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The Green’s function and the solutions
of the Neumann and Dirichlet problems

In this paper we construct by the method of symmetric images
solutions of the Neumann or Dirichlet problem for the following regions:
1° the quarter Ef (y, > 0, 9, > 0) of the plane, with the Neumann condi-
tions du /dn = 0 (chapter I, section 1), 2° the region E; (y;> 0,4 =1, ...
...,n) of the euclidean n-space, with the Neumann type conditions,
(chapter I, section 2), 3° the region E; of the euclidean n-space n = 3,
with the Dirichlet type conditions (chapter II, section 3), 4° the unbounded
strip of the euclidean n-space n > 4, with Neumann type boundary condi-
tions (chapter III, section 4), 5° the strip as in 4° with the Nenmann
condition an one component of the boundary, and the Dirichlet condition
at the second one (chapter III, section 5), finally we solve the Dirichlet
problem for the Poisson’s equation in Fy (chapter IV).

In the monograph [2], p. 265-272, 309, vol. I, the Green function
is constructed by the method of symmetric images for the half plane,
the half space, the quarter of the plane, and an unbounded strip in the
3-space, the imposed boundary conditions being of Dirichlet type. Also
applications of Green functions to the boundary problems are given.

The solution of Dirichlet problem for the region E; was obtained in
the monograph [3], p. 424, by the method of conformal mapping.

I. GREEN FUNCTION AND THE SOLUTION
OF NEUMANN PROBLEM FOR THE REGION E; AND E;

In this chapter we give the construction of Green function and the
solution of Neumann problem for (a) the quarter of the plane Ej (y, > 0,
Y, > 0), (b) the region Ef (y,>0,...,9, > 0) of the euclidean n-space
(n > 3) with the Neumann boundary condition 0G/0n = 0 on the set
Y=0 (¢ =1,...,n)

1. Let us first consider the two dimensional case n = 2. Let two
points X = X, (2, #,) and Q(y,, ¥,) be given in Ef and let us write
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X_y = (—w, ), X;_y = (#,, —2,) for the symmetric images of the
point X with respect to the axes ¥, and y, respectively. The point X _,_,
= {— &y, —&,) is symmetric to X _,, with respect to the axis y, or to X,_;
with respect to the axis y,. Also let us write

rat = QX = [(y1— @)+ (g — @)* T,
rTh = QX _y = [(y+21)2+ (ya— )21,
= 0X, ) = (41— 22+ (Yo + )21,
Tl = QX = [+ 3)2+ g+ 2

THEOREM 1. The Green function for EF with the Neumann boundary
condition

06(X, Q) 06 (X, Q)
—1 - =0 for Q(0,y,)
0y, ¥1=0 0Y» Yp=0 (©: 9.
or Q(yy, 0) is of form
(1.1) G(X, Q) = logry +1logr_y -+ logr,_,+logr_, ;.

Proof. Let us check that the the function G(X, @) harmonic with
respect to @Q(Y) is form logr, -+ H(X, @), where H(X, Q) = logr_,,+
+logr,_,+1logr_,_, is a harmonic function of @ (Y). Indeed, for @ (y,, 0)
we have

06 (X, 9)
9y,

V=0
2

= [ (y1— @)+ 112 1(?/1—971 +7"_11(?/1+w1)+7—1—1(y1+w1)]y1=0

= rnt (@ — @)+ 12 (—2 o) =0,

G (X
since 7, = r_,, and 7,_, = r_,_,, thus 96X, Q) = 0. Similarly we
0.7/1 y1=0
0 (X 0G(X
can show that 96X, Q) = 0. Now let us verify that 96X, 9) -0
02 lyg=0 ol

as OQ — oo, for an arbitrary direction I (with cosini cosa, cosg) and for
an arbltrary fixed X. Indeed

aG OG G —2 —2
== 37 cosa—+ F co8ff = [ (§1— @) 08 a7, (Y5 — @2) COS f 4

+r_“{1<y1+wl>cosa+r 11 (Y2 +a,) cos f+
r23_ (y,+a,) cos a+r’3_, (Y2 +a;) cos B+
+ 721 (Y — @) cos a5 (Ya— @) c0s ] >0 as —O—Q“> o0,
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since each term in the above sum is a produect of two factors the first of
which tends to zero as OQ — oo and the second one remains bounded.

LeMMA 1. Let f(s) and h(t) be two, even functions defined on the real
axis and let the integrals

S @—sds 2 f“ hywt

9 +
I(X) == | s ) i e

be convergent. Then

2 > —8 x-+s
1.2 = — d
o) = f [ sy (w+s>2+y2] ’
and
2 z T
1.3 I = — —at
-9 0= Of h(t)[x2+(?/—t)2 N w“r(y#t)g]
Proof. Representing the integral I,(X) as
B f 8) (x—s)ds x—8)ds
- e J W+w—8

and replacing in the first integral s by —u we obtain (1.2) since the function
f(s) i3 even. Similar computation applies to the second integrals.
Let, us take into consideration the integrals

+
2

I(X) = fj F)log [(w—8)*+y*]ds,
3} +oo

LX) == | h()logla®+ (y—1)?]ds.

We shall gay that the funetion f (s) belongs to the class H if f(s) is

continuous in | and the integral f w(r)logrdr, where w(r) = max|f(s))
'8l=r

exist and converge for R > R, > 0.

LuEMMA 2. Let f(s) and h{t) be of class H; then the integrals 1;(X) and
I,(X) exist and converge uniformly with respect to X belonging to the cylinder
D(a, A, B): {-B<ao< B,0< a<y=< A} for any positive a, A, B.

Proof. TFirst let us show that the integral I,(X) exists. If r, < s <7y,
then '

1l Zf(s)logux-s)wyms\ < oo.
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The function log[(z— $)24- y?] is continuous in the interval r; < s < r,
for each (z, y)e D(a, A, B), since 0 < a® < (x—$)?+ y2 Thus the function
under the sign of the integral in I;(X) is continuous, whence the integral
I} (X) exists. For R and s sufficiently large we have:

< o tr < (A B4 [s| <yt I8l < 211,
where o2 = (r—s)*+y% v = 2max(4, B). Thus

| [ fi&)logl(@—s)2+y*1ds|

S|>R

< [ If6)ioggllds < [ 1f(s)lflog(2]s])|ds

Isi>R [8|>R

=2 [ [f®)lflog(2lsl)|ds <2 [ |f(s)|2[logls||ds

si>R ISI>R
=4 [ |f@)logls||ds <4 [ w(ls])|log|s|ds.
1sI>R Isi>R

So, for any &> 0 there exists an R(e) such that f w(|8])1ogls| < e.
|si>R

Therefore the integral I;(X) converges uniformly for Xe¢ D(a, 4, B).
Analogously we can show that the integral I}(X) exists and converges

uniformly.

