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Countably modulared spaces 
connected with equisplittable families of measures

1. In paper [1 ], the notions of a countably modulared space X eJ 
and a uniformly countably modulared space X Qq, are introduced as 
follows. Let Qi, г =  1 , 2 , . . . ,  be a sequence of pseudomodulars in a real 
linear space X,  i.e. 0 <  Qi{®) <  00 for x e X , qi{0) =  0, Qi{ — x) — Qi(x), 
Qi(ax+Py) <  Qi{cc)+Qi{y) for a, /5 >  0, a-f-/3 =  1 , and let Qi(x) =  0 for 
all i imply x  =  0. Two modulars q and q0 are defined (see [1]) by for­

mulae q (x ) =  2 1 Qiix)^-^ Qi(x)) \ Qq(x ) — eup £<(#). Spaces X Q and
г= 1 г

X Qq are just the modular spaces defined by means of the modulars q 
and £0. In [1] the problem under which assumptions there holds X Q =  X e 
is solved in case of pseudomodulars Qi(x) — f  <pi(\x(t)j)dju} where p is

E
an atomless finite measure on a u-algebra $  of subsets of an abstract 
set Ej X  is the space of all ^-measurable functions x(t) defined on E, 
and щ{и) is a sequence of s-convex ^-functions.

Here, we shall consider the more general case of pseudomodulars

where {px} is a family of non-negative measures on <f, and r where 2Г 
is an abstract set. However, the considerations require some additional 
assumptions on the family {/ix} which will be introduced in the next 
Section.

2 .1 . Let {px} be a family of non-negative measures on a a-algebra «f 
of subsets of a set E, where т z 3T and 2Г is an abstract set. We say that 
the family {px} is

a. uniformly bounded, if there exists a constant К  ^  0 such that 
pxE  <  К  for all те J ,

b. equisplittable (see also [2 ] and [5]), if there exists 77 >  0 such 
that for any sequence of numbers for which sk ^r} and ek+1lek <  £

OO

(1)
T E
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for all k, there exist constants M  ^  <5 >  0 and a sequen eeof pairwise dis­
joint sets Aj.eS’ satisfying the condition

dsk <c sup y>zA.k Mek.

2.2. Let (pi{u) be ^-functions. In the sequel we shall assume also 
the following conditions, to be satisfied (see [1], [3]):

(a) cpi(u) are equicontinuous at и =  0 ;
(P) for every index i there exist positive constants /?г> &i such 

that for every u ^  and k ^ i  there holds the inequality <pi{XiU) <  (н(рЛи)'ч
(у) there exist positive constants k, c, u0 and an index i0 such that 

9>i(cu) <  k<pi(i(u) for и >  u0 and i >  i0;
(3) for every в >  0 there exist numbers us >  0 and ae >  0 depending 

on i, such that щ{аи) <  ecpĄu) for 0 <  a <  ae, u ^  ue.
This condition is certainly satisfied if q>i{u) =  <Pi(\u\s), where 0 <  s <  1 

and Фг are convex ^-functions.

3. The following conditions for the equality X e =  X 6q .will be proved 
now in case of pseudomodulars (1 ).

T h e o r e m  1. I f  the family of measures {yz} is uniformly bounded 
and if the (p-funetions щ satisfy (a) and (y), then X Q =

Proof .  From (y) it follows that there are к >  0 and an index % 
such that for every u0 there is a number c0 >  0 satisfying the inequality 
(pi{u) <  hpi0(c0u) for и ^  щ and i ^  i0. Let xcX g, X >  0, and let B x — {t : 
uQ <  \Xx(t)\}, =  E \ E X. Then

Qi(Xx) <  к sup J  (pi0(c0X\x{t)\)dyr-{-(pi{u0) sup yzE 
T e x T

<  koi(j(cQXx)+K<pi(u0)

for ъ ^  ô* The conclusion -X-q — follows as in [1], 2.1.
T h e o r e m  2. Let the family of measures {yz} be uniformly bounded 

and equisplittable and let the cp-functions cpz satisfy ((3) and (8). I f  X g — X gQ, 
then щ satisfy (y).

