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Semigroups of operators on a locally convex space

In this paper we prove some results in the theory of semigroups
of continuous linear operators on a locally convex Hausdorff space E.
(A family {T'(8)},., of linear operators on a vector space is called a semi-
group if T(s)oT () = T(s+1),s,t> 0.) In Section 1, we study properties
of the infinitesimal operator of a semigroup which satisfies good condi-
tions at the origin such as for instance 7'(s) converges to a limit operator
as & converges to zero or integrability of T'(s)x near s = 0 (xe F). In
Section 2, we prove a perturbation theorem which is a generalization of
a result due to Phillips [7] whereas the results of Section 1 are generali-
zations of results in [b] chapter 9.
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the University of Bombay and to Professor S. Rolewicz of the Institute
of Mathematics of the Polish Academy of Sciences, Warsaw for their kind
encouragement and help; she is also thankful to Professor J. Kisynski
of the Institute of Mathematics, Warsaw for carefully examining the
manuseript and for suggesting the simple proof of part (ii) Theorem 2,
Section 2.

1. E always denotes a locally convex Hausdorff space and a semi-
group of operators on ¥ means a semigroup of continuous linear operators
on B, Z(F, E) denotes the space of all continuous linear operators on E;
Zs(E, E) is the space # (B, E) furnished with the topology of simple
convergence and % (E, E) is the space £ (£, E) furnished with the topo-
logy of uniform convergence on the system & of all bounded subsets of E
{see [3]).

DEFINITION 1. A semigroup {7'(s)},., of operators on a locally convex
Space F is said to be measurable if for xz¢ K, the function s — T(s)x is
measurable from (0, oo) to K.

For the definition of measurability of a vector valued function and
Droperties of measurable semigroups refer to [9].

DEriNITION 2. A semigroup {T(s)}., of operators on E is said to be
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continuous if for ze B, the function s — T'(s)z is continuous from (0, co)
to E (or the map s — T'(s) from (0, oo) to L (F, E) is continuous).

DerFINITION 3. A semigroup {7'(s)},., of operators on K is said to be
locally equicontinuous if for every [a, ] < (0, co) the family {7(8)}.<s<s
is equicontinuous.

DEeriNiTioN 4. The operator A, on F defined by

A = 1 20770 e A = 20T
04 10+ t

for each x¢ F at which the limit exists is called the infinitesimal operator
of the semigroup {I(s)}sso. Clearly the domain 2(4,) of 4, is a subspace
of E and 4, iz a linear operator from Z(4,) to E; it can also be verified
that the range of 4, is contained in the closure of () 7(s)¥ = E,.

§>0
Let {T'(s)}sno be a contmuous semigroup of operators on E. For

[a, ] < (0, ) and xe E, jT(t Yadte B if for instance ¥ is quasi-com-
plete [2]. ‘

THEOREM 1. Let {T'(8)},., be a continuous semigroup of operators

4l
on E such that for [a, ] = (0, 00) and xe B, [T (#)wdte B. Then (i) D(A,)
18 dense in E,, (ii) 2(4,) and E, have the same closure.
8
Proof. For [a,f] < (0, c0) and ye H let y,, = [T (t)ydt,
T(a)yg po = = [ Tp)Toya

a2

B s

= [ TO+a2)ydt = [ T(s)yds =y
af2 a

Thus y,¢ F, and
T(t —1
A Yo = () fl’( f (t)t ~ T(s)yds

B+t ai-t

:%fmwt) T(5)]yds — —fT yd——fT )yds.

1 B+t
Now n f T(s)yds belongs to the closed convex envelope of

B
{T(S)y}ﬂgsgﬂ_{,t so that
B+t

Lt f T(s)yyds = T(8)y.

t—0
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1ot
Similarly Lt—— f T(s)yds = T(a)y. Hence y,e D(4,). Also

t——>0 a

622 — 14 fT(s Vyds — T(a)y,
ﬂ—»aﬂ_a B—)G‘B_a

so that for xze By, say z = T(a)y,
is dense in E,. psa

(ii) For any ze 2(A4,), x = Lt T'(t)x so that 2(4,) = E,. Also by (i)
B, < 2(A,) so that @(4,) = E:. ’

THEOREM 2. Let {I'(5)},n, be a continuous semigroup of operators on
a Fréchet space . If D(A,) is of the second category in E, then (i) 2(4,) = E,
(i) A,e Z(E, B), (i) T(s)~>1I in Lx(E, E) as s >0+.

Proof. Let {#,},_.1,,... be an arbitrarily fixed sequence of real numbers
converging to -0+ and let

= {we B/ Lt A(t,)o exists in £},

Thus 2(4,)NE,

X contains 2(4,) and is therefore of the second category. Further it
is a subspace since each A (f,) is linear and it is B-measurable since each
A(t,) is continuous (Theorem 2, p. 18, [1]). Hence by Theorem 1, p. 36,
[1], X is equal to E. Thus for any ze E, Lt A( )2 exists for any sequence