Let
a1} (X) .

L@ == =2 ff(s)e (o—5)ds,
oI} (X) i

0 =8 s [ etyas,

Yy —0

PINX a A

;n) =5 =2 [ jwetaste [ fwea—spas,
I (X)

LX) = =5 = =2 f F(s) o~ ds— 4 f 7(s) 0~ *y2 ds,
PINX)

IS(X)=—%, t,p=1,2,8=17,8,9,10, 2, =2, z, = ¥.

LEMMA 3. Let functions f(s) and h(t) be of class H; then the integrals
L(X), £k =3,4,5,6 and I (X) exist and are uniformly convergent for
XeD(a, A, B).
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Proof. We shall prove this only for the function I,(X). For Xe
eD(a, A, B) we have 0 < o* << p? and

[ 60 w—sya] < oo.

There exists a number 8, > 0 such that [p~%(z—s)| <1 for s> s,
and

[ feetw—sias|< [ Ife)llds<2 [ w(shloglsds.

1si>R>¢ 8> R>8 Is|>R>s
1 1 1

Hence by the definition of the class H we infer that the integral
I,(X) is uniformly convergent for Xe D(a, A, B).

The proof for remain functions follows in the same way.

The Lemmas 2 and 3 imply

+00

AT(X) = [ f(s) A{log[(w—s)*+y*T}ds = 0
and -
+00

AL(X) = [ h(t) A{log[a®+ (y—1)*]}dt = 0.

—00

Therefore the function u(X) = I3(X)+ I3(X) is harmonic for X e By .
Applying Lemma 1 we infer, in turn, that the function

(19 w® == [ f@)loglte—sy+y1ds-+

o

1 1~
+= [ fooglat s+ y11ds+ — [ h(t)loglat+(y—ldt+
T [1] T 0

1 [s0]
b f 1 (t)log [+ (y + )2 dt
T 0

is also harmonic in Ej.
LevmaA 4 ([2], p. 270).

x 1 7 as
2 _t2"1dt—_——f =1.
S e R v

Remark. Lemma 4 implies that

wh(y _
(1.5) — f ou— dt = h(y).




6 J. Musialtek

THEOREM 2. Suppose that the functions f(s) and h(t) of class H satisfy
the assumptions of Lemma 1 and are bounded on E; then the Neumann problem
in EF with boundary conditions:

o 1. 0w
1 hm%=h(yo) as X —(0,9,), ¥o >0,

0
2° limB—Z— = f(x,) as X — (x4, 0), 2, > 0,
admits the solution
(1.6) (X)) = —ff C(X, V)ly,_ods+ — f R(OG(X, T)yymodt

the function G(X, Y) being defined by (1.1).
Proof. From formulae (1. 1) and (1.6) we get (1.4). Thus by Lemma 1

a —1
(L.7) 0—=— ff(s (0 8) [(w— 8)+ 9] ds+
+a f R oL+ (y—07] " dt
and -
ou_2 rf(s)y[yw(w-s)z]*dw—?‘— T B(t) (y— ) [0+ (y— 0] dt
0y k1 s b1 . )

We shall prove that condition 1° is satisfied (a proof for condition 2°
is similar). It is enough to prove that

(a) hm? ff(s (@—$) [(@—s)*+y?] " ds = 0

and

(b) lim 2 f h(t) @[22+ (y— )21 dt — h(y).
z—>0 T

In view of the uniorm convergency of the integral

1 7
TX) = — [ 16) (@—) [la—s)+ 21 ds

for ¥ > 0 the function J,(X) is continuous for all 2. Hence we have

20t

. 1
limdJ,(z, y) = J,(0,y) = - f f(s)s(s2+9y>)~'ds =0

since the function under the integral sign is odd with respect to s.
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Proof of conditions (b) will be carried out similarly as in the paper
[2], p. 270-271. For every &> 0 there exist 6> 0 such the inequality
{t—vy,| < 8, implies the inequality |h(t)— h(y,)| < %e.

Let us write 0u/0x in form

+00

- zd! B~ ()
. = —1h A ‘ 2
(1 8) ox T [ (yO) f m2+(y—t)z +,vu y\f“ ) wz—l—(y-—t)z i+
o e
h(t)—h
T *2@—*(—?;% dt].
{t—ygi>0 @?+(y—1)
In view of Lemma 4 we have
400
h(t)y— P
{E—ygl<d z +(?/—t) 2n = 1+az 2

If we assume that [t—y,] < §/2, then we obtain the inequality:

@ R(t)— h(ye) 2Mzx di
T 2?4 (y — 1) o< f a2+ (y— 1)
1t~vpl>¢ Y t—yql>5 y
2Mzx dt 4M To do
SS = ’
lt~ggl>0/2 v+ (y—1) T o 110

where M = sup |k{x)]. If 5 is sufficiently small the inequality 0 < ¥
—0<E <+ 00

< g implies the following

7)0 do - e
2
sy 140 8sM
which implies successively
h(ty—h
(1.10) z f ”EL@% dt] <2
gze T =1 2
for
(1.11) 0<y<n and |y—y,| <d/2.

Finally we obtain in view of (1.8), (1.9), (1.10) that (1.11) implies
lu(w, y)—h(y)| < e
which finishes proof of condition (b).

2. In this paragraph we shall construct the Green function and the
solution of the Neumann problem for the region E;, the boundary condi-
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tions being 0G/0n = 0 for @Q(X, Y) belonging to the hyperplane y; = 0
(t=1,...,n).

Let X = (2y,...,%,) and @ = (¥, ..., y,) be two different points in
By . Let X, . = (a®,...,6,3,), where ¢ = 41,4 =1,...,n; denote
all possible points which are symmetric images of the point X = (2, ..., 2,)
with respect to the coordinate hyperplanes or are iterations of those
symmetric images. Let

LT =QX,, .., = [+ e11)?+ oo A (Yn+ £,2,)7T .