Proof.  Let us suppose the theorem does not hold, i.e. X e =  X eQ 
and for every k, e, u0 >  0 and every i0 there are a number и >  u0 and 
an index i >  i0 such that <pi(cu)^ kcpiQ{u). Given k >  0 and c =  2~fc, 
there exist in,m,k >  n and un>m>k >  m such that

(2 ) ^  -'> 2 (pn
for п, m, к =  1 , 2 , . . .  We define an increasing sequence of indices mk 
in the following manner. First, mx ^  d1 and <px{mx) >  m in(l, l/y), where 
у >  0 is the number appearing in the definition of equisplittability. We
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•write % — Uitm l . Let ns suppose the numbers mx, m2, ..., шк_х are 
defined and satisfy the following inequalities: >  1, and
<Pi(m,i) >  (рг-ЛЩ-х), where щ =  ui>mi>il i =  2 ,3 , . . . ,  Jc—1. Then we take 
mk so large that (pk{mk) > 1 ,  mk >  ё к and <pk(mk) >  <pk_i{uk_x) and we put 
uk — uk,mkje- Hence cpk{uk) >  (pk{mk) >  щ _г{ик_г) for fc =  2, 3, ...

We write
1

£k _  2*p*(»*) ’
then e*|0 and ek+ljek <  Hence there exist constants Ж >  ó >  0 and 
a sequence of pairwise disjoint sets Aka<$ such that 2.1.b holds. We 
define

x(t) —
uk for teAk, h — 1 ,2 ,  ...,

CO

0 for teE\  U  Ai.
i=l

Obviously, xeX . Taking Л* mid /b from (f3) we have
oo

Qi{XiX) =  sup ̂ (pi{XiUk)fi,Ak
T fc=X

* i— 1 oo
<  sup Jy (pi(XiUk)fj,TAk +  sup (pi{XiUk)fiTAk

T 7c==l T
г—X oo

^  К ^  <pi{XiUk)-\- (fk(uk)flTAk.

But by 2.1.b and the definition of ek,
oo °° 1
Y<pk(uk)v>rAk <  M M.

fc=-< ^
Hence <  00• Let c >  0 be arbitrary. Let us take

e — cl2Qi(XiX). We take Xc >  0 so small that Xc <  asXi and (pi[AcuejAi) 
<r)[2K. Then defining E x =  {t: ue ^XiX(t)}, E[ =  E \E X, we have 
for 0 <  Л <  Xc’

Qi{Xx) <  esup j  fpi(XiX(t))d/4r +  q>i (— sup/iT.E
£?x

i-) <  c.

Thus x eX e. How, by (2) we have

■Ajc
^  ^ k  mk SUp/iT-dfc ^  2 cpk {tt]c) 1Жгк А к ^  <̂5,
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where ткеХ  are chosen in such a manner that yXkA k >  for Tc =  1 ,2 ,  . .. ,  
a contradiction.

Theorems 1 and 2 imply the following
T it e o e e m  3. Let the family of measures {yz} be uniformly bounded 

and equisplittable and let the (p-functions cpz satisfy conditions (a),((3), (S). 
Then, X Q =  X Qq if and only if (pi satisfy (y).

Let us remark that Theorem 2.1 in [1] is a special case of our The<: rem 3, 
in case if the family {yz} consists of one measure у which is finite and 
atomless, whence equisplittable.

4. ISTow, we shall consider the special case of measures yz defined 
on the u-algebra of all Lebesgue measurable subsets of the interval <t0, oo), 
which are absolutely continuous with respect to the Lebesgue measure. 
By the Radon-Mkodym theorem, there exists a function a(t, r) defined 
for t ^ t 0, r e J ,  Lebesgue measurable in the variable t for every t e J ,  
a(t, r) ^  0 for all t ^  tQ, reX , satisfying the condition

(3) yxA =  j a ( t , r)dt.
A

t
Obviously, uniform boundedness of the family {yz} is equivalent to 

the condition
OO

sup f  a(t, r)dt <  oo.
T f  l0

The respective pseudomodulars qz defined by (1) were investigated 
in [6].