{ti}n=1,s,... converging to 0-. It can be verlfled immediately that this
limit is independent of the sequence {t,},.,,., .. converging to 0+ so that
2(A,) = E. Then A, is the limit in % (¥, F) of a sequence in ¥ (H, F),
say of {A(t,)}n1,,,.. for any {t,},_,, . converging to zero and is therefore
continuous (since F is Fréchet). Also the set {A(#)x[te (0,1]} is bounded
in F for any x¢ E. For otherwise there exists an zye and a continuous
seminorm p on F and a sequence s,e (0, 1] such that p[A(s,)x,] > »
(n=1,2,...). {s,} has a subsequence {Snpt=1,2,... converging to some
$p€ [0, 1]. Then A(snk)w(,»A(so)mo (where A(s,) = A, if s, = 0) so that
p[4 (snk)cv(,],c=1 5,... 18 bounded which is a contradiction. Thus {A(f)/0 <
< 1}1is bounded i inZ ,(E, E) and therefore equicontinuous (as ¥ is Fréchet).
We now show that 7(s) -1 in Zg(E, E) as ss— 0. Let B be a bounded
set in # and V a convex circled neighbourhood of 0 in E. We show that
there exists ¢, > 0 such that 7T (¢)x—xe V for te (0,1,) and xe B. As {A(t)/
0 << 1} is equicontinuous, there exists a neighbourhood U of 0 in E
Such that A()Uc V, 0<t<1 or T(t)x—xetV for 2« U and te (0, 1]
Let 2> 0 such that AB < U. Then

t
T(t)m——mEIV for xe¢ B and te¢(0,1].
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It suffices to choose #, to be any real number in (0, 1) such that
to
— <1
A

THEOREM 3. If {T'(8)}s, ©8 @ measurable and locally equicontinuous
semigroup of operators on H, then for xe Z(4,),

d
— TS0 = AT($)o = T(s)dow, 5> 0.

Proof. By Proposition 2 [9], {T(s)}s», is a continuous semigroup,
[(T(s+0)—T(s)]w

=A®)T(s)e =T()A{H)z, s,1>0.

(4
For e D(4,), Lt A(t)x = A2 so that T(s)A(t)x — T'(s)4,z. Thus
—0+
T H—T .
Lt [T(s+1) (8)12 exists and equals T (s) 4,2 = A,T(s)z. It remains

{—0+4- t
to prove that

1

Lt ——[T@E—t)—T(s)]Joe=Lt P(s—t)At)a=T(s)Ay>.
{—0+4 t -0+

For s > 0 fixed let #, be fixed such that 0 <i, <s. T(s—t)A(t)w

=T(s—t) [A@t)v— Agx]+ T(s—1) Ayw. Since {T'(s—1)/0 <t <} is equi-

continuous and Lt A (f)x = 4,2, we have
t—0+

Lt T(s—1) [A(t)o— A,x] = 0
{0+

and since the semigroup is continuous we have

Lt T(s—t)Aqx = T (s) 4o
{->04
which completes the proof.

The proofs of the two following theorems are almost the same as
in the case when E is a Banach space. We include them for the sake of
completeness.

THEOREM 4. Let {T(8)},., be a continuous semigroup of operators on
a quasi-complete space. If xe D(A,) is such that

1
Lt fT(t)Aowdt exists in E.

8—>0+ 5

Then
T(s)o—ax = [T(t)Adowdt (s> 0).
U]
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Proof. By Theorem 3, for ze 2(4,),
d
—T(t)ye = T(t) A2
(i
so that for every a'e E’, the topological dual of E,

LT, 7 = T A, 2.

Integrating this continuous function we have for s > § > 0,

f--(T(t Vo, @' dt — f<T(t)A0m,x'>dt (@ B),
ie.
(T(8)m, 2> — (T (8)z, &> = < [T 4.z, w>
Hence ’
T(s)ya—T(8)w = [ T(s) A,wdt.
s 4

By assumption on w,

Lt f T(t)Aoxdt  exists for any s> 0
60+ 3
and as xwe 2(4,),
Lt T(8)x = .

604
‘We therefore have

*} Is)o—x = ofsT(t)Aomdt.

THEOREM 5. Let {T'(8)},.o be a continuous semigroup and E be quasi-

complete. Then () 2D(A7) is dense in H,.
n=1

Proof. Let 2(0, o) denote the space of functions indefinitely differ-

entiable with compact support contained in (0, oco). For F(t)e 2(0, o)
Wwith support contained in [a £, FO)T'(¥)x is a continuous E-valued

function on [a, #]. Hence f F)T(t)xdt exists in . Let it be denoted
by fF )T ()xdt =y. For 6> 0 sufficiently small, F(i+ 8)e 2(0, co)

and

o0

= [P+ 0)T(+d)zdt = T(8) [ P(i+ 8) T (Hads

[
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s0 that ye H,,

4y =7 [ P6) (T+0-T(s))eds

[

:f%[F(s—t)—-F(s)]T(s)xds
b

= f%[F(s*t)—F(s)]T(s)wds for some [a@, d] = (0, oo)
b

b
- [ o= pentro) roes- [ Fo e,

1
Let t — 0. Then 7[F(s——t)—F(s)]+F’(s) ~— 0 uniformly for se [a, b]

since F'(s) is uniformly continuous on (0, co).

Hence
b -}
Lt A(tyy = — fF'(s)T(s)wds = — [ F'(s)T(s)wds,
i—0 a 0
ie. ye D(4,) and Aoy = — [F'(s)T(s)ads.
0

Repeating the argument we have for any n > 0,

Ay = (—1)" [ F(s)T(s)wds.

