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Functions with non-degenerate critical points
on manifolds with boundary

Let M be a O manifold with boundary M. Functions f: M —> R

with the properties
(i) f is constant on each component of 9,

(ii) f has no critical points on 0M, -

(iii) f has only non-degenerate critical points were investigated by
many authors and were called the Morse functions on M.

We are going to consider another class of functions on manifolds
with boundary which we will call m-functions.

We will give the definition in Section 1.

The aim of this paper is to prove the Morse inequalities for m-func-
tions. This is done in Section 4. Formula (5) which results from the Morse
inequalities was proved by C.T.C. Wall (unpublished) who had used
different methods.

We will finish with an example and unsolved problem concerning
the existence of m-funetion which extends given Morse function on dM.

1. Definitions and preliminary results. Let M be a compact smooth
manifold with boundary oM.

DEeFINITION 1.1. Let f: M — R be a smooth function on M. We call f
to be a m-function on M if it has the following properties:

(i) flopr: OM — R is a Morge function on d.M, that means it has
only non-degenerate critical points,

(ii) f has no critical points on M,

(iii) f has only non-degenerate critical points.

Let we M be a critical point of f|,3r, the index of such a point is
an ordered pair (1, ¢), where 2 is the index of f|;5, ¢ = 1 if grad f, points
outwards and ¢ = —1 if grad f, points inwards. If e Int M is a critica
point of f its index is defined as usual.

With each m-function on M we associate three sequences of integers:

C; = number of critical points of index 1,
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Di = number of critical points of index (1, -+1),

Dy = number of critical points of index (4, —1).

We will consider the problem of the existence of the m-functions at
first. Let f be the smooth function on M and let C(M, f) be the topolo-
gical space (in ¢? topology) of all real smooth functions on M, which are
equal to f on 0.

ProPOSITION 1.2. If fe C°(0M) is a Morse function, then the set of
m-functions on M is open and dense in C{M, f).

Proof. The first statement is obvious. We are going to prove the
gsecond one. Let ge C(M, f) and let
h: OMXR" - M

be a collar neighborhood of the boundary. Consider the sets
A :{xe OM,M! =0},
b |z0)
P = {critical points of f}.

The set. of critical points of ¢ on dM ig the intersection A NP and
consists of the finite number of points ¥,, ..., ¥, say. For arbitrary real
numbers & > 0, g, > 0, 8, > 8> 0 let u: 0M - R, 1: B - E be smooth
functions with the properties

(i) ue V. (0) = C(0M),

(i) u(@) > 0,1 =1,...,8

(iii) @='(0) =« P\ A4,

(iv) ie V,,(0),

(v) A(s )_20>0 for s < sy,
(vi) A(8) =0 for s> s,

Consider
gi: OMX Rt - R
given by the formula

gz, t) = gh(z, O)+ p(@)A(8)¢;
we have from (vi) that
g1(2, 1) = gh(x, 1)
for t > s, and it results that the function
g7l R(OM X RY) >R
coincide with g on the set A (0.M X(s,,c0)). Putting
9(y) for ye M\ h(0M X[0, 8,]),

W) =1 i) for ye h(OM X BY),
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we get a smooth function g, such that
(i) for each &> 0 there exist &, &, > 0 such that
gz Ve(9),

(ii) g, has no critical points on M.
The first statement results from Lemma € of [3], p. 12. Now

dg. h dgh
= @)l
dt | (20 dt | (z0
and thus on ANP ‘
dg.h
0.
dt a

For ze 0 M\ P we have

ag:h |z, o)l 700y = Yo # 0

and for xe P\ A
dg,h | dgh
At |

#0.

(w’ 0)

It results that g, has no critical points on some neighborhood U,
of the boundary d M. To get the rest of the proof we proceed as in [3],
p. 16 and 17.

Let f: 0M — R be a Morse function with the critical points y,, ..., ¥z
and e, ..., & a sequence with s; = +1, ¢ =1,..., k.

DerinITION 1.3. We will call a m-function g on M to be an extension
of (fs {ys}, {e}) if

(i) ge C(M, f),

(ii) grad g, points inwards if ¢ = —1 and outwards if ¢ = +1.

