ANNALES SOCIETATIS MATHEMATICAE POLONAE T
Series I: COMMENTATIONES MATHEMATICAE XVI (1972) cm ptm
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO

Seria I: PRACE MATEMATYCZNE XVI (1972)

M. FiLar (Krakow)

On a certain boundary problem for the equation 4*w—C*u =0

1. In the paper [3] it has been constructed the fundamental solution
for the equation

(1) 224(X)— Ctu(X) = 0,

where X = (#,, #,) and C is a positive constant. Subsequently it was
applied to solve the boundary problems of Lauricelli and of Riquier for
equation (1) in the bounded domain D. In this paper we construct the
Green function and the solution of the boundary problem for equation (1)
for the half-plane x, > 0 with the conditions:

(1a) (@1, 0) = f1(2), Au(zy, 0) = fy(wy).

2. We shall construct the Green function by the method of symmetric
images for the half-plane x, > 0. Let the two points X = (x;, 2,) and
Y = (y4,9,), X # Y Dbe given in this half-plane and let us denote by
X = (x,, —x,) the symmetric image of the point X with respect to the
axis y,. Futher let us write:

r=XY = [(#—y1)2+ (4, — 2]1/2 r, = XY = [(#,—y.)°+ @+ 9,0 1*
and
0 = [(Z1— 1)+ mg]llz'
As we know [3] the fundamental solution of equation (1) is the func-
tion
(2) U(r) = n¥,(Cr)+2K,(Cr),

where ¥,(z) is the Bessel function of order zero of the second kind and
K, (z) is the Mac Donald function of order zero ([2], p. 113 and 117).

We are going to prove:

THEOREM 1. The function

(3) G(X, Y) = Ulr)— Ulry),
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where U (r) is given by (2) is a Green function with the pole X for equation (1)
and for the half-plane x, > 0 with the boundary conditions:

(4) G(X,; Y)lyymo =0,  ApG(X, Y)[,—o = 0.

Ly lue

Proof. U(r;) as a function of Y is defined and of class ¢4 in the
half-plane z, > 0 and satisfies equation (1) in this set. For ¥ = (y,, 0)
we have r =7, = ¢ and G(X, Y)|,,_, = U(g)— U(e) = 0. Since A5 U(r)
= U’ (r)+r7'U () and so

ApG (X, Y)lyymo = [Ary U(r)— Ay U(11)]lyy=0 = 0.

3. Let u(X) be a function of class C* in the domain %, > 0 satisfying
equation (1) and the boundary conditions (1a). Applying formally the
fundamental formula of [3] to functions «(X) and U(r;) and applying
the definition of the fundamental solution we obtain respectively:

+ o0

| (4000 22— 4y 222
+ uW)MaLy:m — U0 a—";;fl] |
and
w(X) = —(Br07) _f[vm a—‘g"ygﬂ —u(Y) i‘%@ +
wave 50 220 gy,

If we add the above formulas then we obtain in view of (1a), (3) and (4)

+o0
d1,G(X, Y
) w0 =m0y [ [ s ST

—o0

0G(X, Y
+ fa(y,) *"(*’—_)]

0y,

From the recurrence formulas ([2], p. 111 and 117)
d —-n —n d -n —n
ST EE] = e K)o, @] = =2 V()

and from the identities

Ap Yo (Or)+ 02X (Cr) =0, AyK,(0r)—C2E,(0r) = 0
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we have

4 04,6G(X, Y) |
0G(X, Y) — 202, ¥, (0), G (X, Y)

6)
( 0y, Yp=0 0y, Yp=0

= 203, N, (o),

where

No(e) = 7' [nY1(0)+2K,(Cp)y Ni(0) = ¢7'[—7Y:(Co)+2K,(Cp)].
Substituting expressions (6) into (5) we obtain:

+-o00

(1) w(X) = (4n0C) "', f [f1(y1)C2 N, (0)+fo(y1) No(0)]dy, .

+o0
LeMMA 1. Let | |fi(y))ldy,, ¢ = 1,2 be convergent. Then the function

#(X) given by formula (7) 18 of class C* in the half-plane x, > 0 and satisfies
equation (1) in this set.

