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Countably modulared spaces
connected with equisplittable families of measures

1. In paper [1], the notions of a countably modulared space X,,
and a uniformly countably modulared space X, , are introduced as
follows. Let g;, ¢ ==1,2,..., be a sequence of pseudomodulars in a real
linear space X, i.e. 0 << g;(w) < oo for weX, 0;(0) =0, o;(—2x) = pi(w),
ei(aw+py) < o(@) + 0i(y) for a, $=0, e+ =1, and let gix) =0 for
all ¢ imply @ = 0. Two modulars ¢ and g, are defined (see [1]) by for-

mulae o(x) = 21’ 278 0y(@) (1 + 0i(@) Y 0o(w) = sup 0:(z). Spaces X, and
P=

X,, are just the modular spaces defined by means of the modulars o

and gy. In [1] the problem under which assumptions there holds X, = X,_,o

is solved in case of pseudomodulars o;(@) = [ @;(|#(f)])du, where u is
i .

an atomless finite measure on a o-algebra & of subsets of an absiract
set H, X is the space of all u-measurable functions z(f) defined on Z,
and ¢;(u#) is a sequence of s-convex g-funetions.

Here, we shall consider the more general case of pseudomodulars

(1) oi@) = sup [ oi(lo())dg.,
* E

where {x.} is a family of non-negative measures on &, and 77, where I
is an abstract set. However, the considerations require some additional
assumptions on the family {u,} which will be introduced in the next
Section.

2.1. Let {u.} be a family of non-negative measures on a o-algebra &
of subsets of a set I/, where 7«7 and Z is an abstract set. We say that
the family {u.} is

a. uniformly bounded, if there exists a constant K >0 such that
B < K for all 77,

b. equisplittable (see also [2] and [5]), if there exists # >0 such
that for any scquence of numbers & |0 for which & < 5 and e 1/er < %
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for all %, there exist constants M > § > 0 and a sequen ceof pairwise dis-
joint sets A ed satisfying the condition

(Sé‘k sup Mz Ak M&‘k

2.2, Let ¢;(u) be @-functions. In the sequel we shall assume also
the following conditions, to be satisfied (see [1], [3]):

(o) @i(u) are equicontinuous at u = 0;

(B) for every index ¢ there exist positive constants i;, f;, ¥; such
that for every » > &; and k = ¢ there holds the inequality ¢;(A;%) < f:p, (%);

(y) there exist positive constants %, ¢, #, and an index ¢, such that
pi(ow) < kg (w) for w=u, and @2 dy;

(8) for every ¢ > 0 there exist numbers u, > 0 and a, > 0 depending
on %, such that ¢;(au) < ep;(u) for 0 < a<<a,y %= U,.

This condition is certainly satisfied if g;(u) = @;(|u|*), where 0 < s <1
and @; are convex g-functions.

3. The following conditions for the equality X, = X, .will be proved
now in case of pseudomodulars (1).

ToeoreM 1. If the family of measures {u,} is uniformly bounded
and if the p-functions ¢; satisfy («) and (v), then X, = X, .

Proof. From (y) it follows that there are k >0 and an index i,
such that for every u, there is a number ¢, > 0 satisfying the inequality
pi(u) < ki (cu) for u > w, and i > 4. Let eX,, 2 >0, and let B, = {i:
Uy < [M(t)]}, B, = E\E,. Then

0i(2@) < ksup [ @i, (oA la(t)]) dps + @i (o) sup o, B
v El T

< Koy (€ Aw) -+ Kpi (uo)
for ¢ >4y. The conclusion X, = X, follows as in [1], 2.1.

THEOREM 2. Let the family of measures {u,} be uniformly bounded
and equisplitiable and let the g-functions ¢; satisfy (B) and (8). If X, = X,
then ; satisfy (vy).

Proof. Let us suppose the theorem does not hold, ie. X, =X
and for every k,c¢, u, >0 and every i, there are a number « > %, and
an index i34, such that g;(cu)> kg (u). Given k>0 and ¢ =277
there exist ¢ mzx =7 and U, my > m such that

(2) Py o (& ton i) > 2" P (1, m 1)

for n,m,k =1,2,... We define an increasing sequence of indices my
in the following manner. First, m, > ¢, and ¢,(m,) > min(1, 1/y), where
n > 0 is the number appearing in the definition of equisplittability. We
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write «, = Urmy,1- Let us suppose the numbers m,, m,, ..., myp_; are
defined and satisfy the following inequalities: ¢;(m;) > 1, m; > &; and
@i(m;) = @i_1(ug_y), where w; = Uymi, ¢ = 2,3,...,k—1. Then we take
my, 80 large that ¢p(my) = 1, my = 0% and @rp(mz) = gr_; (4x_;) and we put
U, = Uy - 1lence gp(ui) 2 @r(Me) 2 @r_1(ux_,) for kb =2,3,...