THEOREM 3. The Green function for E with the N eumann boundary
conditions is

1) &X,Q)
= 2 (rg;f.,si_1,1,01;4_1,...,8”+rf;?.,ei_l,—l,e.,;_;.],--.,tn)'

2], ""’i~1’8i+1""’en

Proof. By (2.1)

WO - L
ay - (wiwmi rsl Y RN N R S |
1 y;=0 €1peens €5 198 p 15 sty
since r‘l""’ei-l:l’ei-i—l»--""n = Irelr'"""i-lv“lvsi+1 ..... eyt

It is casy to check that 0G [l — 0 as @ — oo for each fixed z.
LEMMA la. Let the fumctions fi(Yyy ooy Yivy Yigrs -oo9 Yn) = fi( ¥;)
(¢ =1,...,n) be even with respect to each of the variables y, and let the
integrals
Ji = f ff‘(yl) 2 [+ &191)*+ oo H (@ + 61 Y+
0 0 L CRERIL VS 1 TS PRPRY o

+ai+ (@1t €41Yi41)?+ o0 (@ + enyn)z]i(%%)dyi,

i.e.
Ji = 2 f ffz (Yo ler+ &)+ oo + @0+ &Y )+
L5 CRERFY.Y s P27 N ES PRV ,eno 1)
+ i (@t g Y ) e (@, %?/n)z](z—n)/zdyi
exist. Then
+o0 +00
(2.2) Ji= [ .. f f (Y K (X, Y)aY,,
where -

(2.3) (X, Y;) = [(@—4)*+ .o + (@ —y1)* + a5+
F By — Yo1)*F oov (@ —y,)21E
and dY; = dy, ... dy;_,dy; ... dy,.
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Proof. For i =1

+oo +oo
Ji= [ . [ f{(TDEL(X, ¥,)dY,
+-o00 400 400
=Ji+ [ .o [ [ A(T)E(X, ¥))aY,,
o] —o0 0

+ oo +oo 0
where J1 = [ ... [ [ fi(¥,)K,(X, Y,)dY,. Replacing the variable y,

by —s, and taking into account that the function f,(Y,) is even with
respect to y, we obtain

-} o0 +060 +o00
Ji= [ o [ [ A(T)EUX, Y)aY,+
— 00 -0 0

+00 -+

+f fffl(Yl)Kl(X, Y,)ay,,

where K}(X, ¥,) = [@f+ (U2 + 2)*+ (¥s— @5)°+ ... + (¥, —,)* T,
Applying the same argument to the integrals J;, ¢ =2,...,n, we
obtain the these of Lemma la.
LEMMA 2a. Let a,(2—n) = [...[(1+8G+ ... +6_,+8,, ... +82)dT;
ond x; > 0; then En—1

_ 1 oK, (X, Y,
(2.4) z—f...f—-—’(—’—’)dyi=1,
an 'z, ami

where K (X, Y,) is given by (2.3).

Proof. The transformation of the variables ¥, = o3+, 2y, ...y ¥y
= @ 1+ 1%y Yipr = Bgpr i@y ooy Yo = B, + 4,2, with the Jacobian
| = 2?1, gives (2.4).

Remark. Multiplying both sides of (2.4) by f;(X;), where X; = (2, ..
ey @y 1y Lyyyg eeey &y)y, WO ObtaIN

1 0K;(X, Y,) _
(2.5) a—ni;._.lffi(xi) — a4 —ﬁ(Xi).

Let
1T = )+ o el 4 [l + - 8]
TP =8+ ... +8 +6,+ ... +28.
LrMMA 5. Let ae[0, 1] be a constant; then the integral
f f (T3} aT; (n = 2)
(14 T2 -
converges.
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Proof. The integral we deal with is majorized by the convergent

integral
(THarT;
f f A+ T2 (L1

We shall say that the functions f;(Y,) belongs to the class H, if f;(¥
are continuous in X, , and the integral

(2.6) ff ()~ "dY,,
C(EpR) '

where w(r) = max I7:(Y,)|, and C(Kp) is the set of the points satisfying

z—l n

Yi= R is convergent for R > R, > 0.
LEMMA 6. Let f,(Y,)e Hy; then for R sufficiently large integral (2.6)
majorizes the integral f ffqb ye> ™dY,; for XeDy(a,A,B) as 0 < a

<m; <A, =+ +wn\B2 B >0, maxg} = B+ A% and xi+ o}
< B.

Proof. Let ¢ = |X|? = 2:»,, r=YI< B, ot =|XY,2= (,—

=) e @ — Y 2 +(x1,+1 Yip)*+ ...+ (2,—¥,)* Then supg,
< max (24, 2B), and by the triangle inequality _X‘Di

e=r—o>r—maxg, =r—y=r—ir =3 for Ir=y.

This implies that
[ (Y "AY, < [ [ o,(3rP"aY; = C [... [ w,(r)* 4T,
C(ER) C(Kp) C(Kp)
where C = 2"%, moreover,
=2t Wi — B )2 T (Y — @) (Y — )27
S[W—& )2+ A+ Yo — 21+ P+ Yy — L)+ o+ Yn—@,)2 17t
< (a2t = a7l
Thus the integral
f...ffi(Yi)gz’”in,
KR

where Kp: |Y,;|2 < R? exists for large R.
Let,

. 0K, (X, Y, .
(2.7 PiX) :f...ffi(Yi)———(—a—’—) ay,, 1,j=1,...,mn,
Eya ©
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and

(2.8)  Qi(X) = ffft(Y aK(X Y)in, i,j=1,...,n.

LEMMA 7. Let fi(Yi)eHI, then each of the integrals defined by (2.2)
and the integrals Pi(X), Qi(X) defined by (2.7) and (2.8) respectively are
uniformly convergent in each of the n-dimensional cylinders D;(a, 4, B)
and
0J;(X) i 2J (X)
_— (X)) = ———.

0%- ? Q’L( ) axz

J J

(2.9) Pi(X) =

Proof. It is enough to check that for each s> 0 there exisfs an
R (&) such that
‘ 0K, (X, Y,)
o g x, v [ fpg =0
(K ) C(E Ry i

and

dY,i < &

621{ (X Yz)
5w
C(KR(,;))

uniformly for Xe D;(a, A, B). Introducing the spherical coordinates
n (2.2)

(2.10) y, = @, +7COS¢@; ... COS@, _,8iDg, 1, ..., Y,_, = T,_;-+7sing,,

where 0<¢, <2m,0<¢; <%, j=2,...,n—1, 0<r<B+R, |J|=
=1""2D(@1y .oy Puoy); We get '

f fw(r rP"dY,; =Cf w;(")dr <e for R> Ry(e),
C(KR)
where C is positive constant.