Proof. We shall prove that the integral on the right-hand side of
formula (7) as well as the integrals we get by differentiating n-times
(n =1,2,3,4) with respect to 2, and =z, the functions under the sign
of integral (7) exist and are uniformly convergent for X belonging the
rectangle P(a, A, B): {|z,| < B, a < #, < A}, where a, A, B are arbitrary
positive constants. The functions we obtain by n-times differentiation
of the kernels N,(g¢) and N,(p) with respect to x, and x, are linear combi-
nationg of the functions:

D, = af(#,— Y1) e " Y,(Cp), D, = w}(®,—y.)" 0 " K, (Co),

where n = 1,2,3,4,5, y=10,1,2,3,4, a =0,1,2,3,4, y+a<<n—1.
It is enough to know that the integrals

+o0 +00
8) f NACAL 2T f [i(y) Pedyy, ©=1,2

exist and are uniformly convergent for Xe P(a, A, B). For Xe¢ P(a, A, B)
we have a < o. From that and from ([2], p. 145) we see that the functions
Y,(Cp) and K,(Cp) are bounded for a < .

From these results we can obtain the inequalities:

D] < @™ X, (00)| < Apyyay (Dol < @7"TTUEL(C)l < B

for oy | < B, a<#,< 4, —00 < y; < oo, where 4,,, and B, ,, are
Positive constants.
It follows from this that

7n,7,&

400

+0o0
| [ £y, < Apra [ iyl i =1,2

—00
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and
+o0

400
| [ S @y | < B,,. [ 1f@oldy, =12,

-—00

Hence and by assumption of Lemma 1 integrals (8) exist and are
uniformly convergent for Xe P(a, A, B).

The function #(X) defined by formula (5) or (7) is of clags C* in the
domain z, > 0 and its derivatives up to the order four may be found
by differentiation under the sign of the integral.

We shall prove now that the function defined by formula (5) satisfies
equation (1). Taking into consideration the above properties and the
fact that the function G(X, Y) as a function of the point of X, X = ¥
satisfies equation (1) we have

+o0

. 0
Aru(X)=0u(X) = (85097 [ futon) 5 -4 ( 450X, V)

— 0

0
~ 4G (X, Y))|+foly)) — [45%G (X, ¥)— C*G(X, Y)]}' dy, = 0.

0y,

LEMMA 2. Let ¢ (y,) be a function defined on the real axis and continuous

+0oo
at the point T,. Let the integral [ |@(y,)|dy, be convergent. Then the function
defined by the formula
+00
Ly, @) = (R)7'a [ o) e dy,

is defined for the half-plane x, > 0 and convergent to p(T,) when (a2, ,)
— (Zy, 0).

The above lemma is a certain modification of the theorem from the
monograph [1] (p. 268) and its proof is similar to that of the theorem. \

LemMMma 3. Let f;(yy), ¢ = 1,2, be two functions defined on the real
axis and continuous at the point #;. Let the integrals

+o0

[ i)y, i=1,2,

—0o

be convergeni. Then the function defined by (7) satisfies the following boundary
conditions:

(9) Limu(®,, ®,)4 = f,(%,), as @, — 7, wz)"‘ 0+,

(10) Lim Au(x,, 2,) = f1(Z,), a8 &L — Ty, Xy —> 0",
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Proof. We shall now prove that the function % (X) satisfies the
condition of (9). For that purpose we present the function #(X) given by
formula of (7) in the form:

+o0 +oo
w(X) = (m) e, [ H)e @t [ L) Wio)dy,+

+ 00
+a [ foly)Wal0)dy,,

where

Wile) = (4m)T'ON. (o) —(m) "™ Wy(e) = (4n0) ™" N, (e).

In view of Lemma 2, we have

+o00
Lim [(m)7@, [ fiy)e 2y, = fi(F)  as @, F, @ 0*.

It is enough to show that integrals:

+oo
(11) o [ i) Wileldy:, i=1,2,
are convergent to zero if @, — %,, €, —> 07, N

By using the expansion of Y,(Cp) and K, (Cp) into the series ([2],
Pp- 113 and 117), the function W,(¢) may be written in the form

> O p \2@H+1)+1 c
R Y (CARHE R R S R AL
%=0

—1;)(270—}—2)—1/)(270—{—3)}:0(9) for p—07.

Hence we find that the function W,(g) is bounded for ¢ > ¢. Thus
there exists a number B > 0 such that |W,(g)| < B for 0 < ¢ < +ox.
So we have

+co + o0

2 [ i) Wile)ldy, < Bzy [ 1fi(y1)ldy,.

