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On a certain boundary problem îor the equation A2u — C*u =  О

1. In the paper [3] it has been constructed the fundamental solution 
for the equation

(1 ) A *u {X )-C *u (X )  =  0 ,

where X  ~  {xxi x2) and C is a positive constant. Subsequently it was 
applied to solve the boundary problems of Lauricelli and of Biquier for 
equation (1) in the bounded domain D. In this paper we construct the 
Green function and the solution of the boundary problem for equation (1 ) 
for the half-plane x 2 >  0 with the conditions :

(la) и {хг , 0) =  f x {xx), Au (хх , 0) =  f 2 {хх) .

2. We shall construct the Green function by the method of symmetric 
images for the half-plane x 2 >  0. Let the two points X  =  (xx, x2) and 
T =  [ух,у2)) X  Ф Х  be given in this half-plane and let us denote by 
X  =  ((»!, ~ x 2) the symmetric image of the point X  with respect to the 
axis yx. Futher let us write:

r =  X T  =  [{oOx-y^X {x2 - y 2)2]112, rx =  X T  =  [{о сх -у х У + ^  +  у^ 2 ] 1 1 2  

and

q =  № i- y i) 2 + 4 î 12-

As we know [3 ] the fundamental solution of equation (1 ) is the func­
tion

(2) U(r) =TzT 0 (Cr) +  2 K 0 (Cr),

where T 0 (z) is the Bessel function of order zero of the second kind and 
K 0 {z) is the Mac Donald function of order zero ([2], p. 113 and 117).

We are going to prove:
T h e o r e m  1 . The function

(3) 0 ( X,  T)  -  и ( г ) - и ( г х),
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where TJ (r) is given by (2 ) is a Green function with the pole X  for equation (1 ) 
and fo r  the half-plane x 2 >  0 with the boundary conditions :

(4) G{X, Y )|y2=0 =  0, Ar G(X, Г )|Уа. 0 =  0 .

Proof. TJirf) as a function of Y is defined and of class (74 in the 
half-plane x 2 >  0 and satisfies equation (1) in this set. For Y =  (y,, 0) 
we have r =  r, =  q and G{X, Y)\ŷ Q — U(q)— U(q) =  0. Since AT U(r) 
=  U"{r) +  r~l U\r) and so

AyG(X, Y)\y2 = 0  =  l A y U W - A r m n ) ] ^  =  0.

3. Let u(X) be a function of class 04 in the domain x 2 >  0 satisfying 
equation (1 ) and the boundary conditions (la). Applying formally the 
fundamental formula of [3] to functions w(X)‘and TJ{r,) and applying 
the definition of the fundamental solution we obtain respectively:

+ 00

0 =  - ( 8тгО2)-1 j  ^Au{Y)-- UJ ri) - A U { r 1) - U} Y>i +
dy,

dAUlr,)
+  u (Y )- -  K 1 1  -  TJirf) 

dy 2
dAu(Y)

dy2 -l|j/2=°
and

+oou(X) =  -(fccC* )-1 j  j + r )  м(Г) ddJJ(-r'> +
dy, dy,

du{Y) dU(r)l\+  AU{r)-—^ - A u ( Y ) — -±->-\\ dy,. 
dy2 dy2 JI V 2 = 0

If we add the above formulas then we obtain in view of (la), (3) and (4)

+ 0 0

(5) u(X) =  J !/,(»,) dAr G(X, Y)
dy2

+  /2(2/1)
dG(X, Y) 

dy2
dy1 .

12/0=0

From the recurrence formulas ([2], p. I l l  and 117)

- ^ 0 z-nK n{z)] =  - z ^ K n+l{z), ^~[z~n Yn{z)] =  - z - Y n+1 {z)

and from the identities

Ar Y0 {Cr) +  C*Y 9 (O r)= 0 , Ar K 0 (Cr) — C2 K 0 (Cr) =  0
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we have

(6 )
dG{X,  Y)

dy
2 Cx2N  2(@)j

2 2/2 = 0

dAYG ( X ,  Y)
2 C*x2N x{q),

2/2 = 0

where

я  da) =  ^ ( e )  =  ^ [ - ^ ( О Д + з я ^ С е ) ] .
Substituting expressions (6) into (5) we obtain:

+  OO

(7) u(X) =  (4TUC)-1®, / [ Л Ы ^ л М е Н Л Ы - г З Д ] ^ .-

+ oo
Lemma 1. J  |/j(yi)| i =  1 , 2 convergent. Then the function

—  CO

w(X) % formula (7) is of class O'4 w the half-plane x 2 >  0 satisfies 
equation (1 ) in this set.