4.1. P e o p o s it io n  1. Let us suppose, there exist rj >  0 and constants 
M  ^  6 >  0 such that for every 0 <  e <  y, and T >  t0 there exist /3 >  a >  T 
satisfying the following conditions:

P
(4) Se <  sup fa (t, r)dt <  Me.

* a

Then the family of measures {yz} defined in (3) is equisplittable.
Proof.  The sequence of sets A k will be defined by induction. Given 

a sequence e ĵO, £*<??, ek+1[ek <  7c — 1 ,2 ,  ... ,  we define the set A x 
as the interval (ax, (if), where e =  ex, T =  t0, ax =  a, == f . Obviously, 
condition 2.1.b is satisfied for Tc — 1. Let us suppose the sets A k — (ak, pk) 
are defined for 7c =  1, 2, . .. ,  m—1, (ik ^ a k+1, and condition 2.1.b 
is satisfied for 7c <  m. ISTow, we take in the assumptions of Proposition 1 
e =  em, T =  pm_x, am =  a, (in =  (S and we put Am =  (am, f m). It is 
obvious that the sequence of sets A x, A 2, ... satisfies the required con­
ditions.
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4.2. The following kernels a(t, r), where 0, r rea£, r >  t * ( t * >  0 
fixed) define by means of (3) uniformly bounded, and equispliltable 

families of measures {/xT}:

(M-means).

(И)

a(t1 r) =•
1
r
0

a(t, r)

for 0 <  t <  r ,

/or t >  T

fc_i
I /or 0 <  t <  r , 

/or t >  r

(Riesz (Cesaro) means of order k , k >  1).

(iii) t) 1
T

- e - i

(Stieltjes means of order q, q >0 ) .
Proof.  It is sufficient to verify the assumptions of Proposition 1. 

Since (i) is a special case of (ii), we start with the proof of (ii). We have
oo

(5) J  a(t, r)dt =  1 for all r.
V о

We take in Proposition 1, M =  6 =  \ and we choose e >  0 and 
T >  0 arbitrarily. Taking a >  T we have

/5
j  a(t, r)dt —

for r >  f , 

for a <  t <  fi,

17 for r <  rx.

This integral as a function of variable r assumes its maximum at 
t  — p, and

/ oc a(t, r)dt == |1 — —sup j

Condition (4) will be satisfied if we choose a and /? in such 
a manner that (1 — a//?)* =  i.e. a//3 =  1—(^e)1/fc; this will be satisfied 
if we take for example a =  T, ft — T(l — (|e)1/A:)-1.
' In case (iii), we have (5) and

P
ja ( t ,  r)dt
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Moreover,
p

(6) sup f  a ( t ,  r )d t  —
* a

\- e  I

1 +  0  8 W t ' ) - e )  “ i1
l__0 1/(i+e) \-e
0V(i+e)_@) ’

where 0  =  aj fi, and this supremum is assumed at
1/d+0)

0
a
1

1 —

(see [6], 4.5). Given e >  0, we choose 0  — 0 O in such a manner that 
p

J a(t, r0)dt — e; this is possible for small e, because the right-hand side
a

of formula (6) is a continuous function of 0 , 0 <  0  <  1, and tends to 0 
as 0  -> 0+ . Hence we may take M  =  <5 =  1, a =  T, fi =  a/0o.

5. Let us now consider the case of measures yn defined on the 
(7-algebra «? of all subsets of the set E  of positive integers, where n tST 
and ЗГ is also the set of positive integers. Then there exists a non-negative 
matrix (anv), n ,v  — 1 ,2 ,  . . . ,  such that

(7) У>п A  — for A. —  ̂̂ — b •
i

Obviously, uniform boundedness of the family {/in} is equivalent 
to the condition

00

sup ^ a nv<  oo.

The respective pseudomodulars Qi defined by (.1) were investigated 
in [5].