Thus ye 2(A%). Let B, = {yly = fmF(s)T(s)mds, F(s)e 2(0, o) and
0 e}

xe BY. E, is a subspace of F, and is contained in (1) 2(47). If we prove
n=1

that E, is densé in E,, the proposition will be proved. If E, is not dense
in H,, there exists '« B’ (the topological dual of F) such that {y, 2> =0
for every yeE; and 2’ does not vanish identically on E,. Then

m’[}oF(s)T(s)wds] = }ali‘(s)w’ [T(s)x]ds = 0 for every Fe 2(0, co) and
0 0

ze B. It follows that 2'[T(s)x] = 0 for every s> 0 and xeF ie. &
vanishes on E, which is contradictory to the choice of z'.

THEOREM 6. Let {T(s)},., be a continuous semigroup of operators
on a barreled and quasi-complete space E. such that for some sy > 0, T(s,) E
< 2(A,). Then .

. d
() TO(s) = —1(s) = 4T(s)
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exists as a continuous linear operator for s = s, and s — T'(8) from (84, oo) {0
Zs(E, E) is continuous;

(ii) T™(s) = A™(Ts)

ewists as a continuous linear operator for s = ns, and s — T™(3) from (ns,, co)
to Ls(E, E) is continuous.
Proof. Fors > 0, t > A(¢)T(s) is continuous from (0, oo) to £ (¥, E)
and for s = s,,
Lt A(#)T(s) exists in &, (¥, E).
{0
Hence for s = 8,, {A ()T (5)}yct<y is bounded in L (F, F) and there-
fore equicontinuous (# being barreled). Thus for s > s,, 4,7 (s)e L (¥, E).
We now show that s — 4,7 (s) from (s,, o) to Fx(H, F) is continuous
at any s > s,. Let § > 0 be such that s > so+26 and let |f| < 6. We have
to show that for Be®

(*) T(s+tye—T(s)x — 0 as t— 0 uniformly for xe¢ B.

For we E, T(r—sy)2 is a continuous function of = from [s— 9, s+ 4]
to E. Since A, T (1) = AoT(se) T (v—8,) and A,T(s,)e L (H, E), it follows
that for we B, T — 4,7 (7)« is continuous from [s— é, 84 J] to E. Thus

for |t] < 4,
s+
T(s+tye—T(s)x zfAOT(-r)wdr.

For any continuous seminorm p on F we therefore have

plT(s+t)e—T(s)x] < [tp[AoT (o) 2]
for some 7, with |s— 7, < [t| < 8.

Also since F is barreled, the continuous semigroup {7'(?)},., is locally
equicontinuous (by Remark 2 after Proposition 2 [9]) and for ve [s— §, s+
+ 6], 1—spe[s—8,— 8,8 —8,+ 8] = [, s—8,+ 6]. It follows that {T(z—
—80)}s_s<r<sys 18 equicontinuous and therefore so is {A,T(zr)/s—d< 7
<840} (as A T(r) = A T(se)T(v—s8,) and A,T(s))e £(E, E)). Thus
{4, T(z))s— 0 < v < 84 8} is bounded in Lg(H, E) (cf. [3]) and therefore
{p [AyT(v)x]l/xe B, s = 6 <7< s+ 6} is a bounded set of real numbers.
It follows that p[T(s+t)z— T(s)x] = O(]t|) uniformly for z« B and (x) is
proved.

If s > 25, and we B,

TO(S)e = A, T(s)x = T(s]2) A, T(s/2)xe D(A,)
and

T®(s) = Lt A(t) {T(s/ Y[AoT(s/2)2]} = [A,T(s/2) e = AT (s)w

t—>40
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Similarly for any = for s> ns, and xe E,

T™(s)w = [AOT(E)]nw,
n

T (s)x = APT(s)x.

i.e.

As A,T(s/n) = TW(s/n)e Z(E, E),

T(n)(s)e E(E, E) for s = ns,
and
§ — T™(s) = T(s—ns,) [A5T (ns,y)]

is continuous from ((n-+1)s,, o) to L4 (X, B).

THEOREM 7. Let {T(8)},.o be a continuous semigroup of operators on
a quasi-complete space B such that (i) for some a > 0, {T(8)}yco<q 18 €quicon-
tinuous, (ii) for every xe B,

LtfaT(s)a:ds ::fuT(s)wds

£->0 €
and
14
Lt—-fT(s)a:ds — J
{0 t o
exist in K.

Then J is a continuous projection, J* = J, which maps E onto E, and

T(s)J = T(s) = JT(s) (s> 0).

1} 1}
Proof. Let 0 < ¢ < . TfT(s)mmE and the map 7]T(s)ds defined

t t
1 1
[7JT(8)ds]w ZYJT(s)xds

from FE into E ig linear. For ¢ < a, this map belongs to the closed convex
circled envelope C of {T(8)}ycs<c, in Z(¥#, F) and C is equicontinuous.

by

1 t 1 t
Thus -t—fT(s)dSE C c #(H, E). The operator YfT(s)wds defined by
£ ) 0
1 4 1 14 1 13
[7‘[1’(8)013] v = 7fT(s)a:ozs = Lt [ T(s)ads
&0
0 0 €

belongs to C and therefore also the operator J. Thus J is continuous.

1
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We have

4
7(s) I:%fT(r)wdr] — T(s) [ : fT(r xdr]

— Lt—fT(s) [T(7)a]de = Lt——fT(-r [T (s)e]dx.

e—>0 &0

Hence
¢ ¢ 4
1 1 1
8) [TJT(T)MT] = TOIT(SnLr)wdr = TOIT(T) [T(s)@]dr.

