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Functions with non-degenerate critical points 
on manifolds with boundary

Let Ж be a G°° manifold with boundary dM. Functions /: M -> В  
with the properties

(i) f  is constant on each component of dM,
(ii) / has no critical points on dM,

(iii) f  has only non-degenerate critical points were investigated by 
many authors and were called the Morse functions on M.

We are going to consider another class of functions on manifolds 
with boundary which we will call m-functions.

We will give the definition in Section 1.
The aim of this paper is to prove the Morse inequalities for m-func­

tions. This is done in Section 4. Formula (5) which results from the Morse 
inequalities was proved by C.T.C. Wall (unpublished) who had used 
different methods.

We will finish with an example and unsolved problem concerning 
the existence of m-function which extends given Morse function on dM.

1. Definitions and preliminary results. Let Ж be a compact smooth 
manifold with boundary dM.

Definition 1.1. Let /: Ж -> В  be a smooth function on Ж. We call / 
to be a m-function on M if it has the following properties:

(i) f\aM: dM -> В  is a Morse function on dM, that means it has 
only non-degenerate critical points,

(ii) / has no critical points on dM,
(iii) f  has only non-degenerate critical points.
Let xe dM be a critical point of /|влг, the index of such a point is 

an ordered pair (A, e), where A is the index of f\dM, e =  1 if grad f x points 
outwards and £ =  — 1  if grad/^ points inwards. If xe Int Ж is a critica 
point of / its index is defined as usual.

With each m-function on Ж we associate three sequences of integers:
C'a =  number of critical points of index A,
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D£ =  number of critical points of index (A, +1)?
Dx =  number of critical points of index (A, —1 ).
We will consider the problem of the existence of the w-functions at 

first. Let f  be the smooth function on dM and let C (M ,f) be the topolo­
gical space (in O2 topology) of all real smooth functions on M, which are 
equal to f  on dM.

Proposition 1.2. I f  f e  C°°(dM) is a Morse function, then the set of 
m-functions on M is open and dense in G(M, /).

Proof. The first statement is obvious. We are going to prove the 
second one. Let g e C ( M, f)  and let

h: д М х В + -> M

be a collar neighborhood of the boundary. Consider the sets
dgh I

A =  {x ed M ,
dt

=  0
K*,o)

{critical points of /}.

The set of critical points of g on dM is the intersection A n P  and 
consists of the finite number of points yx, . . . ,  ys say. For arbitrary real 
numbers ex > 0 ,  e2 >  0, sx >  s0 >  0 let у : dM -> В, A: В  В  be smooth 
functions with the properties 

(i) y e V Si{0 )cz C(dM),
(ü) viVi) >  0, i =  1 , - s,

(iii) /л_ 1 (0) c= P \ A ,
(iv) Ae F e2(0),
(v) A(e) =  A0 >  0 for s <  s0,

(vi) A(s) = 0  for s ^  sx.
Consider

gx: dM x B + В
given by the formula

gx{x, t) =  gh(x, <) +  /m(®)A(«)<; 
we have from (vi) that

gx{x, t) =  gh{x, t)

for t >  sx and it results that the function

gxh~l : h (d M x B +) -> В

coincide with g on the set h {dM X (s1 ?oo)). Putting

g{y) for ye M \ h(dM x[0 , sx]),
9 \h~l (y) for y e h(dM x B +),9 t { y )  =
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we get a smooth function g2 such that
(i) for each s >  0 there exist e1} e2 >  0 such that

02 «
(ii) g2 has no critical points on dM.
The first statement results from Lemma C of [3], p. 1 2 . Now

dg2h
dt

dgh

and thus on A n P
(x> o) dt (x,0)

dg2h
dt Ф 0 .

-\r (л(х) -A0

For x ed M \ P  we have

and for x eP \ A
dÇih\(X, о) I T(dM) — dfx Ф 0

dg2h
dt

dgh
(x,0) dt Ф 0 .