5.1. Proposition 2. I f  there are у >  0 and constants M >  <5 >  0 
such that for every 0 <  e <  у and every positive integer Ж there exist indices 
q > p  ^  Ж satisfying the condition

a
(8) 6e <  sup V anv <  M e,

n VTp

then the family of measures {y,n} defined in (7) is equisplittable.
Proof .  Let us denote by [p, q] the set of indices p, p fi-l, . .. ,  q 

and let the sequence e*|0, ek ^ y ,  е*+ 1 be given. We take A x 
=  O l, h i, Where e =  ex, Ж =  1, p x =  p, qx =  q. Now, let A k =  [pk, qk] 
be defined for к =  1, 2, . . . ,  m ~  1, qk <  pk+x, so that 2.1.b holds for 
k < m .  Taking e =  em, Ж =  qm_ j+ 1 , pm =  p, qm =  q, and writing 
A m =  [pm, qm1, the sequence A x, A 2, ... satisfies the requirements of 
the definition of equisplittability.
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5.2. As examples of matrices (anv) defining uniformly bounded and 
equisplittable families of measures {pn} one can take:

(i)

(ii)

1
n

0

for v <  n, 

for V >  n.

anv
(
n-\~ к — v—1\

)
(n-\-
\ * 1

for V A n ,

for V >  n

(Gesdro means {C, k) of orders к — 1 ,2 , . . . ) .

(iii) «Я*--
PvjPn
О

for v A n, 
for v >  n ,

where pn >  0 for n =  0 ,1 ,  . .. ;  Pn — p0+ . • • -\-рп -> 00 os n oo, m
00

case  w?e suppose the infinite product f j  P ^ IP i to be convergent (Biesz 
means (B ,p , !))• 1=1

(iy)
Pn-vlPn for v A n ,
0 for v > n ,

with the same assumptions as in (iii) {Norland means (N ,p n)).
Proof.  It is sufficient to prove that the assumptions of Proposi­

tion 2 are satisfied. Concerning cases (i) and (ii), this follows from [4]. 
In case (iii), easy calculation shows that

Let б =  I, Ж =  1, 0 <  e <  1 and let N  be given. Since the product
OO oo
f ]  Pi^/Pi is convergent, the series £  In Pi_ 1jPi is convergent, too.

г = 1 i= l
Hence there exists N x^  N  such that

91 P  ,
<  — ln(l — Ale),lnEżz.1

<=2>
P i- 1
'Pi

for q > p > N  x, i.e. Pp_1/Pa >  1 —Jfe for q > p > N x. Fixed p >  N x, 
we choose g > p  so large that Pa >  2Pp_ x. Then Pp_x/Pq <  4 <  1— de.
Roczniki PTM — Prace Matematyczne XIII 18
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Hence
p

de <  1------Me,

and condition (8) follows. Let ns still remark that if limsup(Pn_i/Pn) <  1»
n—±oo

then it is easily verified that (8) does not hold.
In case (iv) we have

9 P
V

s-q—Vdnv =
n J

Taking d =  M — 1, 0 <  e <  1, and fixing N we obtain as in 
case (iii) that Pe-p/P« >  de for q — p > N X, where JSfx > N  is sufficiently 
large. We fix the difference q — p and we choose p and q > p  so large that 
P«-p/*a <  Me. Hence condition (8) follows.

6. Let us notice the following remarks.

6.1. From the above it follows that Theorems 1-3 are valid if the 
family of measures is any one of those mentioned is Sections 4 and 6.

6.2. Examples of families of measures which are not equisplittable 
can be obtained easily applying ó-measures. For instance, one can take 
{[inj as in (7) with anv — dnv, where dnv is Kronecker symbol. More gener­
ally, if i  is the (т-algebra of all Lebesgue measurable subsets of the 
interval (t0, oo) and &  is an infinite set of real numbers, then the family 
of Dirac measures {<5T} is not equisplittable. It is easily observed that 
in case of the above measures, Theorems 2 and 3 do not hold.
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