As a simple consequence of Proposition 1.2 we get the following
corollary:

COROLLARY 1.4. For each (f, {y;}, {&;}) there is an extension on M.

Proof. Let ¢: M —[—1,1] be a C* function such that ¢(y,) = ¢
and let
h: 0OM X R* - M

be the collar neighborhood. Consider g,: dM X R* — R given by
9:(®, 8) = f(2)+p@)t
and let g: M — R be a C™ extension of

9o = g1 b7 [naarx10,11)

on M. It results from Proposition 1.2 that g can be approximated by
m-function with desired properties.
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2. Homology of merphisms in the category of pairs. For the later use
we will briefly recall the definition and some properties of the homology
groups of morphisms in the category of pairs.

Let € be the category of topological spaces and maps. Let €, be the
category of pairs of €, i.e. objects of €, are morphisms of € and a morphism
in €, from « to 8, where a: A, - A4,, f: B, - B, is a pair (fi, fo), fr:
A, > B, f,: Ay — B, such that the diagram

Al - ~A 2
|
h fzf
| |
BB,

is commutative. .
As there was shown by Hilton [1] we have an exact homology se-
quence of a map @ = (f;, f.):
@
(1) e > H(8) > Hy(P) — Hy_y(0) —> Hy o (B) > ...

which can be constructed as follows:
Let (C,(A,), 4,) be the singular chain complex of 4,, and (0, (4,), d,)
such a complex of 4,. The singular complex of « is (0,(a), dy), where

Cp(a) = 0,_1(4;)) @ C,(4,),
dy(z,y) = {_dn-—l(m)y dn(?/)—i—ax)

(here and in the sequel we use the same symbol for a map an a chain map
that it induces).
A short exact sequence of chain complexes

0~ Gn(Az) - On(a) - Cn—l(Al) -0

give us the exact homology sequence of a:
.= H,(4,) > Hy(a) - H, (A;) —> H,_(Ay) —> ...

If « is an inclusion, then H,(a) = H,(A,, 4,). To obtain (1) let
(Cp(a), d2) (resp. (C,(B), d5)) be the complex of a (resp. f). The complex
of @ = (fy,f) is (On(®), d,), Where

Cn(@) = Cn—l(a) D 0n(ﬂ)7
dn(m7 ?/) = (_dn—1w7 dny_}_q)x)'

(1) is the exact homology sequence of a short exact sequence of
chain complexes

0 —C,(8) > Cn(P) - Cp_y(a) > 0.
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Let @7 be the transposition of @, i.e. @7 = (a, f). As there was
shown in [1] there is a chain isomorphism

C(P) = (D)
which implies that if 2: 4 - B, u: B —C are maps and » = pi: 4 - C,

then there is the exact sequence

1, #)x (2, 1)

All this construction ean be redone in the category (C,),. Let &,,
®D,¢ Obj(C,),, and RN: &, - D,. We have

Qi oay > Py, Dy oy —> P
and
N = ((gl’ g2)y (0ay 94))’

where (g,, ¢2): a1 — as, (93, 92): B1 = B2 We put
C.(N) = 0y _1(D1) @ 0, (D),
dp(t,0) = (—d,_u, d,v+Ru)
and hence we get an exact homology sequence
.>H (D) >H,(N) ~H,_,(P,) >H, (D) > ...

Let N7 be the transposition of R, i.e. N = (@,, B,). Just by the
same method as for @7 it can be shown that there is a natural chain
isomorphism

C(M) = R

and hence if @, = @,09P, there is the exact sequence

1, Pg)x (P, Dy

@) o Hy(0) S H (0 T H () > Ly (B) >
Remark. Following [1] one can easily show that if
D = (a,p): f—>y
and «, § are inclusions, then
H,(®) = H,(Cy, Cy),
where C, (resp. C;) is the mapping cone of g (resp. f).

3. Some lemmas. Let f: M — R be a m-function. We will denote by
M, the manifold with corners

My =f((—o0,a])
and by (0M), the manifold with boundary
(M), =M, noM.
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For b > a we have the diagram of inclusions

i

(M), —2—(0 M),
|

% R J

. ¢
M, -2 . M,

a

and let @f = (i, 4,): a, — ap.

We are going to prove some lemmas which we will use later in order
to compute the homology groups of the maps &% in some ecases.