(z,0)

I t  results that g2 has no critical points on some neighborhood U0 
of the boundary dM. To get the rest of the proof we proceed as in [3], 
p. 16 and 17.

Let f :  dM -> В  be a Morse function with the critical points yx, ...,У к  
and ег, ek a sequence with =  ± 1 ? i =  1 , . . . , 1c.

Definition 1.3. We will call a m-function g on M to be an extension
of (/> Ы ,  Ы )  if

(i)
(ii) grad gy. points inwards if =  —1  and outwards if =  + 1 .
As a simple consequence of Proposition 1.2 we get the following

corollary :
Corollary 1.4. For each (/, {y{}, (e j)  there is an extension on M. 
Proof. Let cp: dM  -> [—1 ,1 ] be a G°° function such that <p{y{) =  

and let
hi d M x R + -+M

be the collar neighborhood. Consider gx : dM x R + В  given by

9г0», t) =f { æ)  +  <p{x)t 

and let g : M В  be a C°° extension of

02 “  01  ̂ 1 |a(3Mx[0,1])
on M. It results from Proposition 1.2 that g can be approximated by 
^-function with desired properties.
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2. Homology of morphisms in the category of pairs. For the later use 
we will briefly recall the definition and some properties of the homology 
groups of morphisms in the category of pairs.

Let (E be the category of topological spaces and maps. Let (Ep be the 
category of pairs of (E, i.e. objects of (Ep are morphisms of (E and a morphism 
in (£p from a to /$, where a:  A x -> A 2, ft: B X^ B 2 is a pair (/i, / 2)5 f i -  
Ax -> B x, f 2: A 2 -» B 2 such that the diagram

A x----— - A 2
I

h h

B i--- 1------B ,

is commutative.
As there was shown by Hilton [1] we have an exact homology se­

quence of a map Ф =  ( fx, f 2) '

(1 ) ... - + Н п( Р ) - + Н л( Ф) - + Н п_1( а ) - ^ + Н ^ 1{Р)-+. . .

which can be constructed as follows:
Let (Cn(Ax), d'n) be the singular chain complex of A x, and [Cn(A2), d”) 

such a complex of A 2. The singular complex of a is (Cn(a), d“), where

C M  — Cn_x(Ax) © Cn(Â2), 

dan{x,y)  =  ( - d n_ x{x), dn(y) +  ax)

(here and in the sequel we use the same symbol for a map an a chain map 
that it induces).

A short exact sequence of chain complexes

0 -> Cn(A2) -* C M  -+ Сп-ЛАг) -  0 

give us the exact homology sequence of a:

. . . ^ H n(A 2 ) - > H M ^ H n_x(Ax)-*-^  Hn_x{At) - > . . .

If a is an inclusion, then H n(a) =  H n(A2, A x). To obtain (1) let 
(Cn(a), d°) (resp. (Cn{fi), dj)) be the complex of a (resp. ft). The complex 
of Ф =  ( f i ,/a) is (Сп{Ф), dn), where

С п {Ф ) =  < V i ( « )  ©  C M ,

dn{x ,y)  =  { - d n_xx,  d ^ +Ф х) .

(1 ) is the exact homology sequence of a short exact sequence of 
chain complexes

0 - > С М ^ С п{Ф )-*С п-А а )^ Ъ -
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Let Фт be the transposition of Ф, i.e. Фт =  (a, /?). As there was 
shown in [1 ] there is a chain isomorphism

С(Ф) ^  С{ФТ)

which implies that if A: A -> В, /л: В  C are maps and v =  /лк: A C, 
then there is the exact sequence

. . . ^ Н п(Л) H n(v) E M  -+ E n_ M  -> ■ ■ ■

All this construction can be redone in the category {$LP)P. Let Фх, 
Ф2€ Obj (ОЦэ)̂ , and ift: Ф1 -^Ф2. We have