Taking limit as ¢ — 0,
T($)Je =T(s) =JT(s)w

Using continuity of J, we have

[ t
J[%Of_’l’(r)wdr] — —:«JJT(T)wdr

g0 that J?x = Ju for every < E. Clearly Jze E,. For xe E,, i.e. # = T'(s)y
for some s > 0, we have,
4

1
Jo — Lt [ T Te)ydr = Ltwa(s Dyde = T(s)y
{0 4 {0

As J is continuous, Jx = x for every x< E,. Thus J is a continuous
projection of F onto E,.

TuEOREM 8. Let B be a quasi-complete space which is either barreled
or strong dual of a metrizable locally convex space and {T'(8)},., be a contin-
uous semigroup of operators on E such that for some a > 0 and every xe E

Lt fT(s Yeds = fT(s Yaods

e—0 ¢

and

LtﬁfT Sxds = Jx

t—0
exist in E. Then J is a continuous projection mapping E onto E, and
T(s) =T(s) =JT(s) (s>0).

Proof. The hypothesis on F viz. ¥ is barreled or the strong dual
of a metrizable space implies that



62 K. Singbal-Vedak

(1)y of F is o locally convex Hausdorff space and u,e £(E,F),
n =1, 2,..., such that Lt u,x == uw exists in F for every xe B, then ue

eZ(E, F) (refer to [3] and [4]);
(2) {T(8)}ss0 8 locally equicontinuous (refer to [9]).
From (2) and the fact that K is quasi- complete 1t follows that the

1
operators u, = — fT( )ds defined by u,x = n fT syxds (1/n < 1)
1/n 1/n

belong to Z(F, E) and by hypothesis for any < qa,

t t
1 1
unw—>[7f1’(s)ds]x:_:—t—fT(s)mds as n— oo for every we K.
0

Hence by (1), fT(s Ydse Z(E, E) for 0 < t < a. Also by hypothesis

for any sequence {tn}n=1 5,... such that t, — 04 we have

[ f 7(s) ds]w — Lt — f T(s)ods — Jo for o < B.
n—>00 n—>00 n
Hence by (1), Je Z(E, E). That J is a projeetion satisfying the given
properties can be proved as in Theorem 7.

THEOREM 9. Let {T'(8)},., be a semigroup of operators on a Fréchet
space E such that
() Lt T'(s)x = Jo exists for every xe H.

§—>0-

Then (1) J is a continuous projection, J? = J, mapping E onto E,

satisfying
JT(s) =TE) =T(s) (s>0)

and with T(0) = J, the map s — T(8) is continuous from [0, o) to L, (E, E).

(2) In order that (x) should be satisfied with J = I it is necessary and
sufficient that

(1) {T(8)}s~, 18 @ measurable semigroup,

(ii) For any a > 0, {T(8)}ycs<a 1S equicontinuous,

(iii) B, = E.

Proof. J can be considered as limit in Z (¥, E) of a sequence

{T(t,)}ner,s,..» Where {t,},_,,  is any sequence such that {, - 04. As ¥
is I‘réchet Je Z(E, ). Taking limit as t - 0 of the two extreme sides of

(**) TS TN =T(s+ta =TT
we have
T(s)d = JT(s).
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Let: x ¢ F and p be a continnous seminorm on E. From (%), Lt p[T(s4
£+

+tyx] = p[T(s)Jx] exists. Hence for each ¢ > 0 and any s, > 0 at which
the oscillation of p [T (s)2] is greater than or equal to ¢, there is an open
interval (s,, s,-I- 8) such that the oscillation of p[7T(s)x] in that interval
is less than e. It follows that the oscillation of p[7'(s)#] is greater than or
equal to ¢ at most at countable set of points so that p[T(s)«] is discon-
tinuous only at countably many points. Let {p,},_,. . be a sequence
of seminormg defining the topology of E. There exists a countable subset
of (0, co) outside which all the functions p,[7(s)x] are continuous. It
follows that for xe K, the E-valued function T (s)x is continuous except
on a countable set and is thus measurable. B being Fréchet, {7(s)}., is
a continuous semigroup (cf. [9]). Then (**) gives us in the limit as ¢ -~ 0+,

TS)Je =T (s)x =JT(s)a (xe H),

i.e. we have proved the equation in (1).

We now assert that for every a> 0, {T(s)}).s<. 18 equicontinuous.
If this is not true there exists an a > 0 such that {I'(s)};.s<. iS DOt equi-
continuous and therefore not bounded in Z (FE, E) (¥ being barreled);
l.e. there exists ze F and a continuous seminorm p on F such that
{P[T'(s)2]}¢<s<, i3 nOt bounded. One can then find a sequence {s,},.,2 ..,
8,€(0, a] such that s, > $,¢[0,a] and p[T(s,)x]— co as n— oco. But
[T (s, )x]— p[T(5)x] as n — oo (where T (s,) = J if s, = 0). The contra-
diction proves the assertion.

Let s,,%,—~ 04+ as »n— co and let ze F;

Jr = Lt T(s,+1,)x

= Lt T(s,)Je+T(s,) [T(#,)x—Jx]
= Lt T(s,)Jae+ Lt T(s,) [(T({E,)e—Jz].