LEMMA 3.1. Let f: M — R be a m-function, a <b and f~'([a, b))
contain no eritical point of f. Then f~'([a, b)) and f~'(a)x I are diffeo-
morphic as the manifolds with corners.

Proof. We can assume ¢ = 0, b = 1. Let

M =fY0,1]), M,=f"0), M, =f"@1),
M,=0Mn M, Vo = 0M,, V,=0M,.

Let W be an open neighborhood of M, in M such that there is a diffeo-
morphism
h: Myx[0,1) - W
such that
hi(z,0) =z,
h(V;x[0,1)) =W M, fori=0,1.

Following the proof of a collar neighborhood theorem one can show
that such W and A do exist.

Let 3 be a gradient-like vector field on M, for f|», and let 5 be a vector
field on W induced from 3 by projection on M,. #(flyr) is a smooth function
on W and 5(flw)lm,> 0. Let U be the open neighborhood of M, in W
such that 9 (f|w)|ly > 0. Since M, is compact there is t,¢ (0, 1) such that
M, c W{M,x[0,1)) = U. Let u: [0,1) - [0,1) be a smooth function
such that

Consider a function f: M - [0,1] defined by
f(z) for we M\ h(M,x [0, 21,)),

J@ = f(h(p: (@), p@s@))  for e W,

where
Pt W_>M2; Po: W —{0,1)
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are projections. f has no critical points on o , moreover,
Tl =Flor,,  T7HO)= Mo, F7Q1) = M.
For #¢h(M,X [0, 11,)) we have

1 10)e = 3(Flaty)pymy > 0-

Let o be a gradient-like vector field for f|s. u, on the paracompact
manifold M\ M,. Congider

Uy = MNB(MX [0, 58]),  Us = h(MyX [0, 51)).
{U,, U,} is an open covering of M and let {4,, 1,} be the associated
partition of unity. 5
Let y be the vector field on M given by
y = Aoty
It is a gradient-like vector field for f on 374 , moreover, the integral

curves of y which have a point in common with M, are contained in M,.
The rest of the proof follows Milnor [31, p. 21, 22.

LeMMA 3.2. Let f be a m-function on M and let poe 0M be a non-degen-
erate critical point of flsu of index 2 and f(p,) = 0. Then there is a neigh-
borhood U of p, in M and some coordinate system

¢: U —>R"
such that:
(i) f(p) = @u(p) for pe U,
(ii) the manifold @(U n 0M) is given by the equation

Yo = —YP— oo =¥+ o+
Proof. There is a neighborhood U of p, in M and a map
p: U—-R"

such that ¢(p,) =0 and let V = ¢(U) < R"< R" The map [ = fo~':
V — R can be extended over an open subset ¥V of RB" in such a way that
V.=V n R" f has no critical points in V and f’|#.gs-1 has just one
non-degenerate critical point 0e R* ',
This implies that there is a change of the coordinate system
p': V' - R",
V' an open subset of V containing 0 and y’(0) = 0, such that on the
set V = ¢ (V') we have
flw’—l(wly cery mn) = &y
and

0 (7N #0 on V.

oz,
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The submanifold »'(R™ ! n V') has in V the equation

("/”_l)n(wly veey Tp) = 0.
From the inverse function theorem we get a function # defined in
some neighborhood of 0 in R"! such that
Ty = 0(Byy vy Zpy_y)

is the equation of y'(R" ' n V') in some neighborhood W of 0 in V. Let
pr: B* — R™ ' be the standard projection on the first n—1 coordinates.
One can easly check that

6pr [me'(Rn—l APy = Zylw A y(R=1 71y

and since priw . yrgn-1 . pryis a diffeomorphism on some open neighborhood
of 0, 0 is a non-degenerate critical point of 6 with the index A. Let W’
be an open neighborhood of 0 in R*™! and ”’: W — R*! a change of
coordinate system such that

09" (Y15 -eos Yno1) = —UP— oo —Yi+YR00 .o T Y-
Let v be the change of coordinate system given by
. v = (y"pr, id): pr(W’') - R™

Putting U = qD*I(V N w'“‘(pr“‘(W’))) and ¢ = yoy'op we get the
chart. that we need.