Proof. We shall prove that the integral on the right-hand side of 
formula (7) as well as the integrals we get by differentiating w-times 
{n =  1 , 2 , 3, 4) with respect to xx and x2 the functions under the sign 
of integral (7) exist and are uniformly convergent for X  belonging the 
rectangle P (a , A , B ): {laql <  B, a <  x 2 <  A}, where a, A , В  are arbitrary 
positive constants. The functions we obtain by w-times differentiation 
of the kernels N x(q) and N 2 (q) with respect to xx and x 2 are linear combi­
nations of the functions:

Фх =  x\{xx- y x)ag nYn(CQ), Ф2 =  xy2 {xx- y x)aQ пК п{Сд),

where w =  1 , 2 ,3 ,  4, 5, у =  0 , 1 , 2 ,3 ,4 ,  а =  0 , 1 , 2 ,3 ,4 ,  у +  а <  w — 1 . 
It is enough to know that the integrals

+  00 + 0 0

(8) j  Шх)ФхйУх, f  / г Ы ф2<%1 , i = 1 , 2
—  CO — CO

exist and are uniformly convergent for X e P (a , A , B). For X e P (a , A , B) 
we have а <  q. From that and from ([2], p. 145) we see that thq functions 
Yn(G(>) and К п{Сд) are bounded for a <  q.

From these results we can obtain the inequalities:

|Ф,1 «  <Г’‘+У+‘,|3Г„(С'(>)| < А .,.., IA < e- n+r+a\Kn{ c e)\ < b w

f°r ;£,| ^  B,  a ^ x 2 ^ . A ,  —oo <  yx <  —|-ooj where А П)У>а and В п>у>а are 
positive constants.

It follows from this that
+  00 + 0 0

I / fdyx)&xdyx\<An,Y,a f  1/гМ1<%1> i = l , 2
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and
+  oo +oo

I / / гЫ  ф2 # 1 1 <  ^n,y,a f  l/i(2/l)l#n i = 1 ) 2 . 
— oo — oo

Hence and by assumption of Lemma 1 integrals (8) exist and are 
uniformly convergent for X e P (a ,  A , B).

The function u(X) defined by formula (5) or (7) is of class O4 in the 
domain x 2 >  0 and its derivatives up to the order four may be found 
by differentiation under the sign of the integral.

We shall prove now that the function defined by formula (5) satisfies 
equation (1 ). Taking into consideration the above properties and the 
fact that the function G(X, Y ) as a function of the point of X, X  Ф Y 
satisfies equation (1 ) we have

A *u (X )-0 *u (X )  =  (StiC T 1 f  l / i ( ÿ i ) - f - ^ r ( ^ ( X , r )
— OO

a \

-C *G (X , [A%G(X, Y )-C *G (X , X)]j dy i =  0 .

L e m m a  2. Let <p(yx) be a function defined on the real axis and continuous
+  oo

at the point xx. Let the integral j  \p{yi)\dyx be convergent. Then the function
—  OO

defined by the formula
-f  oo

L{Xг,х 2) =  {n )- 1 x2 J  <p{y1 )g~2 dy1
— OO

is defined for the half-plane x 2 >  0 and convergent to (p(xx) when {xx,x 2)
-> (xx, 0).

The above lemma is a certain modification of the theorem from the 
monograph [1 ] (p. 268) and its proof is similar to that of the theorem.  ̂

L e m m a  3 .  Let f^ y x), i — 1 ,2 , be two functions defined on the real 
axis and continuous at the point xx. Let the integrals

+oo

f  1/ г Ы 1% 1 > i  = 1 , 2 ,
— OO

be convergent. Then the function defined by (7) satisfies the following boundary 
conditions :

(9) Ъ\ти(хх, x2)A =  f x{xx), xx-^-xx, a?2—>0+,

(10) Lim Au(xx, x2) =  f i {x x), as xx->xx, x2 -> 0 +.
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Proof. We shall now prove that the function u{X) satisfies the 
condition of (9). For that purpose we present the function u(X) given by 
formula of (7) in the form:

+ oo +oo
u(X) =  (тсГЧ  / / lM £ ~ 2# l  +  ̂ 2 / / lW ^ l( ? ) %  +

— 00 —oo -foo
+ ̂ 2 J  M y i W 2{g)dy1,

— 00
where

w 1(Q) ^(4ти)-1 (7лг1 (е) - . ( T u rv * , w ,(6) =  (4TcO)-1jy'>(e).

In view of Lemma 2 , we have
+oo

Lim [(7t)- 1a?a j  Л Ы  =  Л ^ )  as æ1  -> xx, x2 -> 0+.
—  OO

It is enough to show that integrals:
+  oo

( ! 1 ) 2̂ f  \fi{yxWM)\dyx, i = 1 , 2 ,
— 00

are convergent to zero if xx -> xx, x 2 -> 0+.
By using the expansion of Fi(Oç) and K l ( C q ) into the series ([2], 

p. 113 and 117), the function Wr1( )̂ may be written in the form

“  j (J0 \ 2(2fc+l) +  l Г sj

T̂ iCe) = 0 ( 2^ ) - 1 2 ^[(2fc +  l ) ! ( 2fc +  2 ) ! r 1 M -  j 21n - ^ -

—  f ( 2 T c - \ -2 ) —  г р {2 к -\ -3)| —  o ( q ) for £ -> 0+.

Hence we find that the function is bounded for q >  0. Thus
there exists a number В  >  0 such that |Жх(е)| <  В  for 0 <  q <  -{-oo. 
So we have

+oo + oo
2̂ j  \fi(yiW 1 {Q)\dy1 ^ B x 2 f  If 1 (yi)\dy1.