We write

1
2k(Pk(uk) ,
then &,{0 and e, /e < §. Hence there exist constants M > 6 >0 and

a sequence of pairwise disjoint sets Ape& such that 2.1.h holds. We
define

Ep —

U for tezik, k= 1,2,.-.,

w(t) = o
0 for teBN\ | 4;.
‘ iz

Obviously, zeX. Tdking Z; and §; from () we have

0:(m) = sup ) pi(Asun) o Ay
T k=l
-1

< sup 2 @i(Az) e A+ sUp 2 i(Asrug) pe A

T k=t

KZW )+ ank(uk)u,Ak

k=1

But by 2.1.b and the definition of &,

o0

Z<Pk(uk)ﬂzAk<M2 oF < <M.

k=1 k=z

Hence g;(1;2) < co. 1et ¢ >0 be arbitrary. It us take
e = ¢/20;(A;x). We take 1, >0 so small that 4, < a.d; and @ (4% i)
< n/2K. Then defining E, = {¢: u. < 4x(t)}, B, = E\E,, we have
for 0 < 1 < A

A
estie) S esup [l )+ ( .

) sup p. B
’ i
< eoi (@) -+ Ko; z_—ue <e.
Thus ze¢X,. Now, by (2) we have

27591 > 51D [ 1 20
T A

Z @iy (27 uk)SHP#zAk 2 p () pioy, Aie > 39,
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where 7;e7 are chosen in such a manner that u, 4y > §degfork =1,2, ...,
a contradietion.

Theorems 1 and 2 imply the following

THEOREM 3. Let the family of measures {u.} be uniformly bounded
and equisplitiable and let the o-funclions ¢, satisfy conditions («), (f), (3).
Then, X, = X, if and only if ¢; satisfy (y).

Let us remark that Theorem 2.1 in [17]1s a special case of our The: rem 3,
in case if the family {x.} consists of one measure p which is finite and
atomless, whence equisplittable.

4. Now, we shall congider the special case of measures g, defined
on the o-algebra of all Lebesgue measurable subsets of the interval {4, oo},
which are absolutely continuous with respect to the Lebesgue measure.
By the Radon-Nikodym theorem, there exists a function a(t, 7) defined
for t = 1,, 77, Lebesgue measurable in the variable ¢ for every ze7,
a(t,7) =0 for all >4, 77, satisfying the condition

(3) pA = fa(t, 7)dt
A

Obviously, uniform boundedness of the family {u.} is equivalent to
the condition

supf a(t, t)dt < oco.

The respective pseudomodula;rs p; défined by (1) were investigated
in [6].

4.1. ProprosirIoN 1. Let us suppose, there exist n > 0 and constants
M = 0 >0 such that for every 0 < e <n, and T > {, there exist f§ >a >T
satisfying the following conditions:

B
(4) de < sup [ a(t, 7)dt < Me.

Then the family of measures {u.} defined in (3) is equisplittable.

Proof. The sequence of sets 4; will be defined by induetion. Given
a sequence &0, & <, epafer <3, k=1,2,..., we define the set A4,
as the interval (a,, ), where ¢ = ¢&,, T =1, a, = a, f, = §. Obviously,
condition 2.1.b is satisfied for & = 1. Let us suppose the sets 4z = (ax, fr)
are defined for k =1,2,...,m—1, fp <, and condition 2.1.b
is satisfied for & < m. Now, we take in the assumptions of Proposition 1
E=¢p, I = fmy, tm=20, fn=F and we put A, = (on, fn). It is
obvious that the sequence of sets 4,, 4,,... satisfies the required con-
ditions.
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4.2. The following kernels a(l, ), where 1= 0,7 real, 1= 17" (7" >0
being fixzed) define by means of (3) uniformly bouwded and equisplittable
families of measures {p.}:

‘l for 0 <E< T,
(i) a(t,z) =y 7
0 fort><
(M-means).
(K ¢\
(i) a(t, 1) ={r(1~ '{) _ﬁw Isisr,
0 for t >~

{Riesz (Cesaro) means of order k, k >1).

0 AN
(iii) ety ) = ——(1+ ——)

T T

(Stieltjes means of order g, 0 >0).
Proof. It is sufficient to verify the assumptions of Proposition 1.
Since (i) is a speecial case of (ii), we start with the proof of (ii). We have

(5) [ a(t,r)at =1 for all 7.

v 0
We take in Proposition 1, M = § = } and we choose ¢ >0 and
T >0 arbitrarily. Taking a> T we have

0 for v =8,

7 1 «\’ for a<r <
1—— P o
[a@t,vyat = T ’

a\k 8 k
(1— —) —(1— —) for v < a.
T L 1

This integral as a funection of variable 7 assumes its maximum at
7 = f, and
k

8
stlpafa(t, T)dt = (1—%) .

