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Intrinsic topologies on a poset

Given a poset (X ; <) with at least two elements, the inter val topology 
J  on X  is defined by using as a snbbase for the closed sets, the sets

P a =  {x : x e X  and x <  a} and ЪР =  {x : ж е !  and Ъ <  x} ,

where a ,b e X  and where P  =  {{x, y)e X  X X : x <*y} с: X  x X  is the 
partial order on X. The purpose of this note is to define another intrinsic 
topology t  on !  in terms of the partial order P  and to study the relation­
ship between J  and and to show, inter alia, that for a conditionally 
complete, order-dense semilattice, the two topologies coincide if and only 
if the order is linear (Proposition 6 and its Corollary). This also helps 
to characterise some semilattices for which the associated partial order 
is strongly continuous (Proposition 10). The relevant definitions appear 
below.

1. Preliminery results. Unless otherwise stated, we follow Birkhoff [1] 
in notation and the terminology. For the definition of the interval topo­
logy J  and some of its properties, one may refer to [1] or [3] among others. 
For ae X, let

P 0a =  {xe X : x <  a} and aP0 =  { ж е ! :  a <  x},

where x <  a means x <  a but x Ф a. Let °U denote the topology on X  
obtained by using as a subbase for the topology (i.e. for the open sets) 
the sets of the type P 0a and bP0, where a, be X. In case X  is linear, it 
is clear that J  and % coincide. Simple examples show that this is not 
the case in general. However, since J  is always Tx [3], we have that J  ^ 
when X  is finite.

D e f in it io n . A poset X  is order-dense (or simply dense) if, whenever 
a <  b, there is ее X  such that a <  e < b .  A lattice is order-dense if it is 
order-dense in the associated partial order.
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Proposition 1. I f  (X ; л , v) is an order-dense lattice, then £  J .
Proof. If suffices to show that a subbasic open set X \Pa  or X \bP  

m J  is also open in II. Let xe X \Pa. Then either x >  a or x is incomparable 
with a. If x >  a, then xe aP0 c: X \Pa. In the latter case, x Ф а л x Ф a 
and there is such that а л x <  z <  x. Then xe zP0 c  X \Pa. Thus
X \ P a  is ^-open. One argues similarly to show that X \ aP  is also ^-open.

Simple examples can be constructed to show that the condition that X  
be an order-dense lattice is necessary.

As remarked earlier, if X  is linearly ordered, J  and II coincide without 
any additional restriction on X. The properties of this common topology 
are discussed, for example, in [4] or [5]. To prove the converse, some 
preliminary results are needed.

Proposition 2. Every maximal loset L  in a poset (X , < ) is closed in  
the interval topology J  on X.

Proof. Writing JV(a) =  {x e X : x is incomparable with a}, we note 
that X (a) =  Х \ (Р а Ц aP) is open in J  for every a e X .  If L  is a loset 
in X, then L  cz X \ [ ] {N (a): ae  L } and every p e  X \ []{N [a ) : ae L }  
is comparable with every a e L .  Hence, if L  is maximal, L  =  X \ J J  {N (a): 
a c L }  and is thus ./-closed.

Definition. A poset {X , <) is order-complete if every non-empty 
subset of X  has both the supremum and the infimum. It  is said to be 
conditionally order-complete if every non-empty subset of X  bounded 
above has the supremum and dually.

Proposition 3. A maximal loset M in an order-complete [resp. condi­
tionally order-complete] poset X  is order-complete [resp. conditionally order- 
complete'] in the inherited order.

Proof. Straightforward.
Corollary. With M and X  as above, for any A a  M, 

infj^A =  infMA and supx A =  supMA 
whenever they exist.

Proposition 4. Let M be a maximal loset in a conditionally order- 
complete poset X. Then the interval topology o f M is the same as its sub­
space topology induced from the interval topology J  on X.

