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On the differential equation y " —a(x)y = 0

The purpose of this paper is to prove the following 
T h e o r e m . Suppose that

(1) a{x) Ф 0, |Arga(a>)| ^  тс~  (5 with some ^ у 7г| [x ^  ?

(2 ) there exists a continuous a,n{x) for x ^ x QJ

(3) (a~1/4(£r))" =  0 (x~3/2In” 1/2-8x ) , (a~l,i(x))' =  o(l) as x - + o o ,

with some e >  0.
Then the differential equation

(4) y" — a(x)y =  0

has for x ^ x 0 the solutions yx(x) and y%(x) such that
X

yx(x) a~ll4,(x)exp f  a1/2(t)dt, \yx(oc)\ -> oo,
X q

X

y2(x) ~  a~ll4l(x)exp ( — f  all2(t)dt  ̂ - » 0 ,
X q

у[(X) ~  a112(x)yx(x), Iy[(x)I -> OO, y2{ x ) -------al>2(x)y2(x) -* 0

as x -> oo. (We assume here Argall4,(x) =  {Arga1/2(a?)}/2 =  (Arga(a?)}/4.)
In the proof of Theorem we shall use Theorem 1', 2 and 3 of [2], 

jyp. 175, 177 and 180 in the modified form (see Theorems 1", 2' and 3' 
below).

T h e o r e m  1". Let f (t ) ,F(t)  and t) be almost uniformly bounded
for t >  xQ and let N(x ,t )  be defined for x >  t ^  x0. Suppose that

X X X  X

(5) there exist integrals j  f (s)ds, j  ip(s)ds, J N (x, s)ds, j N ( s , t)ds
t t t  t
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and that

j  IN(x,  s)| IN(s, t)\ads <  X\N{x, t)\a
t

with some ae<0, 1> and some X <  1, for x ^ t ^ x 0,

X

( 6 ) \N(x, t)\ <  F(t) ( x ~ ^ t ^ x 0),

(n

(8)

X
limsup f F l~a{t) |N(x, t)\adt <  oo,

limsup J  J |y(t)|cfó =   ̂<  1,

lim /(ж) =  s (|s| <  oo)7
sc—> oo

я *0
lim j  N{x, t)dt =  lim f  \N(x, t)\dt — 0

X  ■ 1 > 0O  лг» SC—̂ O O  rp

for fixed t0^  x0.
We set K 0(x, t) =  N(x,  t)-\-ip{t) for x >  t ^  x0. Then for every e >  0 

Йегв an x* ^  a?0 that the unique solution y(x) (bounded for x*
<  x <  oc) of the integral equation

X

(9) y(a?) =  f{x)  +  f  K 0(x,t)y(t)dt ( x ^ x * )
X*

satisfies the relation lim y(x) =  sx, where \s — s j <  e. I f  f(x) is continuous
X—> oo

and if N(x, t) is a continuous function of the variable x, uniformly for 
te(x*, x>, then y(x) is continuous for x >  x*.

P roof. Under our hypotheses we have for x >  xx (with some xx >  хй):
X

\ m \  <  d i  = i + i*i, /  or* < c „

xi
X X s

j y j 1 ( x , t )d t =  J  \tp(s)\ j  F 1~a(t)\N(s,t)\adtds ^ C 2y,
' X j X i X i

. x

; j /
xi

X

where ipx(x ,t )  =  F 1~a{t) j  |JV(s,/)|a| (̂s)|ds and a satisfies the inequality
t

max(A, y) <  a <  1.
We choose an arbitrary x2 ^  xx. The above inequalities remain 

true for x ^  x2 if we replace xx by x2 (since F(t) >  0).
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As in the proof of Theorem 1' ([2], p. 176) we set
X

K n{%, t) =  j  K 0{x, s)Kn_x(s, t)ds
t

for a? >  f >  a?2? w =  l , 2 , . . . ,  and
oo

B(x , t )  =  ^  K n(x,t)  (a?>ź>a?2);
n=0

we obtain, as in Theorem 1':
x . »

J \B(x, t)\dt <  0 2/(l — л )+ 0 2///(1 — a)2 +  ̂ /(l — a) =  (73 { x ^ x 2).
x 2

We denote by y0 (x) the unique solution (bounded for finite x >  x2) 
of the integral equation (9) with x2 instead of x*. We have

X

У о(® )=Дх)+  f  B(x,t)f(t)dt
x 2

and
\Уь{х)\ <  GX+G XG3 =  0 (a? >  a?2) .

Let us observe that G is independent of x2 (if x2 ^  xx). For a given 
e >  0 we choose a fixed x* >  xx such that

CO

J \ip(x)\dx <  ejG.
X*

Let у (a?) be the bounded solution of the integral equation (9) with 
a chosen x*. Obviously \y[x)\ <  G for x >  x*. As in the proof of Theorem 1' 
([2], p. 176) we find that lim y(x) =  sx, where

X--+CQ

OO

f  \y>(oc)y(x)\dx <  £.
X*

It is easy to prove that if f (x)  is continuous and if N(x, t) is a con­
tinuous function of the variable x, uniformly for te(x*,xy,  then y(x) 
is continuous for x >  x*.