Фг- a P i ,  a2 -» /32
and

У1  =  ((9i, 9i), (g3, 9*)),
where (д±, g2): cq->a2, {g3, g4): We put

Cn№  = C n - A 0 i )  ® С п(Ф2),

dn{u, v) =  ( — ^n-iu f d^+ÜR#)

and hence we get an exact homology sequence

... -  н п(ф 2) ->H nm  -^ н ^ ф ,) -^H n_ ^ 2)

Let У1Т be the transposition of SR, i.e. 9l2 =  (Фх, Ф2). Just by the 
same method as for Фт it can be shown that there is a natural chain 
isomorphism

C(<R) ^  L(Jlr )

and hence if Ф3 =  Ф2оФх there is the exact sequence

(2) . . .  ^  Е п(Фг) — *  Я„(Ф») Н п(Фг) -*  B » - i № )  -  ■ ■ ■

Eem ark. Following [1] one can easily show that if

ф =  (a, P)-- f  ^ g  
and a, are inclusions, then

s nm  =  Hn( c Q, c f),

where Cg (resp. Cf) is the mapping cone of g (resp. /).

3. Some lemmas. Let / :  M  -> В  be a m-function. We will denote by 
Ma the manifold with corners

Ма = Г г( ( -ж ,а - ] )

and by (dM)a the manifold with boundary

(dM)a =  Ma n  ÔM.
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For b >  a we have the diagram of inclusions

idM )b

aa ab

Ma M„

and let Ф% =  (г1? i 2): aa -> a&.
We are going to prove some lemmas which we will use later in order 

to compute the homology groups of the maps Ф% in some cases.
Lemma 3.1. Let f :  M R be a m-function, a < b  and /_ 1 ([a, 6]) 

contain no critical point o f f .  Then f ^ 1 ([a, b]) and f~ l (a) x I  are diffeo- 
morphic as the manifolds with corners.

Proof. We can assume a =  0 , b — 1. Let

M = / _ 1( [0 ,1]), M 0 = f - \ 0), Mx = f - \  1),
M 2 =  d M n M ,  V0 =  dM0, V1  =  dM1.

Let W be an open neighborhood of M 2 in M such that there is a diffeo- 
morphism

h: M 2 x [0 , 1 ) W
such that

h(pc, 0) =  x,
h(ViX  [0 , 1 )) =  W n Mt for i =  0 , 1 .

Following the proof of a collar neighborhood theorem one can show 
that such W and h do exist.

Let 3 be a gradient-like vector field on M 2 for/|Ma and let rj be a vector 
field on W induced from 3 by projection on M2. rj (f\w) is a smooth function 
on W and r]{f\w)\M2>  0. Let U be the open neighborhood of M 2 in W 
such that rj(f\w)\u >  0. Since M 2 is compact there is t0e (0, -|) such that 
M2 c  h[M2 x [0, t0)) c  U. Let p : [0,1) ->■ [0, 1) be a smooth function 
such that

p{t)
t for f  t0 <  t <  1 ,

x 0 for 0 <  t <  %t0.

Consider a function / : M -> [0,1] defined by

\f(x) for XeM \h[M 2 X [0, §£0)),
/ И

where
\f(HPl{x), p {p 2(0C)))) for X e W ,

P l: W -+ M 2, p 2: W ^ [ 0 , 1 )
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Л м 2 = Л м 2, f - 4 0  ) =  m 0, / - 4 1 ) =  ^ .

For xe h[M2 x [0, ^t0)) we have

Vif Iu)x =  %i.f\M2)Pl(X) >  °-
Let 0  be a gradient-like vector field for / \m\m2 on the paracompact 

manifold M \M 2. Consider

U1  =  M \ h{M 2x  [0 , y t0]), TJ2 =  h(M 2X [0 ,± t0)).
{ ü i ) ^ 2} is an open covering of M and let {Хг, Л2} be the associated 

partition of unity.
Let y be the vector field on M given by

y =  ЯХС0 +  Я2?/.