Since {1'(s,)},—1,,... 18 equicontinuous and Lt 7'(¢,)z = Ja, we have
n—o0

Lt T(s,) [T(t,)e—Jz] = 0.

Hence
Jo = Lt T(s,) [T(t,)x] = Lt T(s,)Jz = J .
n—oo Nn—oo

J is thus a continuous projection. Clearly Jze E, for every ze¢ ¥
and Jg = o for ze E,. As J is continuous, Jx = x for we E,. So far we
have proved (1) and the necessity part of (2). For proving the sufficiency
bart of (2) we observe that (i) implies that {7(s)}., is a continuous semi-
group since F is Fréchet [9] and then for z¢ K,, we have Lt T(t)x = a.

{0
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(ii) i.e. equicontinuity of {T'(#)},_;<, and (iii) then imply that Lt T(t)x = =
for every ze E. =0

THEOREM 10. Let {T(s)},n, be a semigroup of operators on E which
satisfies the conditions in the hypothesis of Theorem 7. Then A, is closed.

Proof. Let ¢ denote the graph of A, in F X F and (x, y) be adherent.
to & in B X . We have to show that v« 2(4,) and A;x = y. The set C =
closed convex circled envelope of {T(8)}ocs<a N Z((H, B) is equlcontln-
uous and for s << Mln(a 1), fT(t )dte C, where for every we E, fT(t at)x
= f T xdt = Lt f T(¢) wdt Let V be any neighbourhood of zero and

e—>0 &
let ¥V, be another neighbourhood of zero such that V,+V,+V;< V.
Let U be a closed convex, circled neighbourhood of zero such that U = V¥,

and CU < V,. As (o, y) is adherent to G, there exists z¢ Z(4,) such that
x—ze U and y— Ay2ze U. Let s < Min(a, 1);

fsT(t)ydt— [T (s)x—x]
= ([T@)dt) (y— Ao2) + [ [ T() Agzdt— (T (s)2—2)] + T(s) (e — @)+ 2 —2.

By Theorem 4 we have [ T'(t)A,2dt = T(s)2—z. Hence
0

[T@ydi—(T(s)o—a) = ( [ T@) @) (y— A7)+ T(s) (2 —@) +-2—2.

8
As y— Agze U and +(2—a)e U and [ T(t)dte C, the right-hand side
0

of this equation belongs to V,+V,+ U < V, where V is an arbitrary
neighbourhood of zero in the Hausdorff space K. Thus

T(8Yyox—ax = fT(t)ydy for 0 < s < Min(a, 1)
]
and

Lt A(s)z = Lt —fT(z)gdt Jy,

8—0-+ s—0 +

i.e. we P(A,) and A,x = Jy. As y is adherent to the range of A, which
is contained in E,, we have Jy = y and the proof is completed.

THEOREM 11. Let {T'(8)}sno be a continuous sem'igroup of operators
on B, which satisfies the conditions in hypotheses of Theorem 7. If y, = A (d,)%,
converges weakly to a limit y, for some sequence {6,},_, ,, .. such that §, - 0+,
then xye D(A,) and Ayzy = ¥y,.
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Proof. {A(0,)%}n-1s,.. being weakly convergent is bounded in
E, ie. T(8,)2y—®ge 6,B, n =1,2,..., for some bounded set B of E.
It follows that 7(48,)®, — #, in E so that z,¢ B, and Jz, = @, (Theorem 7).
Further 4 (d,)@,c F, and the same is true of the weak limit y, since the
closed subspace E, is also weakly closed. Thus Jy, = y,. Sefting

1 Sy, 846,
7, :a_f o, di  and 2, :a_f (), dt,
0 n

s

where s 6, < a, we have &, > Jx, and 2, — T(s)x, in HE. Also

2, — X, %J[T(t»m) — T(t)a,]dt

n

°'%a;

(1) A(8)modt = [ T(0)y,dt
0

= | f T (1) @) (¥,)-

s B
For s < a, the continuous linear operator f T(t)dt on E is also weakly
38 ¢ S
continuous. As ¥y, —> ¥,, we have ([T (¢)d4)(y,) converges to ([T (t)dt)(y,)
0 8 s 0
weakly i.e. 2,—=, converges weakly to ([Z'()dt) (y,) = [T(¢)y,dt. But
0 o

2,—x, converges to T(s)z,—x, in the topology of E and therefore also
in the weak topology. Hence

T(s)wy— xy = fT(t)y0 for s<a
0

and Lt A(s)x, = Jy, = ¥y, i.6. w56 Z(4,) and Az, = y,-

50

THEOREM 12. Let {T'(8)},:o with T(0) = I be a locally equicontinuous
semigroup of operators on E such that T (t)x converges weakly to x ast — 0
Jor every we B. Then {T'(s)}e, 18 @ continuous semigroup.