Let now us now prove that the integrals representing Pi(X) are
uniformly convergent in the domains D;(a, 4, B). We shall show this
for the integrals P}(X) and P3(X), the proof for the remaining ones being
similar. By (2.3)

K (X, Y,) = [#]+ = 22)2 + oot (g — )20,

whence
0K i
(2.11) L= (2—n)5 W, (X, X)),
0z,
and
0K
(2.12) axl = (n—2) (y.— )W, (X, Y}),
2

where W.(X,Y) = [wi+ (Yo— @)oo - (Y — wn)z]—%n.
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By (2.7) and (2.11)
| 9K (X, ¥)
(2.13) P(X) = f f (¥ Lav,

awl

=(2— '"/)f ffl(Y o070 " A,

where g} = @1+ (¥~ @)%+ ...+ (¥, —@,)*% Since [o7 @] = [cos(g,21)] < 1
we get by Lemma 6

]Pl Mf flfl(yl)l Qi_"dyl < Mff a)l(fr)y"'ndyl
Fn=1 Ep—3
< Mf.,,fwl(y)anle <e¢ for B> R,(e),
C(KR)

where M = 2—n. By (2.7) and (2.12)

= [ ffl(YI%?——;;deI

.= Nf ffl ey ](f'/z“‘wz)@}_ndylr

where N = 2—n. Now |o] (yz—xz)l < 1, whence and by Lemma 6 |P3(X)]
< ¢ for R> R,(e).

It follows that the integrals P;(X) and P; (X) are uniformly convergent
in the cylinders D;(a, 4, B), ¢ =1,...,%

The integrals Q¥(X), ,j = 2, ..., n, admit as majorants integrals of
type P}(X). Therefore these integrals are also uniformly convergent.

Formula (2.9) results now by uniform convergence of the inetgrals
Pl(X) and @Q}(X).

THEOREM 4. Let the functions f,(Y,;) be bounded in E; and let the assump-
tion of Lemmata 1a, 2a, 6 and 7 be satisfied. Then the solution of Neumann’s
problem in B} with the boundary conditions

. Ou
(2.14) llma = f{X;) a8 X = (B, ooy @150, Ti05 +0ey 2)

i

18 in form of:

Y, + ...+

wm =— [ [ nrye,
n

n—1

Y=

+ fffn(Y)GX Q) v,
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i.e., in virtue of (2.1)

(2.18)  u(X) =—2—f...ffl(yl)
0 0 &,

Oy

D B4 ot 0zt

2

+ Wt ea@ PP f f Tl F2) Z [+ e+

Spperarbp—1
+ A + (yn—l+ Sn_1$ —1)2+ wn](z_nmdyn'

Proof. By Lemma 1a, »(X) is of form

. w(X) = g—jf...ffi(yi)Ki(Xy Y;)ay.
R 4=1 Ep_3

Let us check that the boundary conditions (2.14) are satisfied. For
i+ = 1 the boundary condition takes on the form

. Ou 0K,(X,Y,)
1 = i f f Y, — L2 4dY, = f{,(X
mll_gl+ 0501 mlE? f1( 1) aa;l 1 f1( 1)7
i.e.
(2.14a) (Y@ e7"dY, = fi(Xy)
$1—>0
and
(2.14b) AY)(y,—2) s "dY, =0
(8]_-?0
for 1 =2,3,...,n.
Let us prove condition (2.14a). By Lemma 2a
x 0K, (X, Y,
if...ffl(X1)~—1—’——~l—dY1 — fi(Xy),
a, 2
Ep—y
ie.
(2—n)x, —n
(216) e B FC TR A G A
%n By
Writing by (2.16)
2—mn n
f [ £(Tweat, = f(x)+ o),
n 1
where
2—mn

] ST ACAREAC ATy

n 1

O(X) =
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It is enough to state that 1im+0(X ) = 0. Let K, denote a ball (n—1)
210
dimensional at the centre in the point X,(#,,...,2,) with the radius
and let O(K,) denote its complement to the space E, ,, let also M
= sup |f(Y,)]. Well let C(X) = C,(X)+ C,(X), where

Ep—1 9
7"
C(X) =

f f [ (Y2 —fu ()] 0 ¥,

n

and

[ (T —fH(Ee g aY,.

Q)

02 (X) = a
n C(K,

Let ¢ denote and arbitrary positive number. From the eontinuity
of the function f(Y,) in the point X, belonging to E; ,, we get

(X ) —fXD)] < 3¢

for Y, belonging to K. In view of the above as well as (2.4) we have

2
(D)) <+ ”f fxlel"dY=%

and
(D <~ [ [ (T~ (XDl Y,
RO )
9.
<oM fxlg;‘”dyl.
R )

By transformation (2.10) we get

[ f@ermaY, —wlf fQI"dY _lef P2 (gLt indy > 0,

C(Ky)

as z; — 0", where N, belng eertain constant.
Let us prove now the boundary condition (2.14b). Let us notice that
the integrals

Ai(X)=”;2£;._.lffi<Y yi— ) 0¥,

for ¢ = 2,...,n are of (2.7) type, hence from Lemma 7 we infer that
they are uniformely convergent in every set D,(a, A, B) and as a result
of this, functions A4,(X) are continuous for every Xe E, ,. Hence, we
obtain

. n—2
lim 4;(X) = 4;(0, 25, ..., 2,) =

:Cl-—>0+ Uy,

[ f svomsi+ ..+

Ep-1

+ (Y — ;) 2+ (Y1~ @ 1)*+ oo+ (Un— mn)2]-‘l“nin =0
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because the function under the sign of the integral is odd with respect
to ;.

The proof of the boundary condition (2.14) for i+ =2,...,n runs
analogically.

The harmonicity of the function #(X) determined with formula (2.15)
in E} implies that derivatives of the first and the second order of the
funetion u(X) are integrals of (2.7) type as well as (2.8), hence, by Lemma 7
they are uniformly convergent towards X belonging to the sets W (a, 4, B).
Hence we have

Au(X) — an...ffi(Yi)%—Gé;—&Ein — 0.
i1 g

i
n—1

IT. GREEN FUNCTION AND THE SOLUTION OF DIRICHLET PROBLEM IN E,J;

In this chapter we shall construct the Green function G(X, ¥) in
E} (n>3), satisfying the boundary condition G(X, Y) =0 for Y in
the coordinate hyperplane, moreover, we give the solution of Dirichlet
problem for E; .

3. To the notation admitted in chapter I, section 2 we add the fol-
lowing ones. Let {n}: 7y, 73y .++) 9Jn, --- De any sequence with an even
number of ones the remaing terms being equal —1. The sequence {—z}:

Mis Moy -vey Mi1s — iy Nig1s -0 Un is called of type {y}. The sequence
{e}: e1y 80y 0ney 8y, 6, = +1,4=1,2,...,n, are either of type {} or {y}.
The number of sequences of both types is the same. Let us consider the.
sum .

S _ Z :I:(T%;;...’sn——-72_:3?;2"..’5”)

89, 0ens

and let the coefficient at {r,} be equal to +1 and this at {r,} equal to —1,
then

2— 2 2 2—
(31) S = 2 :*:(T],s;,...,sn—T—l?ez,...,en) = Zr{n}n_Zy(y}”,
£9500es 8y - {n} {v}
i.e.