Theorem 2'. Suppose that the hypotheses of Theorem 2 ([2], p. 177) 
are satisfied. Then, under the hypotheses lim \g(x)\ — oo and lim f (x)  =  s,

X—>oo X—>00
for every e >  0 there exists x* ^  x0 such that the unique solution yx(x) (bounded 
for finite x, x ^  x*) of the integral equation (9) with

Ko(x,t)  =  g'{t)<p{t)!g(x)-{-y)(t),
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satisfies the relation lim уг(х) =  sx, where l^— s\ <  e. I f  f {x) is continuous,
x~-+co

then yx (x) is also continuous for x >  %*.
P roof. We prove, as in the proof of Theorem 2 ([2], p. 177) that 

the hypotheses of Theorem 1" are satisfied, and we apply Theorem 1". 
T h e o r e m  3'. (Compare Theorem 3, [2], p. 180). Suppose that

(10) there exist continuous А ,/;(ж), af (x), a'/(x), a'0(x) and b(x) for 
X  >  x0,

(11) А +  0 , a 2 0 and |A|<A|reA| with some constant N ( x ^ x 0),

(12)

(13)

(14) 

(16)

00
f  dxf\A(x)\ — oo, 

xo
lim <p(x) =  0,
£-*00

OO

r  A {x )b (x )  . „  . .
-------- r —-d x  =  8  « <  oo),

J a2{x)*0
o o

J \ip{x)\dx <  oo,
X Q

where ip — A " — (axA/a2)'-j- ЩAja2, cp =  A'-\-A(y) — a ^ a ^ + l. 
Then there exists an integral y(x) of the differential equation

(16) r 2 y" +  W  +  а д  =  ь (x >  x0)

such that lim у {x) =
x -> o o

P roof. We set

1.

f {x)  =  1 — 8+  f  g'(t) В (t) dtjg {x) ,

where
X  *

g[x) =  exp J dt/A{t), B{t) — J
A(u)b(u)

a2{u)
du,

It is easy to see that the functions g{x) and h{x) =  1/A{x) satisfy 
the hypotheses of 1.2 ([2], p. 170). Applying this Lemma and the 
l ’Hospital’s rule in the formulation of Theorem C ([1], p. 20), we obtain
lim f (x)  — 1 by (14).
£—*00

Under the hypothesis re A <  0 for x ^ x 0 it follows lim g{x )  =  0
£-*00
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by (11) and (12). By Theorem 2 ([2], p. 177) we obtain that the integral 
equation

y{x) =  f(x) +  f  K 0(x,t)y(t)dt
X

with f(x)  defined as above and K 0(x,t)  =  g'\t)cp{t)lg{x)-\- y>(t) has for 
large x >  x0 a solution y(x) such that lim y(x) =  1. By 2.1 ([2], p. 179)

X —> 0 0

we obtain that y(x) satisfies differential equation (16) for large x. The 
function y(x) may be extended to the value x0.

Under the hypothesis re A >  0 we obtain lim \g{x)\ — oo. For a given
£->00

ее(0,1/3) we find, applying Theorem 2', that the integral equation (9) 
with f (x)  defined as above, with K 0(x, t) =  g' {t)cp{t)jg{x)-\- ip(t) and suf­
ficiently large x* — x* 5? £p0, has for x ^ x *  a solution уг(х) such that
lim у ! [x) =  6q, where —1 j <  e. Similarly we obtain that the integral
£—>00

equation (9) with
X

/ И  =  f  g'{t)B(t)dtjg(x) — 8, K 0(x, t) =  g’ {t)<p{t)lg{x) +  y>{t)
x0

and sufficiently large x* =  x*2 >  x0, has for x >  x* a solution y2(x) such
that Иту2(ж) =  s2, where |s2| <  e.

£—>00

By 2.1 ([2], p. 179) we find that уг(х) and y2{x) satisfy differential 
equation (16) for sufficiently large x. The function y(x) = у 1(ж) +  (1 — 
— si){yz(x ) ~ y i ( x)}l(s2—si) satisfies also (16) for sufficiently large x and
we have lim y{x) =  1. The function y(x) may be extended to the value

£—>00

x0. Let us notice that if b(x) — 0, then f (x)  =  0 and y2{x) =  0.
P roo f o f the theorem . We substitute

X

y ( x ) = w { x ) a ~ 1!i(x)exp f all2(t)dt
Xq

into (4) and we obtain the differential equation

(17) a -ll2wnl2 +  {l-\-{a-ll2)'l2}w' +  a -ll\ a - ll'ly /wl2 = 0  ( x > x 0).