It  is a gradient-like vector field for / on M, moreover, the integral 
curves of у which have a point in common with M2 are contained in M2. 
The rest of the proof follows Milnor [3], p. 21, 22.

Lemma 3.2. Let f  be a m-function on M and let p 0e dM be a non-degen­
erate critical point of f\dM of index X and f ( p 0) =  0. Then there is a neigh­
borhood U of p 0 in M and some coordinate system

p: V ^ R n
such that :

(i) f(P) =  <Pn(P) for p e  Ü,
(ii) the manifold p(TJ n dM) is given by the equation

Уп =  - У 1 2-  ••• -У>? +  Уь+13+  ••• + y n- 13- 
Proof. There is a neighborhood U of p 0 in M and a map

<p: U Rn_
such that p (po) =  0 and let V =  p(U)  <= R n <= Rn. The map /' =  fp~ l :
V -> R  can be extended over an open subset V of Rn in such a way that
V — у  n Rn, f  has no critical points in V and f  has just one
non-degenerate critical point 0 e R n~l.

This implies that there is a change of the coordinate system
xp': V' -> Rn,

У  an open subset of V containing 0 and y>'(0 ) =  0 , such that on the 
set V =  p'(V') we have

fp ' - \ x i ,  . . . ,  xn) =  xn

i¥ n l)x Ф 0 o n F .

are projections. /  has no critical points on M, moreover,

and
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The submanifold яр'(Bn 1 n V ) has in V the equation

(V’'~1)n(^i, ■••>® n )= 0 .
From the inverse function theorem we get a function в defined in 

some neighborhood of 0 in В п~г such that

xn =  в {хг i j

is the equation of яр'{Bn~l n V ) in some neighborhood ТГ of 0 in V. Let 
pr: B n -> B n~x be the standard projection on the first n —1 coordinates. 
One can easly check that

0pr IWryV'(Rn-i л p/) =  Xn\w ŷ,/(Rn-l  ̂V)

and since pr|  ̂  ̂wt(Rn-i „ Vf) is a diffeomorphism on some open neighborhood 
of 0, 0 is a non-degenerate critical point of в with the index A. Let W
be an open neighborhood of 0 in Bn~l and яр" : W  -> Bn~l a change of
coordinate system such that

•••> yn-i) =  -У х %-  ••• -y l+ y l+ i  ••• + V l- 1 -
Let яр be the change of coordinate system given by 

* ~4> — (v''Wi Щ - рзГЧЖ') ~^Bn.

Putting TJ — <p~1̂ V n and cp =  уояр'оср we get the
chart that we need.

Lemma 3.3 I f  f :  M -> В  is a m-function and p 0e dM is a critical point
of index (A, e) and there is no more critical points with the same critical
value f { p 0) =  c0, then there exists rj >  0 such that

(i) i f  s — 1, then is a strong deformation retract of MCo+n,
(ii) i f  e =  — 1, then there is Я-dimensional disc Dx <= MCo+Tj such that

Dx n MCQ_n =  dDx, and MC(j_n и B x is a strong deformation retract of

Proof. We can assume that f ( p 0) =  0. Let fj  be a neighborhood 
of p 0 in M and cp: Ü -» Bn the coordinate system as Lemma 3.2 says. 
Let V be an open subset of B n containing V, Ba <=. P™-1 a ball with a center 0 
and radius a , I b <= B 1 a ball with a center 0 and radius b, such that 
Bax I b c= V and B ax I b n f  <= V. Let q : В  -> В  be a smooth function 
such that

(i) there is <5e (0, a2) such that g(t) =  1 for te (  — oo, ô),
(ii) g(t) = 0  for a2,
... _ dp

(in) В  <  -у -<  0, В  <  0, 
dt

(iv) 0 <  Q(t) <  1, all t.
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Let e >  0 be such that 0 <  2e <  min(|6, — ô) and let rj: R  -> В  
be a smooth function such that

(v) 7j(s) = 0  for Se ( — oo, &] U [£, +oo)
0 ^ r j ( s ) < 2 e  for all s e B ,

(vi) there is у e (0, £ ) such that rj(s) =  C for s e [ - £ ,  у ], and e <  G <  2s,

dri
(vii) <  A for all s, 

as
dri 4(iix) — 0 for Se [0, +oo). 
ds

Let F': V -> В  be defined by

F \ yx, - -чУп) =  yn-Q(\\v*(y)V)yiyn), 
and let F  : M -> В  be defined by

(/O) for p e  M\ Ü,
F{p)

\F'[p (p )) for peTJ.  