Proof. Yor ze B, T(s)x is weakly right confinuous from (0, o)
to I and hence weakly measurable. Further it is almost separably valued
(i.e. for almost all s, T(s)x belongs to a separable subspace of E) since
if {r,},_143, . I8 the sequence of rationals in (0, oo), then the closed sub-
Space M of E spanned by {I'(r,)&},_.., .. 18 separable and also weakly
closed and therefore by weak right continuity of 7T'(s)x and the density
of {r,}y_1 .. in [0, c0) we have T(s)we M for s> 0. Then by Proposi-
tion 1, [9], for any continuous seminorm ¢ on E there exists a sequence
{fu ($)}n=1,2,... of countably valued functions such that q[7'(s)z—f,(s)]1— 0
a8 # — oo, uniformly for s outside a set of measure zero of (0, co). Further

5 — Roczniki PTM — Prace Matematyczne XVI



66 K. Singbal-Vedak

since {1'(s)},=, 18 locally equicontinuous, it follows from Remark 1 after
Proposition 2 [9] that {T'(s)},., is & continuous semigroup.
It remains to prove that Lt 7 (s)x = ». Let N denote the linear

s§—0
space spanned by {T(r,)a},—, ., . Foranyr,, wehave T'(s)T(r,)r = T (s+

+ 7@ and as {7'(8)}.., i8 & continuous semigronp we have Lt 7T (s+r,)o
80

= T(r,)x so that Lt T(s)T(r,)x = T(r,)xz. Since each ye N is a finite
s—0
linear combination of elements of the form 7'(r,)x we have Lt 7(s)y =y.
s—0

For te[0,1] and p a continuous seminorm on ¥ and ye¢ N, we have
pTOr—a]l<pL@ae—TW)yl+p[T)y—yl+pH—2x). The semigroup
{T'(8)}s=o being locally equicontinuous {7'(f)},, 18 equicontinuous and
so given p there exists a continuous seminorm ¢ and a constant e such
that
p[T(t)2] < aq(z) whatever ze I/ and te [0, 1].

Thus '

plTMe—a]l<aq@—y)+p[TOy—yl+py—a) for te[0,1].

Now ag T(s)x converges weakly to # as s - 0, 2 belongs to the weak
closure of N. But the weak closure of ¥ is the same as its closure, i.e. it
is M. Thus for any £> 0 we can choose ye N such that p(y—2) < ¢/3
and ag(z—y) < ¢/3. Then we can choose sye (0, 1) such that p[T(t)y—y]
< e/3 for 0<<t<s,. Then p[T()x—a] < e for 0 <<t <sy. As p is any

continuous seminorm on £ this proves that Lt T(s)x = .
§—>0

2. The semigroup {7'(s)}s., is continuous means that 7'(0) = I and
the map s— T(s) from [0, o) to Z,(E, F) iz continuous.

DEFINITION. A semigroup {7'(s)},., of operators on E is said to be
equicontinuous if {T(s)},, is an equicontinuous family of operators on E.

If A4, is the infinitesimal operator of a continuous semigroup {7'(8)}s. ¢,
then the closed linear extension of the infinitesimal operator if it exists
is called the infinitesimal generator of the semigroup {I'(s)}s.q. It is known
that the infinitesimal operator of a continuous and equicontinnous semi-
groups {7'(s)}s, is closed so that it is the infinitesimal generator of the
semigroup. In Theorem 1 below we recall the Hille-Yosida Theorem
([8] Appendix or [10]) which gives necessary and sufficient condition in
order that a closed linear densely defined operator be the infinitesimal
operator of a continuous and equicontinuous semigroup. Theorem 2 is
deduced immediately from Theorem 1 and is used to prove the pertur-
bation Theorem 4.

THEOREM 1. Let A be a closed linear densely defined operator on a sequen-
tially complete locally conver Hausdorff space E. Then in order that A be
the infinitesimal generator of a continuous and equicontinuous semigroup
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{T(8)}s=o @ is necessary and sufficient that the family {A"[R(4, 4)]"]2 >0,
n =1,2,...} is equicontinuous, where R(A, A) denotes the resolvant operator
(AI—A) of A.

For the proof see [8], Appendix or [10].

Using Theorem 1 one can prove immediately,

TurorREM 2. Let A be a closed linear densely defined operator on a sequen-
tially complete locally convexr Hausdorff space E. Then in order that A
be the infinitesimal generator of a continuous semigroup {I'(s)}sq with
{67 T (8)}eo equicontinuous for some w>0 i is necessary and sufficient
that the family

{A—w)"[R(A, A)I*[A>w, n =1,2,...}
18 equicontinuous.

Proof. (i) Necessity. Let A be the infinitesimal operator of a con-
tinuous semigroup {7'(s)},~, with {¢7**T'(s)};5, equicontinuous and let B
be the infinitesimal generator of the continuous and equicontinuous
semigroup {S(8)},.,, where S(s) = ¢ **7'(s). For xe 2(4), we have

»}[S(t)w——w] = %[exp(—wt)—1]1’(15)6107L %[T(t)x-—x].

Hence Bz exists and Bx = Axz—wx. Thus Z(B) > £(A). On the other
hand, T'(s) = exp(ws)S(s) so that by the same argument we have 2(4)
> Z(B). Therefore 2(B) = @(4) and B = A—wl. Since B is closed it
follows that A is closed and is the infinitesimal generator of {7'(s)},>,;
also ul—B = (u+w)I—A so that R(u,B) = R(p+w, A). Now by
Theorem 1, the family

(W [B(p, B)*fp>0, n =1,2,...}
is equicontinuous. Hence setting 1 = p+w we have the equicontinuity

of the family
{A—w)"[R(Z, A)]"/A>w, n =1,2,...}.

