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Inequalities îor the norms oî some functions 
defined by Stieltjes integrals

In this paper a theorem of Civin [2] concerning the derivatives of 
fractional orders is extended correspondingly.

1. Let a complex-valued function co(t) of bounded variation in the 
interval (  — B ,B }  be given, and let

R

f 0{x) — f  etxldco(t) for a?e( —oo, oo).
- R

The derivative of order a (a >  0) of the function f 0(x) is defined 
as the integral

R

f 0a\x) =  J  iataeixtd(o(t).
- R

In place of these two integrals one can consider more general functions

and

f(x) =  j  y{t)eixtd(o{t)
- R

R

g{?) = f  f*{t)y{t)eixtdo){t),

where p{t) and y{t) are continuous functions in < — B ,B } .  Writing p(v) 
=  vizJB {v =  0, dbl> ± 2 ,  . ..j, let us suppose, that for the suitable num­
bers a , в {a >  0, 0 <  8 <  1),

p{t)eiat £  Gvé v{v)t for t e ( - B , B ) ,

and

У w< oo.
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Then
00

9 {fo) =  £  c j [ p { v ) -  a +  oc]

for every real x (see [2], and [5], p. 229).
In the next Section we shall show the following fundamental inequality

where || || means the norm in any of spaces L v( — oo, o o )  and I P ,  cp being 
an s-convex function. In case of the space of continuous functions in ( —  o o ,  

o o )  inequality (1), with s =  1, was given by P. Civin ([2], see also [5], 
p. 229). In case of the Marcinkiewicz-Orliez space and functions ju(t) =  itr 
y(t) — 1, an analogous estimate was obtained by Albrycht [1].

2. Let (p{u) be an s-convex ^-function, i.e. cp(ti) is non-negative and 
continuous in the interval <0, o o ) ,  q?(u) =  0 if and only if и ~  0, satisfying 
the condition: y{au-\-§v) <  a8<p(u)-{-fis(p(v), for a , /? >  0, as +  /?s = l  
(0 <  s <  1) (cf. [4]). Write

\\h\\L<p is the norm of the measurable function h in space _Z7( —  o o ,  o o )  

T h e o r e m  1. I f  f e L 9( —  oo, o o ) ,  then

OO
(1 )

CO

Proof. We write
П

By Fatou lemma,

dx for A >  0.

If s >  sup \\gn\\L<P, then
П

OO

dx <  1 for n =  0 , 1 , 2 , . . .

Hence, by (4),
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Therefore £̂ \\g\\L<p- Consequently,

IMU* <  supllsrji*.
n

But
n  oo

snp||flf„||£v< sup \cv\s\\f[p{v)-a +  x]\\L<p =  £  \cv\s\\flP(v)-a +  x]\\Lp
n  !n  v= —n v = —oo

and \\f\fp{v) — a-{-æ']\\L<p — ||/(a?)||i 9>. Thus we obtain inequality (2).
Now, let M9 denote the Marcinkiewicz-Orlicz space, i.e. the set of 

all complex-valued measurable functions h  such that д { ф )  <  o o  for an 
rj >  0 depending on h, where

__  !  t
q(?i) =  lim —  f  q>(\h{æ)\)dx.

T->oo Л -L _ y

Moreover, let

[Î IIm99 =  1^(ж)||дГР = in f | ,A >  0: ^  1

(cf. [1]).
T h e o r e m  2 .  For any f  (defined in Section 1 )

(5) ^  II/IIm’’ КГ-
r = —oo

Proof. Sincef(x )  is continuous and bounded in ( —  o o ,  сю ), the relation 
/е M9 is obvious. Proceeding as in the proof of Theorem 1, we obtain

e Й  ^  ш  / ' lor A > °»

where gn are defined by (3). Let us introduce in the Or liez space L 9 ( - T , Ту 
the norm

l\4*)\
xlls— ||МЖ)1 L̂ <.-T,Ty — inf |a > 0 : ^  J  (p I 

Let £ >  suplflrJiV<_T>SP>. Then
П

^  for « =  0 , 1 , 2 , .

dx <  lL

Hence Q{glells) <  1, i.e. £ >  \\д\\м<г-Thus \\g\\M<p <  lim s u p M ^ . ^ .
T-» oo n
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But
oo

<  £  \cv\s■ \\f[p{v)- a+x}\\L 4 _T>Ty.
n v — — oo

Consequently,
OO

(6) Ы м * <  У  Kl® lim W f i P H - a + x l L V i - w
v = -oo T^ °°

Now, we show that for every he M9 there holds the inequality

(7) lim \\h\\L<p(_T'T> <  ||̂||Mç>.
T-* oo

We choose ц such that £ >  ц >  \\Щm<p. Then
V l Ъ \<  — Q ( TTo I <  1> since the function <p is s-convex. Hence there 
£ \Г1 tSJ

Let s>\\h\\M<p 
h

exists a T0 >  0, such that
T

1 С /1М®)1\л
2T J <  1 f or T >  T0.

Therefore

Thus
в ^  II '̂|z9’<—t ,ту fp t T  !> T q. 