8 = Z(T?ﬂ_}"—r?:%) = Z{[(y1+771971)2+--~+(?/i—1+ N1 %;1)"+
{n} {n}

T Wit @)+ Yo+ 1 @) o (Y ann)z]wﬂm — [(Y1+112,)%4-
Foee Yo )2 (Y — )t Wipr+ N1 @)+ o+
+ Y+ 1,,) PO,
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this means that

8 = Y M@+ mo)+ oo+ oo+ o1 ®i2)*+ @m0+
{,]’I;} t=1
F Wi+ Tis1 @)+ oo W 102,210 — [ —m@)* + .+
F Wim1t 0o 1 B )P (W= 12+ (Yo Mg @)+ -
+ W+ 12,2,
where {7°} denotes the sequence with fixed 7;. Thus
(3.1a) 8 = Z{[(?/1+ Mm&)E+ o+ (Yt ﬂnwn)z]i(z_n)_[(:’/1_7715'71)2‘{“
%}
+ Yo+ 72 22)% .. +(?/n+"7n n)2]“2 n)}"‘z Z{[(?h“{‘ﬂl%)z"f" -+
(717’} 9=
+(yz—1+7h 1.’17_ )2+(yt+1]1 )2+(y1+1+77®+1) + +
+ W+ 70,2 — [+ 12 21)2 o Y 710 E

+ (.y1-+ 771, ) + (y'l,-l—-l + 7]1,_‘_1 m@+1) + + (.yn+ nn n) ](2-—’ﬂ)/2}

and
= (2—n) Zm D M ma) e+

¥i= =1 %
F (YicrF 1% 1) 2+ (Yo + Nig1Pip1)*+ oo+ (@ + Nalty)2 1.
THEOREM 5. The Green function G(X, Y) for the region E} with Diri-

chlet boundary condition at the hyperplane y, =0, ¢ =1, ..., n, s of form
(3.1), d.e.

3.2)

0y,

(8.1b) (X, Y)

fori=1,...,n
Proof. Let us check that G(X, Y) =0 for ¥ on the coordinate
hyperplanes. Indeed for y, = 0, we obfain

2—-n

e cen ™ Tt e im0 = (1= @) 2+ (@2t 29)2+ ...+
A (@ + 6,921, o (@ + 902+ (2 £090)2+ ...+
(@, £ Yn) P, o =0
for each system e,, ..., ¢,. It follows from (3.1b) that G(X, Y)Iw=0 = 0.
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In the three dlmensmnal case (n = 3) the Green function ta.kes on the
form -

G(X,Y)= (i — ") — (L — ) — (7”1_~111_7":L11)—(”'1111—1_7':1—1—1)
equivalently
GX,Y)=(m— 1)+ 0T u—r ) O =) T 7_':%—1—1)
or
GX,Y)=(m—ro )+t T )T a T ) F O =)
Let.
P(X) = f ffz i) Z 777‘%’2[(?/1+771w1)2+---+(?/i—1+77i_1m'—1)2+
L =1 {ni}
+£D +(y1+1+771,+1w1+1) l "'+(yn-+ﬂnwn)2]—§ndyi7

where the summation Y+ is extended over all sequences {5’} = 7y, 7,, ..
%}

ceey M1y Mig1s -y Uy @D 7; = +1, the sign -+ standing at the sequences

{7} of type {n} and the sign — at the sequences of tiype {y}.

LemmA 1b. Let the functions f;(X;) = fi(Yry evs Yi_1s Yiprs -9 Yn), D€

odd with respect to each of the variables and let the integrals P,(X) ewxist.
Then

(83) P(X) = Y PyX) = D' [..[£i(¥) D myay D U+ +

i=1 54 n==1 %
E; {n"%}

ot W @) @+ (Y1 T M1 %)+
+ L + (yn+ nnwn)z]_éndyi

= Zf fﬁl-fz(y)[ —‘w 2+ +(yz— wi—l)z_l-w%—[—
1=1 E,

(?/i+1’_ )2t (Y — wn)2]~n,’2in.
Proof. It is enough to verify that

f fw'bf@ M@ —2)2 o+ (Y — @) o+

F (Y1 — T )P+ (Y — n)z]—nfzdyi.
We shall prove this, for example, in the case when ¢ = 1. Since

Pu(X) = f f”’lfl(y [+ (Yy— )2 oo (Y—@,)?] 1 AY,

= f - { f Do (V) (@ (Y= 22)*+ . (U — @) Tyt

+ f AT D)0 B A (Y= 2+ o+ (Y= 22T Ay, Y,

2 — Roczniki PTM — Prace Matematyczne XVI
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we obtain, writing y, = —1t, in the inner integral
Py(X) = [...J{ f FlY) @ ([ (o — @2)2 4 o (Yo — 3, T —
Bp_1

— [2+ (Yo —20)? +...+(yn_l—wn_l)wr(yn+wn>21-*")dyn}dyl,

because f,(Y,) is odd. The same procedure applied to the variables ¥, ,,
Yp—zy -r+s Ya, Sives our assertion.

Let us call the function f,(Y,) of class H, if f(Y,;)e C for Y;ec B},
and if the integral [...[w(r)r "dY,, where o(r) = ma,f2 If:(¥,)| is con-

vergent. UER) il 11 =

LumMA 8. Let f,(Y,)e Hy; then for R sufficiently large the integral
f...fo(r)r "dY,; majorizes the integral |.. f]f,(Y ]g”"dY for Xe
C(K

C(Ep) n g
eW(a, A, B), where 0 < a<x; <A, Ya;< B o} = Z’w B A%,
=2

Proof. By the triangle inequality we have for sufficiently large

n ——
rs r<r—y<r—eg, <o, where o=][Y(x;—y))} =XV, r>r,
y = (4%+ 4B} Thus =

flfz(y oT"dY; < ffw(r) Y, = 2_”f...fw(r)1"“”dyi.