LeMMA 3.3 If f: M — R is a m-function and poc 0M is a critical point
of index (4, ) and there is no more critical points with the same critical

value f(p,) = ¢y, then there exists n > 0 such that ~
(i) of e =1, then M, _, is a strong deformation retract of My
(i) if e = —1, then there is A-dimensional disc D* < M, ., such that

D' n M, _, = oD, and My D* is a strong deformation retract of
Il[co e

Proof. We can assume that f(p,) = 0. Let U be a neighborhood
of p, in M and @: U — R"™ the coordinate system as Lemma 3.2 says.
Let V be an open subset of R” containing V, B, = R*~'a ball with a center 0
and radius a, I, = R! a ball with a center 0 and radius b, such that

B,xIyc V and B,xI, nV = V. Let o: R —~R be a smooth function
such that

(i) there is de (0, a?) such that o(f) = 1 for te(—oo, §),
(ii) o(t) = 0 for t > a2,

d
(iil) B < d—§< 0, B <0,

(iv) 0< (1)< 1, all ¢.
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Let ¢ > 0 be such that 0 < 2¢ < min(1b, — 1B, §) and let n: R - B
be a smooth function such that

(v) 7{(s) =0 for se(—oc, blu [& +00)
0<7n(8) <2 for all seR,
(vi) thereis ye(0, ) such that (s) = Cforse[—¢, y],and e < € < 2¢,
Lo
(vii) s < % for all s,

\

d

(iix) 1 < 0 for se[0, |oo).
ds

Let F': V — R be defined by

F Y1y oos Yn) = Yn—o ([Pt )]3)nWa),
and let ¥: M — R be defined by

J(p) for pe M\TU,

F - -
) F'(p(p)) for pel.
We have
(D) F(p)<f(p)
and (v) implies
(1) FY(—o0, &]) = f!{(—o0, €]).

As F!M\%‘I(Baxlb) = f|M\?u—1(Bax1b)’ F (resp. F|yy) has on M\&—I(Bax
X 1I,) just the same critical points as f (resp. fl,u). Let us consider
critical points of F and Fly on ¢ (B X I,). We have on V

do .
OF" _'%'2?/7:77(%1)7 t=1,...,n—1,

ay, d ,
¢ ll—e(ﬂpr(y)ﬂz) %(yn), i=mn.

z?

Because of (iv) and (vii)

>4 on Vand F has no critical points
n .

in ¢~'(B_x I,). The normal vector to the surface (U N M) in a point
Y=Y,y ¥a) I8

vy = (—2¥1s o5 — 202y 25409 -+ 49 2Yp_1y — 1)
and y is a critical point of F’[; 5y if and only if
(0F,)]v,.

If for some 4, 1 <1< 4, y; # 0, then ¢,[0F, implies

d d
— S (r () = 1—ellpr)lE) o (wa).
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If for some z', A+l<i<n—1, y; # 0, then v |0F, implies

(Hpr(y W24 (ya) = 1—el] pr(®)] )—(yn)

do
But 1— of[pr(y)] ) — (yn > %, while —- (Ilpr(@/ %7 (y.) < 0 and

d .
1B implies — 22 (1pr (o) v,)

dt
< 4. Then 0 is the only critical point of F’5 &.sn1)-

Therefore p, is the only critical point of F|yy,.5. Now, (i) and (vi)
imply that ip some neighborhood of p, in M, F = f—const. So p, is
non-degenerate critical point of F|;) with the same index as f has.

We proved that F: M — R is a m-function on M, F has on M and
on 0M the same critical points as f each with the same index. Moreover,
MEF = M7 and F(p,) < —e. So F~'([—e, ¢]) contains no critical point
of F and by Lemma 3.1, M7, is a strong deformation retract of M.

Conditions (vi) and (iix) imply that if y = (yy, ..., ¥,) e By X Is,
Yo= —¢, F'(y) < —e, then for each y'e¢ B, X Iy, ¥ = (Y1y -+ s Yn_1s Yn);
— e <Yy <Yn, We have F'(y') < —e.