F ( p ) < f( p )

F - 'd -O 0,6]) =  f~ 1({—00, £]).

We have
(I)
and (v) implies
(П)

As F\M̂~v- i{BaXlb) = f\ Mvp-HBaxib)i F  (resp. F \gM)has on M \ p-\ B a X 
X l )  just the same critical points as / (resp. / [ dM). Let us consider 
critical points of F  and F\dMon (p~l {Ba Xl^). We have on V

f  dg
OF'
дУг

dt '2 yiVi-Уп), 1, . . . ,  n —1,

dr]
l - e ( l lp i ‘(2/)||2) ^ (2 / J ,  

dF'

n.

Because of (iv) and (v ii)----->  \ on V and F  has no critical points
дУп ^

in p~1(Ba X I b). The normal vector to the surface <p(Û n dM) in a point 
У =  {.Уг, ••• , У п ) is

% =  (-2 ^ 1 , —2ул, 2ух+1, •••, 2yn_j, - 1 )

and у is a critical point of F ’ \̂ фпдМ) if an(I only if

V K )  iiv
If for some i, 1 <  i <  X, у{ ф 0, then vy\dFy implies 

-  ^  (Il W  ( 2 / ) l l2) У (Уп) =  1  -  e ( | |  P r  ( 2 / ) | | 2) ^  (2In) •
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If for some г, 1, у{ Ф 0, then vy\\dFy implies

~-(\\wiy)\\2)v{yn) = l-e(l|pr(2/)||2) -^ Ü /J .

But l-^(||pr(2/)||2) ^  (yn) >  b  while (||pr(y)||2)7?(2/J <  0 and

together with rl < 2 e <  —%B  imPlies — (|Pr (2/)II2b(3/n)

< b  Then 0 is the only critical point of F' [уф̂ дМ)'
Therefore p 0 is the only critical point of F\dMnfj. Now, (i) and (vi) 

imply that in some neighborhood of p Q in M, F  =  /— const. So p 0 is 
non-degenerate critical point of F \dM with the same index as / has.

We proved that F  : M -> R  is a m-function on M, F  has on 31 and 
on dM the same critical points as / each with the same index. Moreover, 
J f f  =  M{ and F (p 0) <  — £. So J'7~1([— e, £]) contains no critical point 
of F  and by Lemma 3.1, M^e is a strong deformation retract of M{.

Conditions (vi) and (iix) imply that if y =  (ylf . . . ,  yn)e B a x I b, 
Уп>  - £> F '(y )<  - £, then for each y 'eB a x I b, у' =  (уг, •••, Уп-и  Уп), 
~ е< У п < У п ,  we have F '{у') <  — £.

If dfp is coming outside of 31, then

V <= {(2/i? •••» Уп)€ Уп< —y\— ••• —yl +  yl+1+  • •• +У п-J -

One can check that

{yeV-, F'(y) <  - £ }  C {yeV ; yn <  -  fi} и (Bax  I b n f )

hence

h(yi> ---i Уп)
(У1,---,Уп) for
(Vi> •••jyn-u —e«-h(l —<)У») for yn £

is a deformation of {yeF; .F'(2/)^ — on {yeF; <  —£} rel. {yeF; 
уп Ф — e}. We showed that in this case 3If_s is a strong deformation 
retract of i f f £.