Proof. If Q =  P f[ (M x M ),  then Q is linear on M  and the interval 
topology on M is obtained by using as a subbase for the closed sets, 
the family {aQ ,Qb: a ,b e M } .  Since for any ae M, Q a = P a [ ] M  and 
aQ — aP []M  and since by Proposition 2, M is J^-closed, it follows that 
Qa, aQ are ./-closed, so that J x £  J M, the subspace topology on M.

Conversely, let F  be any subset of M closed in J M. Then F  =  F x[JM,  
where F x =  f ] (  Ц Р а 1ЛЦ  J Jb ,>;P)  for some ai/A, bj X€ X  and where i , j

Л г j
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take values in some finite index sets and A in some index set. Hence,

f = лП  M = П (UPa‘.> LI U b̂ p) П31
=П{и{р̂ Пм)ии(ь̂ рПм))

and by Proposition 3 and its Corollary, this yields,

*=П{и^Ш1чл)
Л г j

for some uiiX, vjtXe M. Hence F  is «/x-closed and J M £  J x.

2. Intrinsic topologies on a poset. We start with a preliminary result 
needed to establish the main result.

P r o po sitio n  6. Let X  be an order-dense, conditionally order-complete 
poset such that for every a, be X, there is te X  such that both a and b are 
comparable with t. Then X  is connected in its interval topology.

Proof. Let a , b e X  be arbitrary. Then by hypothesis, there is t e X  
such that {a, t} and {b ,t}  are both losets. Applying Hausdorff’s maxi­
m ally principle, we obtain maximal losets M and N  such that { a , t} <= Ш 
and {b ,t}  cz N. By Proposition 3, both M  and N  are order-dense and 
conditionally order-complete.

It is well known (see [4], for example) that M and N  are connected 
in their respective interval topologies. Hence by Proposition 4; M ,N  
are connected subsets of X. Since t e M [ ] N, this implies that M [JN  is 
a connected subset of X. Thus every pair of elements in X  lies in the 
same «/-component. Hence X  is connected in «/.

P ro po sit io n  6 . Let X  be an order-dense, conditionally order-complete 
poset such that for every a , be X, there is te X  comparable with both of them. 
Then X  is a loset i f  and only i f  J  — °U.

Proof. If X  is a loset, then «/ =  % without any more restriction 
on X. Conversely, let X  be as above and suppose that J  — °U. Suppose 
there exist incomparable elements a, be X. By hypothesis, there is t e X  
comparable with both a and b. We cannot have a <  t and t <  b for then 
a  <  b contradicting the assumption that a and b are incomparable. For 
the same reason, we cannot have t <  a and b <  t. Thus either a <  t and 
b <  t or t <  a and t <  b.

Suppose t <  a and t <  b. The other case is dealt with similarly. Then 
teP 0a l fP 0b. Without loss of generality, we may assume t — sup(P0u/JP0&), 
so that Pt — P 0a ПРоЪ. Now, since P 0a and P 0b are ^-open, they are 
open in the common topology and Pt is open. But Pt is «/-closed 
and hence closed in the common topology. We may thus write X  =
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=  P tJJtP 0 Ц Ж (t), where it may be recalled that Ж(t) is the set of elements 
incomparable with t and is open in J  and hence in the common topology.

Thus X  is a disjoint union of three open sets at least two of which, 
namely Pt and tP0 are non-empty. Hence X  is disconnected in the common 
topology, i.e. in J .  But this contradicts Proposition 5. Hence X  must 
be a loset.

Corollary. An order-dense, conditionally complete semilattice is 
linearly ordered i f  and only i f  J  =  °U.