(ii) Sufficiency. Let 4 be a closed linear densely defined operator
on ¥ such that the family
{A—=w)"[R(X, )" [A>w, n =1,2,...}
is equicontinuous. Then B = —wI -+ A is also closed and densely defined
and R(A, A) = R(.—w, B). Thus
{/"H[R(;ua B)]n/;u >0,n=1,2, }

is equicontinuous and therefore by Theorem 1, B is the infinitesimal
generator of a continuous and equicontinuous semigroup {S(s)},>,. Hence
4 is the infinitesimal generator ¢f the continuous semigroup {T(8)}e ¢
With T'(s) = ¢“*S(s) and {67*T(s)}.», equicontinuous.
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Remark 1. Theorem 2 generalizes completely the Hille—Yosida theo-
rem for Banach space [7] viz: A necessary and sufficient condition that
a closed linear densely defined operator A generate a continuous semi-
group {I'(8)}¢=, of operators on a Banach space F is that there exist real
numbers M > 0 and w such that

I[R(A, A)]"| < M(A—w)™™ for A>w, n =1,2,...

since if {T'(s)};>o 18 & continuous semigroups of operators on a Banach
space there exists w such that {¢7"°7T'(s)},», iS equicontinuous (e.g. w
= w,+ &, where
oy — ing JEITW] . log|T()]

§20 $ §—>00 $
and &> 0).

Remark 2, If {7(s)};>, is a continuous semigroup of operators on
a locally convex space there may not exist an w such that {6771 (s)}:,
is equicontinuous, e.g. let ¥ denote the space of functions #(t) continuous
on the real line and with compaet support. For any compact subset of
the real line let Fx denote the subspace of E formed of functions which
vanish outside K and let F have the inductive limit topology defined
by the subspaces Ex [3]. Let {T(s)};., be the translation semigroup

[T(s)2](f) = 2(t+3).

Then {7T'(8)}s»o is a continuous semigroup for which there does not
exist any w such that {¢**T(s)},-, I8 equicontinuous; since for any
non-zero 2 in K, the supports of all the functions of the family

{7 T (s)x = e " x(s-+1)[s > 0}

are not contained in any fixed compact set K and hence the family of

operators
{67 T'(s)/s = 0}

is not bounded in #,(F, E) and. therefore is not equicontinuous.

DEFINITION. A bounded operator on ¥ is a linear map from FE into
itself which maps some neighbourhood of zero of E into a bounded subset
of X.

Clearly a bounded operator is continuous.

THEOREM 3. Let E be a sequentially complete locally conver Hausdorff
space and A be a densely defined closed linear operator on E such that for
some w > 0, the resolvant R(A, A) of A exists as a continuous linear operator
on E for 2> w and the family ‘

(A= wP [RG, AT A>w, n=1,2,...)



Semigroups of operators 69

18 equicontinuous. If B is a bounded operator on E, then there exists w, > 0
such that the resolvant B(4, A+ B) of A+ B exists as a continuous linear
operator E and the family

{(A——wl)"[R(‘Z,, A"%“B)]n/2 >wy, »=1,2, }

18 equicontinuous.
Proof. It is easily seen that A+ B is a closed linear operator on F
‘with dense domain 2(4) of A. We first show that for 1 sufficiently large,
00
the partial sums of the series )Y [BR(4, 4)]" form an equicontinuous
n=1 o«

sequence which converges pointwise on E so that } [BR(4, A)]" is
n=0

a continuous linear operator on E. As B is bounded, there exists a neigh-
bourhood U, of zero in F such that

1 B(U,) = K is bounded;
since the family {(A—w)*[R(4, A)"/A>w, n =1,2,...} is equicon-

tinuous, there exists a eonvex circled neighbourhood V, of zero such that

i
(2) 1%(2,44)]70(: Yz:raﬁz'u%, AZ:>QU,7l:::1,2.

By (1), there exists a > 0 such that
(3) K c aV,.

Using (2) with » = 1, (1) and (3) we have

1 a
BR(A, 4)]V K
(BR(, H)IVs & oK & 5V
and
a
Suppose that
n—-1
) [BR(A, A)I'Vy e ——— K
(A—w)
Then

R(4, A) [BE(2, A)]"V,

an— 1

K a"Vy a’
= B4, 4) [—(A_—_w)—"] < B, 4) [ (A—w)"] = Ty o

so that
n an
[BR(A, )]""'V, < M(Z:WK
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Thus by induction (4) is true for » =1,2,3,... (A > w). Let U be
any convex circled neighbourhood of zero. There exists y > 0 such that
yK « U. Then

n—1

[BE(%, A)"(yV,) = =) U

As U is convex

m

D BRG, AT'(rVy)

c{ (la:;ﬂ {Z‘in}v (if A—w > 2a)

n=0

2
=" UcaU (if A—w > 1).
LA— W

Thus for any convex circled neighbourhood U of zero there exists
a neighbourhood V = %4V, of zero such that

{Z[BR (, A)]”}Vc U

for m =1,2,... and
(5) A>w, = Max(w+1, w+ 2a).

This proves the required equicontinuity of the pa,rtial sums. ¥ being
sequentially complete, for any xeF, the series V [BR(4, A)T'x» will
be convergent if for any continuous seminorm nQ; on F the series

D' p{[BR(, A)]"«} is convergent. Let ¢ F and > 0 such that ze §V,.
n=1
Then by (4)

n a'n—l
[BR(4, A)]"xef T—wy K
If & = supp(x), then
e K kﬂa‘n-l
P{[BR(Z, 4)]"x} < G—wp

8o that 2 p{[BR (A A)]"«} converges for A > a+w. We have thus proved

that for ,1 > w,y, Z [BR(A, A)T" is a continuous linear operator on K. It
is the inverse of I BR(4, A). -
Let:

R = R(A, 4) [I— BR(2, A)TY, 4> w.
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Then
[Al—(A+B)]R = [M—(A-+B)]R(A, A) [I— BR(4, 4)]!
= [I—BR(%, A)][I—BR(4, A)I™' = 1.