If dfPo is coming inside of 31, then

v  <= {{Vl, . . . ,y n)e R n; yn >  —y\— ... -2/Л+2/1+Х+ ••• +2/n-x}-

Let Dx =  {(yx, . . . ,  yn)e B n-, yx+1 =  . . .  = Уп_г =  0 and - s ^ y n =  
=  — 2/1 — .. .  — уя <  0}. D* is diffeomorphic with a A-dimensional disc 
and (i) and (vi) imply that F(y) <  — e for all ye Dx. We have Dx n {yeV; 
yn <  — £} =  dDx as well.

Let A =  {y e R n-, yn =  — 2/1— ... - y l  +  y l+ib  ... +2/n-x} and con­
sider the deformation
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\{У и--чУп)

(Уи---1Уп) for —У\— ••• -2/д+2/1+1+ . . .  + у1~ 1< У п<  —е,
( У н - - ч У п - и  «С— 2/1 — ••• —у\ +  у\+х+ ••• + Й - 1) + ( 1 “ *)Уя)

for — £ <  —у\— • • • —y l+ y i+ 1+  • • • +2/w-i ^  Ут 
(Ун - -чУп - 1 1  —t e + ( l  — t)yn)

for -2 / i-  ...  - 2/Я+2/Я+1+  ... + y i - 1 <  ~ £ < У п

oî {у eV -, F ' (у) ^  —е} on {y€Ÿ ;yn <  -  в} и (А п {у« Б а х L>; Р'(2/)< — «}) 
keeping this last set fixed. With our assumption on q and у it can be 
easily shown that there is a deformation of

{y*Vj Уп< - £} и (A n {У еВ а х 1 ь; F \ y ) <  — e})
on {yeF; yn <  — e} и Da rel. this last set. The composition of those two 
deformations gives the desired deformation of M^e onto Mf_E и DA.

L em m a  3.4 I /  p 0e Int M is a critical point of f  of index A, f { p 0) =  c0 
and f~ \[c0- e ,  c0+£]) contains no more critical points of f ,  then there is 
a X-dimensional disc i>A c= MC(j+e, JDX n ЖСо_е =  dBx such that MC(j_s u Da 
is a strong deformation retract o f MCo+E.

Proof. As in the case of manifold without boundary. See [3].

4. The Morse inequalities. Let, as above, Ж be a manifold with 
boundary and f : M - ^ R  an m-function on Ж. Eecall that Ф% is the mor­
phism in the category of pairs

{дМ)а- ^ — ^(дМ)ь

Фаь:

h

a b

Mb

We will compute the groups Нп(Фь) in the following special cases:
(A) /_1([а, b]) contains just one critical point p 0 of /, f { p 0) — c, 

a <  c <  b, index p 0 =  (A, + 1),
(B) as in (A) with index (A, —1),
(C) as in (A) with index A.
We have Я П(Ф£) =  Нп((Ф%)т), {Ф%)т =  (аа, ab): i x -> i 2 and there 

is an exact sequence

••• + я » ( ч )  -+ н п((Ф1)т) ->

But Hn{ix) =  Hn((dM)b, (дЖ)а), Hn{i2) =  Hn(Mbj Ma) and from 
Lemmas 3.1, 3.3, 3.4 and Theorem 3.14 of [2] we get:
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Case (A)

thus

Case (B)

Hn(Mb, Ma) =  0 for all n,

Hn((dM)b , {dM)a)
0 for n Ф A,
Z for n — A,

н п(Фаь) =  Г
for n ф A -f-1, 
for n =  A + l.

Hn(Mb, Ma) =

Hn((dM)b, {dM)a)

0 for n Ф A,
Z for n =  A,

! 0 for n Ф jl , 
IZ for n =  A

and (aa, ab)* is an isomorphism as the generator of Н л{дМъ, dMa) and 
the generator of Н Я(МЬ, Ma) are given by the same disc I / .  Then

Нп(Фь) =  0 for all n.
Case (C)

thus

H JM b, Ma) =
0 for n Ф A,
Z for n =  A,

Нп((дМ)ъ, (дМ)а) =  0 for all n,

н пт )  =
0 for n Ф A,
Z for n =  A.