Condition (4) will be satisfied if we choose a and B in such
a manner that (1-a/f)" = e, ie. a/f =1—(1 )1/’c this will be satisfied
if we take for example a =T, g = T(1— (3&)"%)7.

t In case (iii), we have (5) and

fa(t, vyt — (1+ %)“’_ (1+—f‘)_0-
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Moreover,
B 1 1/(1
1—@YH4e) \ e 1-—@Y0+e) y—e
(6) supfa(t, T)dt = (1+@ ) - (1‘|— ) )

EUVY _ 9 eYaid __@

where © = «/f, and this supremum is assumed at

o \M0+9 a o \HO+e -1
Ny R A ¥ oy
W=F ((ﬂ) ﬂ)( (ﬁ) )

(see [6], 4.5). Given & >0, we choose O = 6, in such a manner that
]

[ a(t, 7,)dt = ¢; this is possible for small ¢, because the right-hand side

«

of formula (6) is a continuous function of @, 0 < 6 < 1, and tends to 0
as © —0,. Henece we may take M =46 =1, a =17, § = a/6,.

5. Let us now consider the case of measures u, defined on the
g-algebra & of all subsets of the set E of positive integers, where ne7
and .7 is also the set of positive integers. Then there exists a non-negative
matrix (a,), n,v = 1,2, ..., such that

(7) pnd = Ylay,, for A ={v}e&, 1@ = 0.
B

Obviously, uniform boundedness of the family {u,} is equivalent
to the condition

©o
su @y, < OO
1p ;: .
The respective psendomodulars p; defined by (1) were investigated
in [5].
5.1. ProprosITiON 2. If there are % >0 and constants M =0 >0
such that for every 0 < & < n and every positive integer N there exvist indices
g >p = N satisfying the condition

q
8 de < su Ay < M
(8) e pZ £

then the family of measures {u,} defined in (7) is equisplittable.

Proof. Let us denote by [p,¢] the set of indices p,p-1,...,¢
and let the sequence &[0, & <7, & 1/ex < 3, be given. We take A,
= [p1y ¢.], where ¢ = ¢, N =1, p; = p, ¢, = q. Now, let A = [pz, 4]
be defined for kt =1,2,...,m—1, g < pr,;, S0 that 2.1.b holds for
kE<m. Taking ¢=¢pn, N = ¢u_1+1l, P =P, gm = ¢, and writing
Apm = [Pm, ¢m], the sequence A, A,,... satisfies the requirements of
the definition of equisplittability.

N
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5.2. As examples of matrices (a,,) defining uniformly bounded and
equisplittable families of measures {u,} one can take:

1
—  for v < m,

' (1) Opy =1
0 for v >n.
k=1 for v<n
—_—_— v\ ’
(11) Qpy = ’ﬂ/—l‘k
k
0 for v >n

{(Cesaro means (C, k) of orders k =1,2,...).

Do/Pn for v<m,
(iii) Apy =
0 for v >n,
where p, >0 for n=0,1, -Pn_po+ APy > 00 as n > o0, N

case we suppose the infinite product ” P, ,|P; to be convergent (Riesz
means (R, p,1)).
Pu_vlPn  for v< n,

(IV) Qpy =
0 for v >mn,

with the same assumptions as in (iii) (Nérlund means (N, p,)).
Proof. It is sufficient to prove that the assumptions of Proposi-
tion 2 are satisfied. Concerning cases (i) and (ii), this follows from [4].
In case (iii), easy calculation shows that
P
sup ) Ay == 1— »‘f”)—l-.

" v.=p Lq
Let d=3 M=10<e<1 and let N be given. Since the product
” P;_[P; is convergent, the series 2 In P; ,/P; i8 convergent, too.

te=l =1

Hence there exists N, > N such that

Zln ———l < —In(1— M),

T=D

for g >p > N,, ie. P, [P,>1—Me for ¢ >p >N,. Fixed p >Ny,
we choose ¢ >p so large that Py, >2P, ;. Then P, /P, <} <1— de.

Roczniki PTM -~ Prace Matematyczne XIII 18
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Hence

P, ,
de < 1— *—13—< Me,

aq

and condition (8) follows. Let us still remark that if limsup (P,_,/P») < 1s
Nmr00

then it i8 easily verified that (8) does not hold.
In case (iv) we have
q
sup M a,, =22,
n ‘é;) Pq

Taking 6 =4, M =1, 0 <e< 1, and fixing N we obtain as in
case (iii) that P,_p,/P, > de for g—p > N,, where N; > N is sufficiently
large. We fix the difference ¢— p and we choose p and ¢ > p so large that
P, _,/P; < Me. Hence condition (8) follows.

6. Let us notice the following remarks.

6.1. From the above it follows that Theorems 1-3 are valid if the
family of measures {u.} is any one of those mentioned is Sections 4 and 5.

6.2. Examples of families of measures which are not equispliﬁtable
can be obtained easily applying d-measures. For instance, one can take
{pn} as in (7) with a,, = J,,, where 6,, is Kronecker symbol. More gener-
ally, if & is the o-algebra of all Lebesgue measurable subsets of the
interval {f,, oo} and 7 is an infinite set of real numbers, then the family
of Dirac measures {4.} is not equisplittable. It is easily observed that
in case of the above measures, Theorems 2 and 3 do not hold.
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