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On the differential equation ¥ —a(x)y =0

The purpose of this paper is to prove the following
THEOREM. Suppose that

(1) a(x) #0, |Arga(z))<wm— 96 with some 6¢(0, w) (¥ = x),
(2) there ewists a continuous a'''(x) for x> x,,
(3) (a7(@)’ = 0(@*PIn" ),  (aV(x)) =o0(1) as x> oo,

with some & > 0.
Then the differential equation

(4) y'—a(x)y =0

has for x> x, the solutions y,(x) end y,(x) such that

yy(@) ~a Vi (@)exp [aP(5)dt, lyi(@)] - oo,

Zo
Yo () ~ a Y (z)exp (— f allz(t)dt) -0,
Zo

y1(@) ~a*(@)y (@), i@ >0, yi(e) ~ —a*(@)y.(2) >0

as x — oo, (We assume here Arga'*(z) = {Arga'*(x)}/2 = {Arga(x)}/4.)

In the proof of Theorem we shall use Theorem 1’, 2 and 3 of [2],
pp. 175, 177 and 180 in the modified form (see Theorems 1,2’ and 3’
below).

THEOREM 1". Let f(t), F(t) and v{(t) be almost uniformly bounded
for ¢ = xy and let N(x,1) be defined for x >1t> x,. Suppose that

x x x z
(5)  there ewist integrals [ f(s)ds, [y(s)ds, [ N (z,s)ds, [N (s, t)ds
t t t t
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and that

[ 1V (@, ) [N (s, 0)[*ds < A|N (w, )"
t

with some ael0,1> and some A <1, for 2 =1t> m,,

(6) IN(z, )| < F(t) (2>1>a),

limsup fFl () |N (@, )] dt < oo,

o o]
T £

(7)
limsup [ |N(z, )idi+ [ |p@)ldt = p <1,
00z, x

(8) lim f(x) =s (Js| < ), lim f ¥ (@, )@t = lim f |N (2, 1)|dt =0
Too #=0ay 0z
for fized ty = xz,. o
We set Ko(x,1) = N(x,t)+w(t) for £ =t 2,. Then for every ¢ >0
there exisls an x* = x, such that the unique solution j(x) (bounded for x*
< & < oc) of the integral equation

(9) y(@) = f(@)+ [ Ko(w, dyn)dt (o> a)

satisfies the relation lim y(x) = s,, where |s—s,| < &. If f(x) is conlinuous
r—00 ’

and if N{x,1) is a continuous function of the variable x, uwniformly for
tela*, ), then §(x) is continuous for x = xw*.
Proof. Under our hypotheses we have for # > z, (with some z, > x,):

f(@) <O =1+s|, [F*@)IN (2, )"dt <0,
£o 1

T z s .
[z, v)at = [lp(s)| [ F=(0)| N (s, 1)|*dtds < Cp,
) £ oy

x
[ 1Ey(@, )|t < a,
!
X
where’wl(m, t) = Fl‘“(t)f [N (s,1)|*|w(s)|ds and a satisfies the inequality
’ 14 .
max (i, y) < a <1,
We choose an arbitrary x,> ;. The above inequalities remain
true for z > z, if we replace x, by z, (since F(t) = 0).
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As in the proof of Theorem 1’ ([2], p. 176) we set

x

Kole, 1) = [ Ko(a, ) Ky_y(s, t)ds
4

for 2=2t>=2w,, n=1,2,..., and

R(m,1) = Y Ko, 1) (2>t m);
n=0

we obtain, as in Theorem 1’:
z - . ) -~
[ IR (@, 0)]@ < Oof(L— @)+ Copf(1—aft+p/(l—a) = Cy (&> my).
T2
We denote by y,(x) the unique solution (bounded for finite z > x,)
of the integral equation (9) with @, instead of @#* We have

%o(@) = f@)+ [ R(=, )f (1)t

and
[Yo(@)| < C+C1C03 =0 (6= a,).

Let us observe that C is independent of », (if #, > ;). For a given
& >0 we choose a fixed x* > 2, such that

[ lw(@)de < ¢fC.

Let %(x) be the bounded solution of the integral equation (9) with
a chosen a*. Obviously |7 (2)| < O for x > 2*. As in the proof of Theorem 1’
([2], p. 176) we find that lim y(x) = s,, where

&—>00

581 < [ lp(@)7(@)do <.