—o0 —oo

From this result and by assumption of Lemma 3 it follows that

-+00
lima, [ [fi@)Wile)dy, =0 as @, >F, 2, —>0".

—00

We shall now prove that integral (11) for ¢ = 2 is convergent to
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zero when #, —%,, @, —>0". Applying the expansions of ¥,(Cp) and
K,(Cp) into series we obtain:

oo

Op \2@0)+1 C
Wilo) = @e00~t Y em 2k 1 (G2 {2 e

k=0

—w(2k+1)—w(2k+2>}=o(g-l) for g 0%,

Thus there exist a number g, > 0 such that
(12) |Wo(o) < e™'  for 0< o< g,.

It follows by the continuity of the function f,(z,) at the point =,
that there exist numbers 8 > 0 and M; > 0 such that

(13) falw)l < M, for |z, —7] < 0.
Let
e min [ 2
(14) 0, == mm( 5 )

The integral given by formula (11) for ¢ = 2 may be written in the
form :

-+ o0

(15) @ [ fe)Weldyr =@ [ |faly)Wal0)ldy,+
—o0 ly1—T11<d;
tay [ 1S Wl dys-
Y1~ 1= 0,

Ii |w1——$_ll < 61/2, then

o [ @ Wuldy<z [ [fy)Wa(0)dy:.
é

—Z =8 1
W-Z1>4 |U1“'w1|>?

I |y,—a,]> 6,/2, then p>4,/2. From the estimates concerning
functions Y ,(Cg) and K,(Cp) for o> 6,/2 we have

é
[Wo(o) < D, for Wr‘wll?“zi, @, > 0,

where D, is a positive constant. Thus

-+ 00

2 [ 1) Wa(0ldy: <@, Dy [ 1fo(9)l dy, -

1 —00
lﬂl—mﬂ??
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Let ¢ > 0 be given; then there exists a number y > 0 such that the
condition 0 < x, < n implies

400
&
2Dy, [ 1l dy < -

Therefore

€
(16) no [ 1RVl <
ly1—5ﬂ>"1
for 0 < @, << 9 and |z, —F,| < 8;/2.
Let us now take into consideration the integral @, [ |fu(y,) X
IU1—51|<61

é
X Wy(e)|dy,. Let 7, = min (71, (51). ¥ |z —7] < EI— and 0<< &y > 9,
then

34
lyl—w1|<}yl“§1‘+lw1—9—511<-2_1 and 0 < o< 24;.
Therefore from formulas (12), (13) and (14) we have

v, [ fe@Wldn <o [ 1) Wele)ldy,

ly;—x1<8; Wy —zyl<

<mM, [ o7'dy..
38,
]U1—Z1]<T
Since the integral

36 967
@, f o~ tdy, = 2%, {ln( 21 4+ l/~4—l +x§) —lnwg}

3
Iy —2yl< ?61

is convergent to zero for x, — 0", there exists a number 7, > 0 such that
the conditions: 0 < @, < min (s, 5,) and |@; — ;| < 6;/2 imply

(17) 2y [ 19 Walo)ldy, < &f2.
[y — <4y
It follows from (15), (16) and (17) that

+ o0

[ 1f2()Walo)ldy, < =

for [®y — %] < 6,/2 and 0 < 2, < 7,, where 53 = min(n;, 1,). So we have
broved that the function defined by (7) satisfies the boundary condition (9).
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We shall now prove that the funection «(X) satisfies condition (10).

In view of formulas (5) and (6) we have:
7]
0y,

0
[AxG (X, Y)]ly—0 = W[AYG(X, Y)]lyymo = 2072, N, (0),
2
and

3 0  p
%:[AX(AYG(X’ Y)”y2=0 = 'a_y; [AXG(X7 Y)]ly2=0

0
[C*G(X, ¥)]lyymp = C* P

=3 G(X, Y)|y,oo = 20°2,N,(0).
Ya

We have then
400
Au(X) = (470) '@y [ [fa(2)C* N1(0) +/1(41) C* No(0)1dy;.

Now the proof that condition (10) is satisfied if similar to that of
the proof for condition (9).

From Lemmas 1 and 3 we get

THEOREM 2. By the assumptions of Lemma 3 the function u(X) defined
by formula (7) is the solution of equation (1) in the half-plane x, > 0 with
the boundary conditions (9) and (10).
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