C’(KR) C(Kp)

By Lemma & the 1ntegrals P,;(X) are uniformly convergent in each
set of form: W, (a, 4, B) = Wy(a, 4, By\nWy{(a, A, B)yn...0nW (a, A, B),
where W,(a, A, B) denotes the cylinder defined by the inequalities:

O<a<wm<A; a+..+a ,+ai,+...+ <B,

a, A, B being arbitrary positive numbers.
LemMA 9. Let f,(Y,)e Hy; then the integrals:

wf me) T AY mf SFAY ) — ) e AT

Ep-—-1 Ep

wf SR YyeraY; @ [ (X e Y
By

£y
@; f SFX)@— ) G m) e PAYy, G, AR
n—l
are uniformly convergent as Xe W(a, A, B).
Proof. The functions o7 '|z|; 0% @ (v, — ;)15 o7 |2} and o™ 3|w;(y;,—
— ;) (y,— ;)| being not greater than 1, the integral {... f fi(Y)e™™dY, is
E

—1 .
a common majorant for all the integrals we dealin Lemma 9. This together
with Lemma 8 implies the assertion of Lemma 9.
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Proof. By (4.1), #, =I1,+1,+ I,+1,, where

I ~2f J X, [0+ (h—w, 2 PE"a Y,

I "2f ffn(Y [024 (3h+x,)2 Pt~ aY,,
2f ffn Y, ) 6?4 (Bh— 1)2]5(2—")dym

I, =2 [ [ f(T,) D {0+ [(2k+ 1) h(—1) g, PHE "4y,
B, k=3

By Lemma 12

oo

1141<f flfn DI () ”dYn<f S, [«m<f fw)dY

i=3 Ep_1 Ep1

Introducing the spherical coordinates (2.11) in the last integral we
have

[of o@)a¥, = Mf w(r)r™dr,
Ep 1

M Dbeing a congtant. Since the last integral converges by our assumption
it follows that the integral I, is uniformly convergent in the cylinder
W(n, A). By the triangle inequality

|XY| > [0Y]|—|0X]| > |0Y|—(5*+ A%} > (X)t— (- A2)t

|XY| > (Vo) —3(Yo) = H(Y5)t  for |Y,|> R.
Thus
ILI< ¥ f f (Tl MYy,

n

N being a constant. Applying the spherical coordinates (2.11) we obtain
\1,] <f w (P22 dr = Nf w(r)dr
] 0

which implies uniform convergence in W(y, A) of the integral I;in W (5, 4),
gince it admits an uniformly convergent majorant. The integrals I, and I,
may be majorized similary, since |h—a,]< |3h+2,| < [Ph—uax,], for
Z,e(—h, +h) which leads to uniform convergence of these integrals
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and consequently of the integral F,. The proof concerning the remaining
integrals is similar.
LeMMa 2¢. Let B, = [...[ (14-T5)"*dT,, v, > h; then
By

n—

w"ﬁ_h [oo] to"+ @t ay, = 1.
® E

n—1

(4.5)

Proof. Applying the transformation
(4.6) Y=+ 8@ —h); ooy Yoy = Tpr Tl 1 (@ —h)

with the Jacobi determinant |J| = |x,— k|"!, we obtain

o [f @ Ty iy,
"B,

whence results the Lemma 2c.
Remark. Multiplication of both sides of (4.5) by f.(X,) gives

1 1 2 21—3in — f1
GO £ - [HE) @=1) [0+ (@,— BPT"aY, = 3(X,).

THEOREM 9. Let fi(Y,) and fi(Y,) satisfy in E,_, (n > 4) the Holder’s
condition with the exponent 0 < a <1 and belong to Hy; then the solution
of the Neumann problem for X with the boundary conditions

0
(c) lim o = fA(X,) a8 X > (@4, ..., Tpyy b),
n
. Ou .
(d) lim =fu(X,) a8 X—(@1,...,%,_;,—h)
oz,
s of form

(48)  w(X) = [...[fATG(X, X _ AV, +
Ep_1 "

+ [ RX)6(EX, Y|, 4T,
Ep_1
where G4(X, Y)!yn=h and G,(X, Y)
respectively.
Proof. By Lemma 13 the function »(X) is of class C* and is har-
monic in X' so the boundary conditions are only to be checked. Let

_n are defined by (4.1) and (4.2)

=

Gz(Xy Y) M Gs(X, Y)7 Gz(X9 Y)Iyn=—h = G4(X1 Y)-

.
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By (4.1)
09) b _gen) N (2 D (— 1P Nt (2 1)
» k=0
+ (=1, Py
By (4.2)
a6, S . .
(410) - ==2(2—n) > (=1 @kt 1)h+a,]{o*+ [(—1)(2k+
n k=0
+1) b+ 2, T} 4.
By (4.7)
w ) 06, 2\ 0G
@ _f...ffn(yn) i dyn+f...ff,,(yn) e
Ep_1 Epa
A G, .
where - and . are defined by formulae (4.9) and (4.10), respec-

tively. Let us prove the boundary condition (¢). Taking into account
(4.9), (4.10) and (4.11) we see that our proof reduces to formula

Y —22—n) 1imf ffn ) (,— h) [6*+ (@, — h)*] " dY,.

x,—>h 0Ty 2z, —h
n n

Since all the remaining integrals in (4.11) tend to zero as z, — h.
Let

— 1 1 . At A e 10 __f}
By(X) —B:fE...ffn(Yn) (0= 1) [*+ (2= BF T4, f3(X,).
By (4.7) implies

1 1 1 2 271—1n
R(X) <5 £ oo [ LX) =L [y B[P+ (@0 — BT 4 X,

Applying the transformation (4.6) to the integral at the right-hand side
we obtain

RO < 5 L

—fal@yy eeny py)| [n— | (L4 T0) 7 (@ — B) " (@ — B)" 1 AT,
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By the Hoélder condition

) < B ([ @z,

A

n—1
and, by Lemma 5, B, — 0 as x, — h.

Similary we check the boundary condition (b). In this case we apply
formulae (4.9), (4.10) and (4.11) and reduce the proof to the formula

M s hmf ffn W) (@t ) [+ (@, BT,

zn—b-—h awn
5. In this paragraph we construct the Geen function and solve the
mixed Neumann-Dirichlet problem for the strip 2 in the case » > 3.

THEOREM 10. The Green function for the unbounded strip X with the
pole at X with Neumann boundary condition an the hyperplane y, = h
and Dirichlet condition at the hyperplane vy, = —h is of the form

(1) G(X,Y) == PP )P = 0P+ H (X ),

where

(5.2)  Hy(X, )= > (—1{l0Qr "= 08"+ 08, ) " — (5]},

p=1

t.e.
(5'3) Gs (X7 Y) = 7'2‘”_{' (7'(11))2~n+H6(X7 Y)a
where
Hy(X, ¥) = Y (— D@+ 0814 [0+ )}
=]

Proof. We have for Y at the hyperplane =,

= P, PP = )M, v =1,2,

oG,
Hence by Lemma 10 = 0. If Y belongs to the hyperplane

?/n Yp=h
7y, then
" = (7{2))”_27 (7":(;1))" ("':(alll)n ov=1,2,..
whence G (X, ¥) = 0.
. N . OH
Let us prove now that series #5.2) and its derivative series 5 >
Yq
0*H, . .
0y2 , t=1,...,n, are uniformly convergent. We shall first prove

this in the case » > 4, the case n — 3 being treated separately.
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Series (5.2) admits the majorant

