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HELENA MUSIELAK (Poznarfi)

Inequalities for the norms of some functions
defined by Stieltjes integrals

In this paper a theorem of Civin [2] concerning the derivatives of
fractional orders is extended correspondingly.

1. Let a complex-valued funection «(f) of bounded variation in the
interval (— R, R) be given, and let

g
fole) = [ é7dw(t) for me(—oo, o).
-R

The derivative of order a (a > 0) of the function f,(x) is defined
as the integral

R
@) = [ ere™do(t).
—-R

In place of these two integrals one can consider more general functions

I’
f@ = [y o)
~R
and
R s
9(@) = [ u@y®d do®),
-R

where u(f) and y(t) are continuous functions in {(— R, E). Writing p(»)

=R (v =0, +1, 42, ...), let us suppose, that for the suitable num-
bers a, s (a>0, 0 < s<1),

p(t) e = Z ¢, for te(—R, R,

and

o
D leff < oo

y=—00
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Then

o]

9@ = Y oflp()— a+a]

Y=—00

for every real = (see [2], and [5], p. 229).
In the next Section we shall show the following fundamental inequality

(1) lol < Is1 > lal,
where || | means the norm in any of spaces L?(—oo, o) and M?, ¢ being

an s-convex function. In case of the space of continuous functions in (—oo,
oo) inequality (1), with s = 1, was given by P. Civin ([2], see also [5],
p. 229). In case of the Marcinkiewiez—Orlicz space and functions u(?) = i,
y(t) = 1, an analogous estimate was obtained by Albryeht [11].

2. Let ¢(u) be an s-convex g-function, i.e. () is non-negative and
continuous in the interval {0, co), (%) = 0 if and only if » = 0, satisfying
the condition: ¢(au+ o) < Cp(u)+Felw), for o, >0, F+p5=1
(0 <s<1) (cf. [4]). Write

il = Th@le = int 2> 01 [ oMM ao <,

| ze is the norm of the measurable function & in space L?(—oo, oo)
THEOREM 1. If fe L?(—oc0, o), then

o

2) lglze < flze D lal

y=—00

Proof. We write
n

(3) 9a(@) = D 6f[p(r)—a+al.

By Fatou lemma,

(4) f¢<ﬂl%)l) de < lim fw(l‘%n)dx for 1> 0.

n—>co _

If ¢> sup|g,lLe, then
n

f(p(lgi(—wl')dw<l for n =0,1,2, ...

1
& Is
-

Hence, by (4),
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Therefore &> {|gl». Consequently,

l9llze < sup|g.lze-
But

swiglzr <sup Y el 0 —atalle = ) FIfp0)—a+all,

n 2T y=—00

and |f[p(»)—a+x]|re = | f(®)|ze. Thus we obtain inequality (2).
Now, let M? denote the Marcinkiewicz—Orlicz space, i.e. the set of
all complex-valued measurable functions # such that g(nh) < co for an

7> 0 depending on h, where
T

— 1
o) = lim - [ p(jh(a)|)da

T—oo iy
Moreover, let

[ are = (@) oo = inf{z = 0: Q(;,.) <1}

{cf. [1]).
THEOREM 2. For any f (defined in Section 1)
(5) l9laze <11 £l a0 Z e,

Proof. Since f(#) is continnous and bounded in (— oo, o), the relation
fe M? is obvious. Proceeding as in the proof of Theorem 1, we obtain

g(;{/s) Tim hmwf (lgzl(/f)l)daz for 7> 0,

T—»00 330

where g, are defined by (3). Let us introduce in the Orlicz space L°{— 1T, T>
the norm

T
1 h
osconr, = Piolliscrn, =i 0:5 [ o0 ar<).

Let &> SUP \gull zo¢— 7,75 - Then

19 ()]
2Tf (”1/3 w<1 form=0,1,2,...

Hence ¢(g/e') <1, i.e. &> |g]ae. Thus g v < lim SUP [l zoc- 7.7 -

T-—>o00
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But
SEP “gn“L<P<~T,T> < 2 le,|* Hf[p(”)—“+ w]”L"’<—T,T>'
Consequently,
(6) ngum }j lo,l° hm 171 (0)— a+ @) zoc—z, 25 -
Now, we show that for every he M? there holds the inequality
() E?o 18] 2o~z 7y < Pl 2o

Let &> |[h}y». We choose 7 such that &> 9> |h]e. Then
h h . . .