3. Intrinsic topologies and the strong continuity of the partial order.
A partial order P  on a topological space X  is customarily called continuous 
if P  =  P* (where * always denotes the closure of a set). Topological spaces 
with a continuous partial order have been studied, among others, by 
Ward [6]. A partial order P  is said to be strongly continuous (see [2‘]) (i) if 
whenever a <  b, there exist (open) neighbourhoods Ga and Gb of a and b 
respectively such that X€ Ga and yeG b implies x <  у and (ii) if whenever 
a is incomparable with b, there exist neighbourhoods Ga and Gb of a and b 
respectively such that every xeG a is incomparable with every yeG b. It  
was shown in [2] that this is equivalent to saying that dP a  A, where 
dP is boundary of P  and A =  {{x, x): xe X } is the diagonal of X.

I t  is well known (see [6]) that if P  is a continuous partial order on 
a topological space (X , ST), then ZT 2  Ж, the interval topology on X. A similar 
relation holds between the strong continuity of P  and the topology 
defined earlier.

Proposition 7. I f  P  is a strongly continuous partial order on a topo­
logical space (X,Ar ), then -T 2

Proof. I t  suffices to prove that for any ae X, the sets P 0a and aP& 
are X-open. Consider

P 0aX aP0 =  {{x , y) : x <  a <  y} c  X  X X .

Let (p, q )eP 0a x  aPQ be arbitrary. Then p <  a <  q and applying the 
strong continuity of P , we find ^-open neighbourhoods Gp, Ga and G(j of 
p, a and q respectively such that every xe Gp and yeG a satisfy x <  a <  y. 
Thus

(p , q)t GPX Gq <= P 0a x  aP0.

Hence P 0a x a P 0 is open in X  X X. Since the projection maps 
and tt2 are °Pen> it follows that the sets nx{PQa x  aPf) =  P 0a and it2(P0a x  
X aP0) =  aP 0 are both-open. The proof is valid even if either aP0 or 

P 0a is empty, with obvious modifications.
Definition. In a poset (X ; <), (a , b) is said to be a gap if a <  b 

and if there is no xe X  such that a <  x <  b.
Definition. A semilattice (X ; л) with a topology on X  is a topo­
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logical semilattice if X  is a Hausdorff space and if the semilattice л : X  x  
x l - > l  is a continuous map.

It is well known that a semilattice with a topology on it is Hausdorff 
if the associated partial order <  is continuous in the usual sense. Thus 
if <  is strongly continuous on X , X  is Hausdorff.

P ro po sitio n  8. Let (X,<X) be a topological space with a semilattice л 
on X  such that every component of X  is a subsemilattice. I f  the partial order P  
{or О  derived from л is strongly continuous, then every component of X  is 
linearly ordered. I f, in addition, X  is a compact space, then it is a topological 
semilattice.

Proof. Since P  is strongly continuous, by Proposition 7, IX 2  
and =f э / .  Suppose there are incomparable elements a, b in a component C 
of X. Then z — алЪ e C, by hypothesis and Pz — P 0a f ] P 0b is an open 
set in and hence in ST. Similarly Pz is a closed set in J  and therefore 
in JT. Thus we may write

C =  (C fjP z)IJ(C ri(X \ P z))

a disjoint union of two non-empty open sets. This contradiction proves 
that G must be linearly ordered.

By the remark above, X  is a Hausdorff space. How, to show that X  
is a topological semilattice, let a, 6 e l b e  arbitrary. If a <  b, then a — алЪ 
and for a neighbourhood G of a =  а лЪ take U =  P 0b [ ]C a[]G  and V =  aP0 
f ]C b if (a, b) is a gap. Then TJ and V are neighbourhoods of a and b respec­
tively and if xe TJ and ye V, then x <  a <  b and a <  b <  y, so that x <  у 
or хлу  — xe G. If there is se (a, b), then take TJ — P 0z[]G  and V =  zP0. 
Again, TJ and V are neighbourhoods of a and b respectively and if xe TJ 
and ye V, then x <  z <  y, so that хлу  =  xeG.

If a =  b, then a — алЪ and for any neighbourhood G of a, take 
TJ =  V =  G[]C a; then xe TJ and y e V implies that x and y are comparable 
and in G so that х л у  is either x or y, but in either case, хлуе& . Note 
that we did not need the hypothesis of compactness so far.