—  OO — CO

From this result and by assumption of Lemma 3 it follows that
+ 00

lima?2 J  \f1 (yi)W 1 (Q)\dy1  =  0  as xt -+ xlf x2 -> 0+.
—  OO

We shall now prove that integral (11) for % — 2 is convergent to
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zero when xx-> xx, x 2 -> 0+. Applying the expansions of Yx(Gq) and 
K x(Gq) into series we obtain:

V—■i I G p  \2(2* )+ 1 Г (Jp
угле) = (2 * C e ) - 12 J [(24)!(2И-1)!]-М-Х-1 2 i n - + - -

k=0 ' ' ^

—  ip(2 k Jr 1 ) —  y>(2  ̂+  2)1 =  o ( q~ 1) for q 0+.

Thus there exist a number j>0 >  0 such that

(1 2 ) |W2(e)|< ç_1 for о <   ̂<  ç0•

It follows by the continuity of the function f 2 {xx) at the point xx 
that there exist numbers <5 >  0 and Mô >  0 such that

(13) |/a(#i)l <  Ma for \xx- x x\ <  ô.
Let

(14) ôx =  min Qo
T ’ & ■

The integral given by formula (11) for i — 2 may be written in the 
form

+ 00

(15) x 2 j  \f2 {y1 )W 2 {Q)\dyx =  x 2 f  \h{yiW 2 {Q)\dy1  +
—oo h/x—xxl<ôx

+ ж2 J  \f2 {.yiW 2 {Q)\dy1.
\ V \ ~ X \ \ ^

If \xx—xx\ <  ôx/2, then

x 2 f  \f2 {y iW 2 {Q)\dyi<x2 f  \/2 {yi)W 2 [Q)\dy1.

If \yx—xx\ >  ôxj2, then q >  ôxj2. From the estimates concerning 
functions Yn{Gq) and K n(Gq) for p >  ôxj2  we have

|W2(e)| <  Dh  for \yx- x x\ >  0,

where Dâi is a positive constant. Thus
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Let e >  0 be given ; then there exists a number r\ >  0 such that the 
condition 0 <  x2<  у implies

+ oo
J  \MVi)\'àyx<  y .

Therefore

(16) *2 /  1/2(»л)1П(е)|й2/1 <  —
\ V l - X l\ > ô l

for 0 <  x2<  r) and \xl — x1\< <5х/2.
Let ns now take into consideration the integral ^2 f  l/2 (2/l) x

_ l2/l-âll«b
/ V7 7 \ _ ^

X Let Vi —  min h ) ----- <5X )• H \оС\ —x ^\ <  —  and 0 <  x 2 >  r] l f !

then

\Ух -  ®il <  \Ух ~  «il +  I®! -  жх| <
3^

and 0 <  q <  2(5X,

Therefore from formulas (12), (13) and (14) we have

x* J  \f2( y i W 2(Q)\dy1 ^ x 2 j  \ M y i W 2{Q)\dy1

Ilf]—£Cjll<̂ i \Vl - x l \<-

< x 2 Ma f  g 1 dy1.
3<5Х

Since the integral

J  e-1 d y x =  2 x 2 jin +  ] / - ^  +  x l  I -  ln«2}

is convergent to zero for x2 -> 0+, there exists a number y2 > 0  such that 
the conditions: 0 <  x 2 <  т т ( ^ х, r)2) and \хг — хг\ <  д1/2 imply

(17) х 2 J  lf2 (yi)W 2 (Q)jdy1<  e/2 .
\У1 -ХХ\ < 0 1

I t  follows from (15), (16) and (17) that
+00
/  \U{yiWi{Q) \dyx<e

— OÛ

for la?! —æj <  ôj/2 and 0 <  x 2 <  ^3, where ??3 =  т т ( ^ 1? rj2). So we have 
proved that the function defined by (7) satisfies the boundary condition (9).
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We shall now prove that the function u(X)  satisfies condition (10 ). 
In  view of formulas (5) and (6) we have:

~ [ A x G ( X ,  Г)]|„2_0 =  f - [ A r G ( X ,  Y)]|„2, 0 = 2 C’ X ' N ^ e ) ,
“У2 “У2

und

Л - [ А х (АтЩ Х ,  Y % 2_a = ~ { d ‘‘x G ( X ,  Y)]|„2_0

л Л

=  [C*G(X, Y )]\y2 = 0  =  С ^ О ( Х ,  Y )\V 2 = 0  =  2C5 xzN ,(Q).

We have then
4-00

Au{X) =  (4тгС)_1а?а J  [ f z{y1 )C2 N 1 {Q )+f1 {yl )C*N<i{Q)]dy1.
— 00

Now the proof that condition (10 ) is satisfied if similar to that of 
the proof for condition (9).

From Lemmas 1 and 3 we get
T h e o r e m  2 .  By the assumptions of Lemma 3 the function u(X) defined 

by formula (7) is the solution of equation (1 ) in the half-plane oc2 > 0  with 
the boundary conditions (9) and (10).
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