0 (W)sig(j/—s) < 1, since the function ¢ is s-convex. Hence there
&€ € 7]

exists a 7, > 0, such that

i [ o[

&= ”h”L‘?’<_T,T> for T>T,.

)dm<1 for T> T,.

Therefore
Thus
Wl coc-zzy <lBlpe for T>T,,
and this implies inequality (6).
From inequalities (6), (7) follows that

lolae < D 16,1 Ip () — a-+@]| aro-

v=-—0Q

To prove (5) it is sufficient to show that, for an arbitrary real w,

(8) 1f(@+u)|ae = [F(@)| 27
We have
o (f(@+u))—o(f(@))]
—T+u T+u
< i}_r}:oé—— f p(If(@)|)de) 11Hl——1f (If(@)]) do| = 0,

-T

because f(z) is bounded. Hence g(f(z+u)) = o(f()) for every real .
This implies formula (8), and Theorem 2 is proved.
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3. In this Section || | will mean the norm in any of the spaces
C({—o0, ), L?(—o0, c0), M? where ¢ is s-convex (1/2 <s<1). It is
known (cf. [2]) that if x(f) is absolutely continuous, u(—R) = ¢”u(R)
(0 < 0K 2n), ae 6/2R, and p'(t) is equal almost everywhere to a function
k(t) of bounded variation Vk(t) in (— R, R)>; then

P 1
lo,| < E{Ik(R)H [k(—R)IJrVk(t)} 30—y

Thus, in the special case when u(t) = i*t* (a > 1), we choose

8 ar if1l<a<?,
(@—20) i 2A<a<20+1),1=1,2,
Then
1
9) le,| < 20R*————— for v =0, 41, 42, ...

(3am —rx)?

THEOREM 3. Under the assumption |f] < oo and s =1,

(i) 1FE1 < B ol if a=0,1,2,...,
@ ) < {(g - —8—) at —H}quu M fl<a<s,
q=0,1,2,...

In particular,
IfEI <L8R*|fo]  for any a>1,
If) < Ta B o] if 0 <a<1.
Proof. The inequality in (i) will be proved by induction. For a = 0

the inequality is obvious. Let us suppose it is satisfied for an integer
a > 0. Taking y(t) = i°t*, u(t) = it, we set

(iif)

R
f y(H)eda(t), g(@) = £ r(t)y (1) e do (1)

Thus, applying Lemma 1 of [2] or inequalities (2) or (5), we obtain

e =l <IA > lel = FOIR < B,

¥ =—00

by the induction hypothesis (see [2]).
Now, we shall deduce inequality (ii). Let 2 a, be the sum of all terms

v=-—00

of the series Y a, with exception of @, and a,. Then, by estimate (9),

z—-——oo
pa " < 2aR° chn 1
2‘ {0,,‘ ~ a Z -(%a‘f’.'—“’l’ﬂ‘f.

y=—0 y=—00
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y=—00 v=2
<4§1 Ly 1 4gm )12
Tomtad 2017 (r—1)2 a2\ 8§ e T3 T
Hence
i 1 2\ .
Z IG;;I<4(§‘—*—2)GR
Since
1 1
10 Col L — R° el < — R®
(10) ) o] ) ’ 101,\a+1 ’
we have

Applying Lemma 1 of [2] or inequalities (2) or (5) and reasoning as
before we obtain (ii).

Inequality given in (iii) follows at once from the suitable Civin results
(see [2]) and our Theorems 1, 2.

THEOREM 4. Suppose that |fy] < 0,12 <s8<1, 1<a<2, g =0,
1,2,... Then

[fE59) < Als, @) {A(s, DY REFP| £],

where

s+1 as

SE!
Afs, @) = = [(29)+ =

2
(at-1)"
Proof. In view of (9) and (10),

o

D) lefF < Asy @) B,

v=—0c0

Hence

LA = gl < 1] A, DR < A(s, a) A (s, )REF] ]
Analogously,

1] = gl A (s, DB < A(s, a) {A(s, DEREH ], ote.



Norms of some functions 51

Congidering the cases 1< a<<2,20 < a<<2(}+1) I =1,2,...) and

applying estimates (9) and (10), we get easily the following

THEOREM 5. Let | f|| < o0, 112 < s <1, a= 1.
Then

IF5) < A s, ) R[],

where A(s, a) has the same meaning as above.

[1]

(2]
(3]

[4]
[5]
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