It is easy to prove that if f(z) is continuous and if N («, ¢) is a con-
tinuous function of the wvariable z, uniformly for fe{z* x>, then #(x)
is continuous for = x*.

THEOREM 2'. Suppose that the hypotheses of Theorem 2 ([2], p. 177)
are satisfied. Then, under the hypotheses lim |g(x)| = co and lim f(x) = s,

T—>00 T—>00

for every & > 0 there exists x* > x, such that the unique solution g, (x) (bounded
. for finite x, x = x*) of the integral equation (9) with

Koz, 1) = g' (et)g(@)+ (1),
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satisfies the relation lim 7, (2) = s, where |s,— s| < e. If f(x) is continuous,
X000

then 7, (x) 8 also continuous for x> x*.
Proof. We prove, as in the proof of Theorem 2 ([2], p. 177) that
the hypotheses of Theorem 1" are satisfied, and we apply Theorem 1",

TaeoreM 3'. (Compare Theorem 3, [2], p. 180). Suppose that

(10 there exist continuous A" (x),a; (z), a, (x), ag(x) and b(x) for
’ b ?

x = @,

(11) A #0,a, #0 and |A| < Nire A| with some constant N (x> x,),

oo

(12) J azjla (@) = oo,
(13) lim ¢(z) = 0,
~ A(w)b
(14) I ;”(%‘de=s (sl < o),
(1) [ @l <oo,

where y = A" —(a,A[a,) + ay Aoy, ¢ = A +A(p—a,/a,)+1.
Then there exists an integral j{x) of the differential equation

(16) Gy +ay -+ ay =b (=)

such that lim y(x) = 1.

T—>00

Proof. We set

fl@) =1—s+ [g' () B¥)dslg(a),
where ’

f‘A(u)b(u) i

= dt[A(t), BQ) =
9(@) exp%f Maw, B0 = =)

It is easy to see that the functions g(x) and h(x) = 1/A(x) satisty
the hypotheses of 1.2 ([2], p. 170). Applying this Lemma and the
I’Hospital’s rule in the formulation of Theorem C ([1], p. 20), we obtain
lim f(z) =1 by (14).

L0

Under the hypothesis red < 0 for x> x, it follows lim g(x) = 0

T0Q
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by (11) and (12). By Theorem 2 ({2], p. 177) we obtain that the integral
equation

y(@) = fl@)+ [ Kolw, )y(t)dt

with f(xz) defined as above and K, (x,?) = ¢'(t)@(t)/g(x)+ v(t) has for
large x = x, & solution F(x) such that lim 7(z) = 1. By 2.1 ([2], p. 179)

T—>00

we obtain that 7(x) satisfies differential equation (16) for large x. The
function #(x) may be extended to the value z,.
Under the hypothesis re A > 0 we obtain lim {g{z)] = co. For a given

T—00
£¢(0,1/3) we find, applying Theorem 2’, that the integral equation (9)
with f(z) defined as above, with Ky (z,t) = ¢’ (1)p(t)/g(x)+ »{t) and suf-
ficiently large x* = @ >w,, has for 2> #} a solution y,(z) such that
lim y, (@) = $;, where |s;—1| < e. Similarly we obtain that the integfal

Z—-»00

equation (9) with

flz) = fg'(t)B(t)dt/Q(W)—S, Ky(@,1) = g' (W) (1)]g () + v (1)

and sufficiently large 2* = &7 > x,, has for # > @, a solution y,(#) such
that lim y,(%) = s,, where |s,| < e.

L0

By 2.1 ([2], p- 179) we find that y,(x) and vy,{x) satisfy differential
equation (16) for sufficiently large x. The function 7(w) = y,(@)+ (1—
—8){yo(2)—y,(x)}/(s.— ;) satisfies also (16) for sufficiently large z and
we have lim §(z) = 1. The function #(z) may be extended to the value

@,. Let us notice that if b(wx) = 0, then f(x) = 0 and byz(a:) = 0.
Proof of the theorem. We substitute

y(z) = w(w)a"“(w)exp.fa”z(t)dt

into (4) and we obtain the differential equation
(A7) e w2+ {1 (a7 BY 2w e (aT Y w2 =0 (2> @,).

The functions y(x) and ¢(x) (see Theorem 3’) in the case of differ-
ential equation (17) and for A(z) = a,(2) = a~*(2)/2 are of the form

p(@) = a7 @2, pl@) = a @),

Let us observe that using I’Hospital’s rule we obtain from hypo-
thegis (3)

(18) (a7 = 0@ *In""**x) and @V = 0@ InTV )
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for ©# — oco. It follows that u(x) and ¢(x) satisfy the hypotheses of
Theorem 3’.