The functions y>(x) and cp{x) (see Theorem 3') in the case of differ­
ential equation (17) and for A(x) =  a2(x) =  a~ll2(x)j‘2 are of the form

гр{х) =  a -^ ia -11*)' '/2, <p{x) =  а -3/4(л~1/4)'7 4.

Let us observe that using l’Hospital’s rule we obtain from hypo­
thesis (3)

(18) (tff1/4)' =  0 {x~~ll2hi~ll2~ex) and «Г1/4 =  0 {xll2\rTl!2~ex)
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for x -> oo. It follows that гр{х) and (р (х) satisfy the hypotheses of 
Theorem 3'.

By Theorem 3' for A(x) =  a2(x) =  a~ll2(x)j2 we obtain under our 
hypotheses that the differential equation (17) has for x ^  xQ a solution 
wx(x) such that limw^a?) =  1. Then the function yi(x) =  w1 (x)a~1I4(x )x

x—>oo 
X

X e x p / all2(t)dt satisfies differential equation (4) for x ^  x0 and we have
x0

X

У i(a>) Qf 1/4 (x) exp J a1/2(t)dt for X -> oo.
X 0

Let us observe that in virtue of (18) the functions g(x) =  a~l,4(x )x
X

X exp J all2(t)dt and h(x) =  all2(x) satisfy the conditions of Lemma 1.2
X q

([2], p. 170). We have namely

d id — — d' 14а-\- a1/2 =  a112 {a~1/4 (a~114)' + 1 } ^  a112 

for x -> oo. Moreover, lim \g{x)\ =  oo since re a112 (x) > 0  (see the proof
X - y O O

of 1.2, [2]).
It follows that lim \y-i{x)\ =  oo. Next,

X-+O Q

(19)

since

X  X

lim— {a1/4(a?)exp f  a1/2(t)dt] / а 3/4(ж)ехр f  all2(t)dt 
x-+oo dx l J J j  J

=  lim(a.1/4 У a 3/4+ 1  =  1
x—>oo

(а114)'а~щ =  -  («Г1/4)'«Г1/4 -> 0 for a? -> oo.

We prove, as above, that the function g(x) =  a1/4 (a?) exp Jall2(t)dt

satisfies the conditions of 1.2, [2] with 7i(x) — all2(x), and that lim \g{x)\

—  oo. We obtain, using 1.2, [2] for this g(x) and applying the l’Hospital’s 
rule in the formulation of Theorem C ([1], p. 20): 1

lim y[
X —yOO

aI/4exp J  all2dt 
*о

limy[' /  — |a1/4exp 
ж—>oo /  dx l / !/2лД

=  lim y”
Ж—>00

a3/4exp a1/2di =  1
X Q
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by (19) and (4). It follows
x

y[{x) ~  л1/4(ж)ехр f all2(t)dt ~  a1,2(x)yx(x) 
x0

for x -> oo, and lim \y'x{x)\ — oo.
x~>oo

It is easy to see that there exists xx >  x0 such that yx{x) Ф0  for
OO

x >  xx. We shall prove the existence of the integral J y f 2{t)dt for x >  xx.
X

We have namely,

(y l2)'lyl2 =  - 2 y'xlyx ~  -2 tt1/2 for x -»  oo 
(see the proof of 1.2, [2], p. 171, case b), for g(x) =  yT2{x)).

OO I
The function y2(a.') — 2yx(x) j  y f 2(t)dt is for x ^  xx the integral of

X

differential equation (4), for which УхУг — У\Уг =  — 2. Then
X

у2(ж)/а_1/4(а?)ехp ( — J « 1/2(i)^ j
X Q

po ■ x

=  2yx(x) j  y f 2(t)dtja~ll/l(x)exp| — J al,2{t)dt^
X  X q

oo a?

— 2 {J dtjyl («)} /exp (— 2 J a1/2
X  X q

We get, using 1.2 ([2], p. 170) for g(x) =  exp( —2 J all2(t)dt),'
x 0

h(x) =  — 2alj2(x) and applying the l’Hospital’s rule in the formulation 
of Theorem C ([1], p. 20):

(t)dt\ for X —> oo,

l im jj  dtjyl OOj/exp( — 2 j  all2(t)dt^

X

— lim 1/2y2 (a?) a1/2 (ж) exp | — 2, j  al,2{t)dt  ̂— 1/2

and

y 2{x)r^a  1/4(a?)exp| — J « 1/2(tf)<̂ ) for a? ->  oo.

We have lim y2(a?) =  0 since y2(x) ~ l jy [ (x ) .  Moreover,

У1У2 =  y ’lV2 — 2 -> - 1  and yj(a?) ~  — l /УгИ ~  —all2(x)y2{x) -> 0 

for a? -> 00. The function y2(a?) may be extended to the value x0.
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