(o)

U=y LR+ 02 P+ [0+ 0822 T)

y=1
which is majorized by the series 2*~" > #*~™ < oo, which implies uniform
convergence of the series representing H,(X, Y). The proof of the uniform

. : 0H; H; .
convergence of the derivative series: and s—, ¢ =1,...,n i8
9y, oy;
similar.
Let us now pass to the ease » = 3. By (5.1)
1 1 1
Ge(X, Y) = — —— —— + H, (X, ¥),
7 7§ 7]
where
H7 (.X7 Y) — Z (yv aa/) (1)
vy=3 72
and
1 1 1 1
P T T T

This series converges uniformly as |ys| < h, |z;] < k. Indeed

loe— 01| > |ra—11l; [71] > 015 72| > 05
whence
=Pl IE =8P 2w, 4h
ol = r@p S E®ED] T 4Rt — R 4R — R
<t 1 | for »>1
X S or .
A(#—1) RGP —1) y
Similarly
15,] < D =D IER — e |22, — 4h|
A @ @ D (20h— h) (2vh— 3h)
< o < 5 > 2
= = as .
S 2vh— 4h) (2vh—4h) S R(v—2) ¥
Thus

400 < vl 410, < [R(r— 117+ 3[h(»—2)]7"  for »> 3.

Hence the series H,(X, Y) converges uniformly and the series G4(X, Y)
almost uniformly in 2.
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OH, 1) O +1f)

The derivative series o o

convergent in 2. Indeed,

are uniformly

I(H,+r) N _ _
J—a—y—— = YOO @ 2) — L 00T (i w}+ B,
K4 y=2
9 (r{Y) . 1 2y—1
where R, — 0 and since |(y;—a;) ()7 < 1 and |R;| < (4h7)
Yi

1=1,2,3,k=2,3,...,j =1,2, we have
0(H,+ 1)) |
9y; !

< DI+ @) TR0 Y (8 T - (48)”
) )

O, being a constant. Analogous estimations hold for the second deriva-
tives.

THEOREM 11. Let the functions fr(Y,), fi(Y,) of class H, in E,_,
(n = 3) satisfy the Holder condition with the positive exponent a < 1; then
the solution of the mived Neumann-Dirichlet problem for X with the boundary
conditions

(5.4) I

() lim — = f3(X,),
x,~h 0%y
M) lim u(X) = f3(X,)
s of the form e
(5.5)  w(X)
~ q, fn_lffnw )6, )| dYn+a2f ff.,.m) yl T

ay, ay being certain constants.
Proof. In the case n >4, by (5.1) implies

(5.6) G5 (X, Y)Iyn=h = 2[02+(h——mn) ](2—n)/2+

+ D (=1%o + [(2i+ 1) b+ (— 1), I,

i=1

where C; = }i(i41), and
Gy X T)

ayn yn=—h

= 2(2—n) ) (—1)%{c* +[@,+ (— V) (2i+ 1) RJHE2,
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It follows from (5.5), (5.6) and (5.7) that the solution of the mixed
problem takes on the form

(3.8) u(X) = 8 (X)+ 8. (X),
where
8uX) = po [ [ TN [0*+ (h—a, )T+
Ep_1
Z‘ + (@ — 1) k42,2 T+ (0 + @+ D h—a, )T Y,
and
8, (X) ﬂf ffnm) Y 1 {[(4k+ 1) b+, 1[0+

+H((@h+ D h+a,) ]—“/2+( 4k+ 3)h—w,) [*+ (4% + 3) h— )| "} A Y,
f1, B being certain constants.

As you can see the obtained integrals 8,(X), ¢ = 1, 2 as well as their
derivatives of the first and the second order with respect to @; are integrals
of F,(X) type, ¢ =1, ..., 6, from Lemma 13, hence they are uniformly
convergent in every set W(a, A). The first integral in the formula repre-
senting §,(X) is, by Lemma 9, uniformly convergent together with the
derivatives of the first and the second order whence the function u{X)
defined by formula (5.5) is of the class C* in 2. Taking into consideration
the above properties and the fact that the function G4(X, Y) is harmonie
in X we get from (5.5)

Au(X>=a1f 1T (AxG(X, 1)1, 4%+

n 1

oy foof fz(Yn>{-ay—[AXG5(X, Y)]}
Ep—1 "

dyY, =0

Yp=
for Xe2.
In the tree dimensional case (n = 3) by (5.8) we get

(3.9)  u(X) =4 f [F(Xa) [o%+ (h—m)2] 2 d Y+

+ﬂ fffs ot + (it @)Y+ Vi (X) 4 Vo),
where
Vi(X) =, [ [ BOTITUX, V)T, Vo(X) =, [ [ fHT)W(X, Y)aY,
Ey Ey

and

o

0, )= 3ot (Do 4+ ) )

k=

-
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and
Iy(X, ¥) = X {(— 1[4k — 1) h— ] [0+ ((4h— 1) b— a7 224

4+ (—1) *[(4k-+ 1) b+ ms][o-2+ ((470—}— 1)h+a:3)2]_3/2},

‘We can obtain similar majorants for the series I, (X, ‘Y) and [,(X, Y)
as for the series H,(X, Y¥). Thus both are uniformly convergent. Let

AL —fffa vy o =£2ff§<yg>%l%dn,

02 11 02V, f 2 02T
- jffs(y 37 ‘W - E!f3(Y3)_éEdY3:

. : or; ol .

where ¢ ==1,2,3. The functions 2. 9 i=1,2, +=1,2,3,
admit majorants of type (5.4). This easily implies uniform convergence in
2 of the series representing V,(X) and V,(X). By Lemma 9 two first integ-
rals in (5.9) together with their firgt and second order derivatives are
uniformly convergent, whence the function defined by (5.9) is of class C?
in 2. We shall prove now that the function defined by formula (5.9) is
harmonicin . Since functions [o2-+ (h— 2,)2]7 "2, [62 - (b 2,)2 ]2, I (X, X)
and I'y(X, Y) are harmonic in X we get from (6.9): Au(X) = 0 for Xe 2.
Tt remains to check the boundary conditions it is case to see from (5.8)
for n> 3 that '

lim 8,(X)=0 and lim 8,(X) = fi(X,)

Tp—>—h Tp>—h

whence condition (f) is satisfied. By (5.8)

\

(5.10) ;Z — 8,(X)+ 8,(X),
where
08,
Sa(X) = o,

(= 1)k+1 [ty — (4F+ 3) 1] [ 02+ (@, — (4% 3)h)2]‘”’2} ay,,
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and
08,
i = 0w,
= [ [ 1T {n (= 1/ (@0t (44 DR[04 (ot (4 -+ 1) RP]HD 4
Ep-1 k=0

+ (— 1Y% (@, — (4F -+ 3) )2 [02-+ (w, — (4 3) h)2] ~H+9) +2 —1)*[e?+

+ (- (4B -+ 1R (— 1) {02+ (,+ (44 3) )2 )} A Y.
It follows easily from (5.10) that
Lim 8,(X) = fi(X,) and lim §, =0,

B> a:n—>h

which implies the boundary condition (e).