Let В Л(ФЬ) =  the rank of Н Л(ФЬ) and define, following Milnor [2]

Яд(Ф?) =  Вл(Фаь) - В , - г ( Ф ^  + Вх-2(Ф^)-  ...  ± Л 0(Ф£).

Let a <  Ъ <  c, we have Фас =  ФъсоФь and from the exact sequence 
of composition (2) we get

T h e o r e m  4.1. We have two sequences of Morse inequalities 

(Зд) Ял(ЛГ,0ЛГ)< Сд-Сд_1+  ...  ± c 0 +  niL1- n f _ 2+  ...  ± n + ,  

(4д) $д(Ж) ^  Сл— Сд_х+  . . .  dzCo +  Д* —-£h_i +  . . .  zh-Do •

Proof. We can assume each critical value of / is reached in just 
one critical point. If f  fails this assumption / can be clianged without any 
change of critical points and their indexes to satisfy it. So there is a se­
quence a0 <  аг <  ...  <  ak of regular values such that, for all b/-1(.[<h_i? ai\)
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contains just one critical point p i and Ma(j =  0 , Mak =  M. Then Н^(Ф^) 
=  H*(M, dM) and inequalities (3Я) follow from subadditivity of $я. For 
the proof of (4Я) we use the filtration

0  =  Ma cz Maa о “i M.ak Ш.
Corollary 4.2.

(B) x ( M ,d M )  =  y  (-I)fc(+ 2 1 (-lr'TJt.
dimM dimitf— 1

г = 0

5. An example and a problem. Let/: 8 n -> be a Morse function with 
just two critical points p 0 ,Px- We are going to show that (/, {p j, {e j) 
has an extension on B n + 1  with <7Я =  0 for all Я if are properely choosen. 

With no loss of generality we can assume that
/: £ " - > [ - 1 , 1 ]

and thus p 0 1), p x = / _1(l)- Let £0 =  —1, £i =  1. Consider B n + 1
as the subset of B n + 1  cosisting of points xe B n + 1  with ||#|| <  1. We may 
assume that p 0 =  (0, . . . ,  0, — 1) and p x =  (0, . . . ,  0 ,1). Let g : B n + 1  
-> [ —1, 1] be an m-tunction which extends /. There is e >  0 such that 

dg
—----- >  0 in the set
dxn+l

g-\[-1, -  l  +  2e]u  [1 — 2e, 1 ]).

Let A — g 1 ( [—1, —1 +  e] u [1 — s, 1]), there exist a diffeomorphism 
h: B n+1\A  -> B n x [ — 1 +  e, 1 — e] such that g{h~x (x, t)) =  t for x e d B n

and a neighborhood U of B n x { —1 +  e} и B n x {1 — e} such that — - — > 0
dt

for (x, t) e U. It follows that there is a diffeomorphism
x.t

1c: B nX [ - 1 + e ,  l - £] ^ B nX [ —1 + e , 1 - e ]

which is identity on the boundary, is isotopic to the identity and
gh~1 1c~l(x, t) =  t

in some smaller neighborhood V of B n x { — 1 +  e} и B n x  {1 — e}. Let 
gx: B n+l\A  -> В  be defined by

9 i(V) = t  for y =  h 1Te \x, t).
The functions g and gx coincide on some neighborhood of g ^ { { —1 + £} 

и {1 -e } )  in B n+l \ A and we can define a new C°° function with no critical 
points

g2: B n+1^ B
by

( g(y) for y €A, 
qAy) =  {I gx(y) for y e B n+1 \ A .
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It  is clear that дг has desired properties.
In general, the following question remains open:
Q uestion. What is the minimal number of critical points of an 

extension of (/, {y j, '{ej) ?
For the closed, compact, simply connected manifolds similar 

question was considered by Smale and the complete answer is given in 
[4], Theorem 6.1.
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