Il^lli^-T.r) ^  MikfV T  >  T0,

and this implies inequality (6).
From inequalities (6), (7) follows that

OO
Ы м * <  У  Kle||/[p(v)-a+®]||jfv.

V =  —oo

To prove (5) it is sufficient to show that, for an arbitrary real u,

( 8 )  | | / ( a ? - f  w ) | |  m <p =  | | / ( ^ ) | | M v .

We have

|e(/(®+«))—e(/(®))|

<  lim —  
t ->oo 2 T

-T + u T + u

f  <p(\f{x)\)dx +  lim — ! f  <p(\f{x)\)dx
j !r  T-*oo 2 i .  j ^

=  0,

because /(a?) is bounded. Hence £(/(#+ )̂) =  £ (/(&)) f°r every real u. 
This implies formula (8), and Theorem 2 is proved.
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3. In this Section || || will mean the norm in any of the spaces 
C( — oo, oo)j L 9{ — oo, oo), M9, where <p is s-convex (1/2 <  s <  1). I t  is 
known (cf. [2]) that if p{t) is absolutely continuous, y( — B) =  eiep{B) 
(0 <  0 <  2л:), ae 6 j2B, and y! (t) is equal almost everywhere to a function 
1c(t) of bounded variation V1c(t) in < — B , JS); then

l<v| <  - ^ b ( Æ ) l +  |ft(-Æ )l + W ( i) j ■ 1  .
2 ( J iid — vn)

Thus, in the special case when p it) ~  iata (a >  1), we choose 

arc if 1 ^  a ^  2,
{a—21) if 21 <  a <  2 (? -fl), l =  1, 2, ...

0

Then

(9) \cv\ < 2aB a for v — 0, i l )  i 2 ,  ...

(iii)

(|a?c— vixf

Theorem 3. Under the assumption ||/0|| <  oo and s — 1,

(i) \ \Л ° Ч <  -Ki/.ll */ « =  0 , 1 , 2 , . . . ,

(ii) ]|/<“+0|| <  | (1  -  -L j a +  i f  1 <  a <  2,

g =  0 , 1 , 2 , ...
In  particular,

||/!>а)|| <  1.8Ea||/ol for any a >  1 ,
\\fo4 <  7 a -1JS“||/o|| t / 0 < a < l .

Proof. The inequality in (i) will be proved by induction. For a =  0 
the inequality is obvious. Let us suppose it is satisfied for an integer 
а >  0. Taking y(t) =  iata, y(t) =  it, we set

R  R

f {x )  =  I  Y(t)e‘*‘a<o(t), g(x) =  f  M(t)y(t)e<*d<»(t).
- R  - R

Thus, applying Lemma 1 of [2] or inequalities (2) or (5), we obtain
OO

l l / r i,ll =  Ы  <  ll/ll 2 1 Iе' 1 =  ll/'oll-B^ Ba+1l/»l!>
V  —  — CO

by the induction hypothesis (see [2]).
Now, we shall deduce inequality (ii). Let ]?"av be the sum of all terms

OO у =  —oo

of the series JT av with exception of a0 andeq. Then, by estimate (9),
J’=  — 00

o o  oo
\~ 1  n  v —1 и  X.2 w < 2oir 2

v =  — o o

4 — Roczniki PTM — Prace Matematyczne XVI
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But

°° " 1 °° 1 °° 1
(|атс— vit)2 A. J  (-|атг+ гти)2 (la ïc— vn)2

i> =  — 00 v — l v =  2

7ZZ S  (2v+  l ) 2 +  TI2 2
V  =  1

( r - 1 ) 2 7Г2 \ 8 / 6 3

Hence

Since

(10 )

г
we have

00 n

21

lCol , ,  Д  , lCll ^  Г“Г -®а?а + 1  а + 1

1 { ( у - i ) e+^Tï lJî'
Applying Lemma 1 of [2] or inequalities (2) or (5) and reasoning as 

before we obtain (ii).
Inequality given in (iii) follows at once from the suitable Civin results 

(see [2]) and our Theorems 1, 2.
Theorem 4. Suppose that ||/0|] <  00, 1/2 <  * <  1, 1 <  a <  2, 2 =  0,  

1 , 2 ,  . . .  Then

1 / Г 1  <  A (s, a) {A {t, 1)}«Д«“+»)»[/(|||,
where

A (s ,  a)
2 s + l a s

C(2s)4
2

(a + 1 )5’ №  =
j L J  Vs
V  =  1

Proof. In view of (9) and (10),

\ev\s ^ A ( s , a ) R as.
' V= —00

Hence

l/o“+1)l =  Ml «  I/M («, 1  )S? < A {s ,  a)A (s, 1)-E(“+1,S||/„||.

Analogously,

I/i“+a,ll =  1 )S ’ < A {» ,  a) {A(«, 1)}‘ 1 Р +г» Ш ,  etc.
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Considering the cases 1 <  a <  2 , 2Z <  a <  2 (Z + 1) (ï =  1 , 2 ,  ...) and 
applying estimates (9) and (10), we get easily the following 

Theorem 5. Let ||/0|| <  oo, 1/2 <  s <  1 , a >  1.
Then

where A (s, a) has the same meaning as above.
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