By Theorem 3’ for A(z) = ay(z) = & *(x)/2 we obtain under our
hypotheses that the differential equation (17) has for # > x, a solution

w,(x) such that lim w,(x) = 1. Then the function ¥,(z) = w,(x)a~"*(x) x
X000

—12

x exp [ a'*(t)di satisfies differential equation (4) for 2 > x, and we have
o

= ,
¥ (@) ~ a~"*(x)exp fal/z(t)dt for x — oo.
Zo
Let us observe that in virtue of (18) the functions g(x) = a~'*(z) X
X exp f a*(t)dt and h(z) = a'*(x) satisfy the conditions of Lemma 1.2
([2], p. 170) ‘We have namely

L ]
g'lg = —a,"/z%a,_{_allz — @M gV (g 1) ~ all?
for # — oo, Moreover, lim |g(z)] = oo since re a2 (@) >0 (see the proof
T—00

of 1.2, [2]).
It follows that lim |y,(x)] = co. Next,
L0

(19) hmd { Y4 () exp fam(t dt}/a”“(w)exp fallz(t)dt

X—>00 X
= lim(a"* )a " +1 =1
XI—3y00
since

(@Yo ¥ = — (a7 "W)ya " >0 for & — oco.

14 () expfob”2 t)dt

We prove, as above, that the function g(x) = a
satisfies the conditions of 1.2, [2] with k(2) = o'*(x), and that hm lg(®)]

= oo. We obtain, using 1.2, [2] for this g(#x) and applying the I’Hospltwl’
rule in the formulation of Theorem C ([1], p. 20):

x T
! . r? d '
lim y; / a'*exp f a'*dt = lim y, / — {a”" exp f a'l® dt}
T—>00 o 200 dx A

x
= lim y{'/aa/“expfal/zdt =1
T—>0Q zo
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by (19) and (4). It follows
@) ~ @ (D)exp [ (Dt~ @ (a)y, (0
. zy .
for @ - oo, and lim Iy;(w)[ = oo,
T—>00

It is easy to see that there exists x, > x, such that y,(x) # 0 for
@ > @;. We shall prove the existence of the integral [ yri(t)dt for x> w
x
We have namely,

V2 for & — oo

() Jyr® = —2y1lys ~ — 20
(see the proof of 1.2, [2], p. 171 case b), for g(x) = y7*(x)).

The function y,(x) = 23/1(.90)fy1 (t)dt is f01 x> », the integral of

differential equation (4), for which y,y;—y; 9, = —2. Then
x
¥o(@) a1 () exp( fa”z (t)dt)
xy - ) .
= 2y, () f yl‘z(t)dt/a‘l“(w)exp(—— fa,”z(t)dt)
- & %o

2{fmdt/yf(t)} /exp(—z fam(t)dt) for @ — oo.

We get, using 1.2 ([2], p. 170) for g(z) = exp(—2[ a'*(t)dt),
%o

h(xz) = —2a'”*(x) and applying the I’Hospital’s rule in the formulation
of Theorem C ([1], p. 20):

[22]

,}Eﬁ},{ [ aiy; (t)}/exp(—2 f a”z(t)dt)
%o

x

— lim 1/24%(®) llz(m)exp( fal/z(t)dt)z 1/2

Zg
and

x
Yo(@) ~ a“l“(x)exp(— fa”z(t)dt) for # — oo.

We have limy,(®) = 0 since ¥,(x) ~ 1/y;(x). Moreover,
T—>Q

Yi¥s = Y1¥2—2 - —1  and  yi(w) ~ —1/y,(0) ~ —a"* (@)y,(x) >0

for @ — co. The function ¥,(x) may be extended to the value .



248 Z. Polniakowski

References

[1] Z. Polniakowski, Polynomial Hausdorff transformations, I, Ann. Polon. Math. 5
(1958), pp. 1-24.

[2] — Asymplotic properites of solutions of some integral equalions and second order
differential equations, ibidem 16 (1965), pp. 169-183.

INSTYTUT MATEMATYCZNY POLSKIEJ AKADEMII NAUK
MATHEMATICAL INSTITUTE OF POLISH ACADEMY OF SCIENCES



