomials of degree n satisfying the equa­
tion LQ(Y)  =  0 (such polynomials are called quasi-harmonic).

L e m m a  31. Let {vn{X)} be a sequence of solutions of class C2 of equation 
(5.2) converging almost uniformly in the ellipsoid ER to the function v(X)  
of class (72; then the function defined by (5.3) satisfies equation (5.1) in EIt. 

P roof. By Lemma 26
M ( R , X , v n) =  vn( X ) - h pSSS (r2~p- R 2- p)vn(Y)C(Y)dY ,

e r
where

ftp SSS (J-2- " =  {2p )- lR\
e r

In the two-dimensional case (p =  2)
R

M ( R , X , v n) =  » „ ( X ) - f c , /  / l o g  —  C(T)vn(Y)dY]
eb r

where
Cr R R 2

kd f lo8 ~ y dT =  ~4~-
E R r  4

Passing to the limit as n ->• oo we obtain
M { R , X , v )  ^ v { X ) - , l PSSS (r2- p- R 2- p) ^Y)C(Y)dY.

e r

Thns by Lemma 27 the function v(X)  satisfies equation (5.2) and 
by Lemma 24 it satisfies equation (5.1).

Lemmas 24 and 29 imply the
L e m m a  32. Let the functions vn(Y) =  wn(r)Hn(Y) satisfy equation 

(1.1); then the functions

un{X) =  M?n(e)Tn(X0)exp( Wi)
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satisfy equation (5.1).
Lemmas 30, 31, and 32 imply the 
L e m m a  33. Let the functions

(6.7) w!P{r)H£>(Y„), <>(»•) я!.2)№ )

are linearly independent solutions of equation (1.1); then the functions

(5.8) wi1)(^ )Ą 1)(X0)exp( ^  op»»), w{f ] (g)TlP (X0)ex p( £  «*#*)

form linearly independent solutions of equation (5.1).
Lemma 33 implies easily the
L e m m a  34. Transformation (T) is a Injection among functions (5.7) 

and (5.8).
T h e o r e m  8. Let the function u{X) of class G2 satisfy equation (5.1) 

in ER) then there exists a sequence {vn{X)} such that u(X) — un{X), 
where un{X) =  vn(X)exp a-iXi) and the series Jfjun(X) converges almost 
uniformly in ER.

" P roof. By (1.1) and by Lemma 31 for each function v(T)  of class 
C2, \Y\<G  satisfying equation (1.1) there exists a sequence {Kn{Yj}  
of polynomials such that the series v(Y) — £  w$(r)Xn(Y0) is almost 
uniformly convergent for |Y|<0. Let u(X)  be an arbitrary function 
of class G2 satisfying equation (5.1) in HR. Applying transformation (T) 
to the independent variables X  and to the function u(X)  we obtain a func­
tion v{Y)  satisfying equation (5.7) in the ball K ( B , X ) .  Next, applying 
the transformation T* we obtain our conclusion, q.e.d.
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