Further the range of R is 2(A4) as the range of [I—BR(4, 4)]™
is B and the range of R(1, 4) is 2(A). Thus given xe 2(A4), there exists
2 ¥y such # = Ry. Therefore

R[AM—(A+B)]w = R[AI—(A+B)]Ry =Ry =&

so that R is both the left and right inverse of AI — (4 - B), i.e. for 4 > w,,
R is the resolvant operator R(i, A+ B) of A+ B. For any continuous
seminorm ¢, the series

Zq{Ru ) [BR(%, 4)I"z}

is convergent for 1 > w since by equicontinuity of
{(A—w) [B(4, A)T"/A>w, n = 1,2,...},
there exists a continuous seminorm p such that
g{(A—w)"[R(A, ATz} <p@) for i>w, n=1,2,...
which implies that

q{(A—w)R(2, A) [BR(%, )"z} < p{{BE(4, 4)]"=},
i.e,

1
¢{R(2, 4) [BR(2, A)]'a} < —— ~p{[BE(, 4)]"z}

< p{[BR(A, A)]"x} for A > w,
since w, > w1 by (5) and > p{[BR(4, A)]"«} is proved to be convergent.
We now wish to regroup the terms of [R(A, A+ B)]" = {fR(l, A) X
X [BR(4, A)}}* according to the number of factors B. Letjf{gm}mﬂ’l,%”_
denote the sequence of partial sums of the series S;R(A, A)[BR(4, A)7.
i=

This sequence is e(iuiconﬁinuous and therefore it can be easily verified
that

{ZR(Z ) [BR(A, H)Y]" = Lt s,

m—>o0

the limit being in &£, (%, B).
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8, being a finite sum,
st = {R(, 4)+R(1, A)BR(A, A)+ R(2, A) [BR(2, A)T+
+ ... +R(1, 4) [BR(2, )T}
may be written in the form

Vim,0)+V(m,1}+...4+V(m, mn),

where V(m, k) denotes the sum of terms in s} which contain precisely %
factors B.

Formz=k, Vim, k) = V(im+1,k) =...= V,, say. Hence it follows
that

De

{j’R(z, A) [BR(A, A)Y]" = 1t st = MV,
j=0

m—o0 i

Il
=)

Any term u, of V, will possess n-+k, R(4, 4)'s, since each B intro-
duces another R(1, A). Further the R(A, A)’s will be in k{1 non-empty
groups separated from each other by the kB’s. In other words u, will be
of the form

[B(4, A)*B[E(4, A)]2B ... [E(1, A)T*B[R(4, 4)]*+1,

where

(.6) Z’ri = N+ k and 7y > 0
i=1

uging (1), (2) and (3) repeatedly one can verify that
(M) wm(Vy) = [B(Z, A)T {(A—w) 2a(A—w) a... (A—w) *+H1K],

where o occurs k—1 times.

The family {(1—w)*[R(1, A)]"/A>w, »n =1,2,...} being equi-
continuous, it is bounded on the bounded subset K. For any continuous
seminorm ¢ let

M = sup{g((A—w)"[R(4, A)]"2)/xe K, 2> w, n =1,2,...}.

Then for ze K,
g{[R(%, A)T@} < M(A—w)™".

Hence from (6) and (7), for ¢ V, we have
g [ (@)] < (A—w) ™" * ok

so that if p is the Minkowski functional of V, then p(x) <1 implies
thaf

M
qlu(7)] < — (A—w) " *d"
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which proves that

M
gl @)] < — (A—w)""Fa'p(z) (veB).

Hence

a([E(2 A+B)1”w)<§’0"<z—w>—"i1£( : )kp(w)
’ \k=0 k a \A—w

for 1 > w,, where O} is the coefficient of z* in (1—=x)™", i.e.

M —n
q([R(z,A+B)]"m)<—u—wr"(1—Z“ ) »(2)
a —w
M
= —(i—w—a)"p(®)
a

M
K —(A—w,) "p(x) (since by (8), A—w—a> i—w,).
a

73

We have thus proved that for a continuous seminorm ¢ there exists

) ) M
a continuous seminorm p and a. constant ¢ = — > 0 such that
a

9{(A—w,)"[R(A, A+ B)]'x} < ap(®), @eHE,i>w,n=1,2,...,

L.e. we have proved the required equicontinuity of

{(A—w)*[B(A, A+ B)"[A>wy, n =1,2,...}.

Combining Theorem 2 and Theorem 3. We have the following pertur-

bation theorem:

THROREM 4. Let E be a sequentially complete locally convex Hausdorff

space and let A be the infinitesimal generator of a continuous semigroup
{T(8)}so such that for some w > 0 {e7*T(8)}s>o 18 equicontinuous. If B is
& bounded operator on E, then A+ B is the infinitesimal generator of a con-
tinuous semigroup {S(8)}ss, such that for some w,> 0, {6~"158(8)}smy 98

equicontinuous.
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