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Schauder bases in the space of continuous functions

Denote by {h,(t)} (n =1,2,...) the orthonormal Haar system.
Ciesielski [1] proved that funections 1 and ft ho(s)ds (0<t<1 and
n=1,2,...) form a Schauder basis in <0 ,01> and that

oo 1 ¢
= I'(0)+ 2 hy(s)dF (s) fhn u) du
n=10

for any function FeC<0,1).
The following theorem generalizes this result:

THEOREM. If geC<0, 1>, g(t) # 0 for te{0,1), and g is of bounded
variation on {0,1>, then the functions

@) =1, pa(t) = [gu)hp(w)du  (n-=1,2,...)
0
form a basis in the space of continuous functions on <0, 1>, and for every

FeCL0,1) there holds

hn(s) .
()

1) () = P(0)+ Zq»n(t

where the series is uniformly convergent over the interval <0, 1>.
Proof. It is well known that every positive integer » > 1 can he

written as n = 2™ +k, where m >0, 0 <k < 2", and m, k are uniquely
determined by n. Let us set t,, =0, {; =1 and for n >1

fgz—,r for ¢ = 0,1,..., 2k,

l-lz;j for ¢ =2k+1,...,n

t'n,'i
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Evidently, {t,:} (¢ =0,1,...,n) i3 a sequence of normal partitions
of the interval <0, 1)>. Let us write P,; = {#: tepi_1,tne)} for 4 =1,
2, ..., n—1and Py, = {t: teltyn_1y tnnd}. If feL<0, 1), then flgeL<0, 1)
and for teP,; the following equality

_j_ h?(t)f% hj(s)ds = Tﬁ_—l % ds
= b i Ppi

¢
holds [2], where |Py ;| = 4 ;—1,:_1. Therefore, for F(t) = F(0)+ [ f(s)ds
0

we have

1 de(s)
Pal ), 96)

(2)

’

where teP, ;. Since absolutely eontinuous functions are dense in ¢'<0, 1),
so the equality (2) holds for any #¢C <0, 1> and » = 1, 2, ... Multiplying
both sides of this equality by g and integrating we obtain

(3)  oulF;0) _Z f dF(s) f ()l (w) du

t
aF(s) aF(s)
2,1:,”, £g(8f fg(u)du— npln,ilpi ) tn,ilg(u)du’

where teP, ;.

Let us write 8, (t) = fg(u ydu for teP,;,j =1,2,...,n, and

|Pnil P
g.(1) = 8, (t)/g(t). Then (3) can be statet in the form
(4) F(0)+0n(F;51) —F(8) = Ftni1)}[gnltni1)—1]+

Bt 1) =P (1) =P (0) [g(0)—1] — f F(s)dgu(s) + f F(s)dga(s) +

tnz 1

1 Ftn F(tpi_
N fg(s)ds[ (i) _ Fltnss) fp( ( )]
I-Pn,iltn i g(tn,'i) g n,i— 1) (8)
b
Let \/ (H) denote the total variation of H over <(a,d) and let

M(H) = sup !H({)]. Note that for 0 < a < b <1 there holds
te¢0,1)

b . b 1 1 b b 1 1 b
)V ) < M) (—g) +M(3) V (80 < M)V (;) +M(5) V ().

a a a
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Since the sequence {8,(f)} (n =1,2,...) converges uniformly to

g(t) on <0, 1>, so lim g,(f) = G(t) = 1 uniformly for te(0, 1>. By little
N—>00

modifications in the proof of Helly Theorem we get: If aeC{a, b>, functions
Bu(®) (n =1,2,...) are of uniformly bounded wvariation on <{a,b> and
¢

if $,(t) converges uniformly to (t) on <a, b) as » — oo, then f a(s)dp,(s)
4 a

converges uniformly to f a({s)dp(s) on {a,db>. So we obtain

lim fF(s Ay, (s) —fF(s )dG(s) = 0

n—>00 g

uniformly over <0, 1> Functions #, Fl/g, \/(g), V(l/g) are uniformly
0 0

continuous on <0, 1>, so for given ¢ > 0 there exists a ¢ = d(¢) > 0 such
that for 0 <<y <1 and y—a < § there holds |F(z)—F(y)| < e,

Po) _ F(y) v Y
lg(w) gy | = y@o<e \w/g =

Moreover, for sufficiently large n we have sup [Py ;| < d, [gn(t)—
t 1gign

—1<e, | [ F(s)dga(s)| < e for all te{0,1). So, from (4) and (5) we
o .

obtain
\F(0)+ 0, (B3 1) — P (1)|

< ﬂ[(F)S-i—£+M(F)8+8+M(F)[M(9)8+M(21]‘)8]+M(9)[8+M(F)8]

= e¢[2M(F)M(g9)+M(F)M (%)+2M(F)+M(g)+21-

(o]
Let now F(t) = 2 @, ¢ (1), where the series is uniformly convergent

n=0
on <0,1>. Obviously, a, = F(0). By the continuity of the functionals
8
f—QdF(e) we obtain

g(s)

.{.ﬂlﬂw( 5 — Z ($)= Zanfhmmh

for m =1,2,...; that proves the uniqueness of (1).
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Remark. If the continuous derivative ¢'(f) exists for g¢(t) # 0 in
{0,1) and if the improper integral
1 r

dFf(s) . ar(s)
[y = lim, f )

0

exists for continuous F(¢) in (0, 1), then the equality (1) holds in (0, 1)
and the convergence is almost uniform.
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