Suppose a and b are incomparable. Let {{xn, yn) ; n e P}  be a net 
in X  x X  converging to {a, b). We must show that the net {хпл у п: ne В )  
in X  converges to алЪ — z. Since X  is compact, the net {хплуп: ne 1)} 
has a cluster point in X, say zx. Also, (осплуп, xn)eP  for every ne В  and 
since <  is strongly continuous, P  is closed. Hence, by considering the 
subnet of {хпл у п: ne В )  converging to zx and the corresponding subnet 
of K : n e B }  converging to a, it follows that zx <  a. Similarly, zx <  b, 
SO that zx ^  z — алЪ.

If zx<  z, the nets {xn: ne B }  and {yn: n e B }  will eventually be in 
the neighbourhood zP0 of a and of b. Thus, z <  xn and z <  yn so that, 
z ^ хпл у n eventually. In other words, the net {xn л yn : n e B }  cannot be-
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frequently in the neighbourhood P Qz of zx. This contradiction shows 
that zx must equal z. In other words, {xna yn: ne B }  has a unique cluster 
point z. Hence it converges to 0.

In the reverse direction, we have the following
Proposition 9. Let (X ,5 " ; a ) be a topological semilattice such that 

every component o f X  is a complete, linear subsemilattice. Then the partial 
order <  derived from a  is strongly continuous.

Proof. I t  may be noted first that since X  is a topological semilat­
tice, <  is continuous in the usual sense [6]. A comparison between the 
definitions of the usual continuity and the strong continuity of <  shows 
that we need to prove only the following: “If a <  b, then there exist 
neighbourhoods U and V of a and b respectively, such that if xe U and 
у e V, then x <  y. ”

Since <  is continuous in the usual sense, /  and for any xe X ; 
Px  and xP are closed sets. Suppose a <  b and that a and b belong to the 
same component C. If (a, b) is a gap in C, take U — (X \ bP )[]C  and
V — (X \ P a )/70, then xe XI and y e V  imply x <  a <  b <  у so that x < y .  
If  there is z e {a ,b )\ fC , then it is easily seen that the neighbourhoods 
U =  (X\zP) f l  C and V =  (X \ P z)f]C  of a and b respectively will do.

Now suppose a  and b belong to different components, say Ca and Cb 
respectively. Let r =  f\{xe Cb: a <  x <  b}, s — f\{xe Ca: x non <  r}. Take 
s =  a if there is no such x eC a such that x non <  r. Then re Cb, se Ca\ 
take z =  r a s . Then we have a <  z <  r <  b. Several cases arise depending 
upon whether any of the above is a strict inequality or an equality.

Case (i) Suppose a < z < r < b .  Take U =  {X \ zP )fjC a and V 
— (X \ P r)JfG b, as the neighbourhoods of a and b respectively. Then 
xe U and у e V imply that x <  s so that x ^ r < y  от x < y .

Case (ii) Suppose a =  z <  r < b .  Then take U =  (X \ rP )f[C a and
V =  (X \ P r)[]C b as the neighbourhoods of a and b respectively. Clearly, if 
xe U and у e V, then x <  r <  y, so that x <  y.

Case (iii) If a <  z =  r <  b, take U — (X \ zP )[]C a and V =  
=  {X \ P z)[J Cb.

The choice of U and V in other cases is obvious. Thus the proof is 
completed.

Finally, one gets a characterisation of the strong continuity of a partial 
order by combining the hypothesis of the last two propositions. This 
yields the following

Proposition 10. Let (X , &~) be a compact space with a semilattice a  

on X  such that every component o f X  is a complete subsemilattice. Then the 
partial order <  on X  derived from a  is strongly continuous i f  and only i f  
X  is a topological semilattice and every component o f X  is linear.
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