'IV. THE SOLUTION OF THE DIRICHLET PROBLEM
FOR THE POISSON’S EQUATION IN E;f

6. We shall solve the Poisgson’s equation
(6.1) du(X) = — F(X)
with the boundary condition being
(6.1a) w(X) = f(X),

where f(0, ¥y, ¥s) = fi(¥2y ¥s) = fr(X1)s F(¥1, 05 95) = fa(¥1, ¥s) = f2(Xs),
FW1, Y3, 0) = f3(¥1, ¥o) = f5(¥5), where function F(X) is of class ! in
Ei and the function f(X) is continuous on the set y; =0, ¢ =1,2,3.
It is known ([2], p. 376, vol. I) that the solution of the problem under
congideration is the function of form

(6.2) w(X) = uy (X)+ 4,y (X),
where
1 ) 96X, X)
(6.3) w(X) = [ [0 S5 o
oS
and

(6.4) wX) = [ [ e, Hpmav,,
B+
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where X ¢ B} and G(X, Y) denotes the Green function defined by (3.1b),
in case of three dimensions (n = 3).

The function u%,(X) is harmonic and satisfies the boundary condition
(6.1a). We dealt with it in chapter II, 3.

We shall prove that the function u,(X) satisfies equation (6.1)
and the zero boundary condition. Let us examine this function. In the
case n = 3 we have

(6.42) uy(X) = = fff{[ Y @ (Y — ) (Yo )] —

—[( =2, )+ (Yo t+a.) +( Ya— o3 ] LY+ 2 (Yo —2) + (g +a) T -
F (Y1 +2) + (Y2 —22) (Y —2a) 1 L (1 — 2, + (Yo @0+ (s +-2) ] -
(W1 — @)+ (Yo — 2:) + Yo+ 2 T [0+ 21) + (Yo — @)+ (ys+ 251 —
— [+ @)+ Yo+ 22 + (Y + ) T HF(X)aV .

Let us consider the integral

(6.5) Q) = fffK(X Y)F(Y)dVy,

where K, (X, Y) = [(y1“w1)2+(yz—wz)2+(ys—wa)2]‘*-
The function F(Y) belong to the class H, it satisfies the Holder

condition in E; with a positive exponent a < 1 and the integral f wy(r)rdr,
where o,(r) = maxlF (Y)| is convergent.

LEMMA 14. Let the function F(Y) belong to the class H,; then function
(6.4a) is of class 2 and satisfies equation (6.1) in EY .

Proof. Let D, denote domain belongs in D, « Ef and let Xe D,.
Let Q(X) = Q,(X)+@Q.(X), where

0uX) = [[[ KX, V)F(Y)aY and @(X) = [[[K,(X,Y)F(Y)dY.
Dy

E} D,

The integral @,(X) is uniformly convergent together with first and
second order derivatives with respect to Xe D,. Indeed, by the triangle
inequality: r— o, < g; 0, < (242-+-B)2 = M, r—M < o, }r < o, 7 > 7,.
Thus

[ FONE(X, DAY < [ [ o,(r2raX,

C(2) ¢(Rg)
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where D, = 2, c Ef, and C(£,) is the set of the points satisfaing the
inequality ¥2-+45i-+vi>s2 4, >0, ¥,>0, ¥, > 0. Applying in the last
integral transformation (2.10) we give

+o0
(6.6) C, [ o(r)rdr,
! 0Q, 0920,

where (, is some constant. The functions and are uniformly

ox; 0%’

convergent for XeD,, since they have majorants of type (6.6). This
implies that the integral @,(X) is of class 02 in Ef. By [4], p. 120, vol. II

for XeD,, 4Q,(X) = —4nF(X). Since 45K, (X,Y) =0 for X # ¥,
we get
AQ(X) = AQu(X)+ 4Qu(X) = —4xF(X)+ [[[F(Y)AxE\(X, Y)Y
Ef-D
= —4nP(X). ’

The remained integrals

[[[E(X, DYF(D)aVy, i=2,..,1,
A

in the form of (6.4a) are also the harmonic functions of points X belong-
ing to Bj —D,, where can be treated analogically as in the integral
@Q,(X), because K,;,(X, Y) are the harmonic functions of points X outside
the space F; . Hence Au,(X) = — F(X).

LEMMA 15. Let the function F(X) be integrable and bounded in EF .
Then u,(X)—>0 as X tends to a point Xyc OEF through the set By .

Proof. We have
|J[J X, HFEDavy |< U [[[6(X, D)aVe,
¥

Ef
where M = sup |F(X)|. Let K, denote the part of the ball y}-+yi+y; < o?
X€E+
defined by ¥, > 0, y, > 0, y; > 0, and let K,,(X) be the ball with centre X
and radius ¢, < ¢. Then

[[fe(X, 1)aVy = Z,(X)+2,(X),
K,

where Z,(X) = fff G(X,Y)adVy and Z,(X) = [ff G(X,Y)dVy. By
Ko—Kp)
weak singularity of the kernel G(X, Y), Z,(X) — 0 as p, — 0. Applying the

mean value theorem to the integral Z,(X) we obtain
Z(X) < %W!?sG(Xy 7),
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where Y e K,— K, . Since ¢(X, Y) i§ symmetric and since it vanishes
on the set d(K,— K, ) we see that G(X, ¥) < o~ * for X sufficiently close
to X,. Thus

fffG(X, Y)dVy < o *5mod — " <¢ for 0> Q.

Ko—Kpj 49

Therefore (ff G(X, Y)dVy—0, as X — X, 0E7.
Ey

Lemmas 14 and 15 imply

TrorREM 12. Let F(X) be a bounded function in Ey of class H,; then
the function u,(X) defined by formula (6.4) satisfies (6.1) and the zero
boundary condition.

Theorems 6 and 12 imply

TEEOREM 13. Let u,(X) be a harmonie function satisfying the boundary
condition (6.1a); let the function f(Y) be in H , let it satisfy the Holder con-
dition with an positive exponent a << 1 end let the assumptions of Lemma 1b
be satisfied. Then the solution of Dirichlet problem in E; for equation (6.1)
with the boundary conditions (6.1a) is the function defined by (6.2).
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