If df,, is coming outside of A, then

Ve {Wrs ooy Yn)e B 9, < —yi— ... _?/§+3/%+1+ +yfz—1}'
One can check that

{yeV; F/9)< —e} c eV < —e} U (B X Iy N V)
hence
(#1y-++5 Yn) for y, < —¢,
P(Yryoees Yu) =
(15 ooos Ynory — b+ (1—t)ya) for y,> —e
is a deformation of {yeV; F'(y) < —¢} on {er, Yo < —¢} rel. {yeV;

Y, < —e}. We showed that in this case M, is a strong deformation
retract of MT e
If df,, is coming inside of M, then

Vel s yn)e B 4> —4i— oo —Yi+0int o +oa i)
Let Dl:{(?/la--wﬁ’/n)ERn; Yaigr = oo = Yoy =0 and —e<Ly, =
= —yf— ... —yi< 0}. D* is diffeomorphic with a A-dimensional disc

and (i) and (vi) imply that F(y) < — & for all ye D*. We have D* N {yV;
Yo < —e} = 0D" as well. '

Let A ={yeR"; y, = —yi— ... —9i+yi1+ ... +yn_,} and con-
sider the deformation
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hy(Yry -5 Yn)
U1y -oor¥n) for  —yi— . —giFyiat o U <Y< —g
(Y1 ooes Yuors H—¥i— oo =i+ Vit .o+ )+ A1)y,
= for —e< —yl— ... —¥itYIaT - FYL < Y
(Y1 ++vr Yno1y —te+ (1—1)yy)
for  —yi— ... ~¥itviat . FU< —e<y,
of {yeV; F'()) < —ebon{yeV 9y, < —et U (A N{ye B,x Ln; F'(y) < —¢})

keeping this last set fixed. With our assumption on ¢ and » it can be
easily shown that there is a deformation of

{eV; ¥ < —e} U (4 N {ye B,x I; F'(y) < —¢})
on {yeV; y, < —e} U D" rel. this last set. The composition of those two

deformations gives the desired deformation of ME, onto M’ ,u D

LEMMA 3.4 If pye Int M is a critical point of f of index A, f(py) = ¢,
and [ ([co— &, ¢y £]) contains no more critical poinis of f, then there is
& A-dimensional disc D* < MCO se D' n Mco_s = 0D" such that Mco_s u D
18 a strong deformation retract of My

Proof. As in the case of manifold without boundary. See [3].

4. The Morse inequalities. Let, as above, M be a manifold with

boundary and f: M — R an m-function on M. Recall that @§ is the mor-
phism in the category of pairs

(M), ~(0M ),
| |
J;[(Z - Mb

We will compute the groups H,(P%) in the following special cases:
(A) f~'([a, b]) contains just one critical point p, of f, f(p,) = ¢,
a < ¢<b, index p, = (4, +1),
(B) as in (A) with index (4, —1),
(C) ag in (A) with index 4.
We have H,(Pf) = H, (D)), (99T = (a4, @): 4, 1, and there
18 an exact sequence

(ag.a

o= (1) O H (i) — H((98)7) — H, o (6y) — Hyy (i) —

Bub H,(i,) = H,((0M)y, (9M),), H,(is) = H,(My, M,) and from
Lemmas 3.1, 3.3, 3.4 and Theorem 3.14 of [2] we get:
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Case (A)
H, (My, M,) =0 for all n,
0 for n # A,
H (0 M oM),) =
(( Jo s ( )) ‘Z for n = A,
thus
0 for n £ 2+1
H,(®%) = h
Z for m = A+1.
Case (B)
0 forn #21
H,(My, M) = s
Z for n =1,

0 for m £ 2
Hn((allf)by (a*M)a) = ‘Z for n = l’

and (a,, ap)« 18 an isomorphism as the generator of H,;(0M,,0M,) and
the generator of H,(M,, M,) are given by the same disc D*. Then

H, (D) =0 for all n.

Case (C)
0 for»n %1,
H, ( My, M,) =
Z for n =1,
H,((0M),, (0M),) =0  for all n,
thus

0 for n # 2,

H,(9%) =

n(P%) ‘Z for n = A.

Let R;(®f) = the rank of H,(®3) and define, following Milnor [2]
SuUDE) = Ba(PF) — Ra_(PE)+ B (DF) — ... £ Bo(P).

Let a < b < ¢, we have @ = @0 @¢ and from the exact sequence
of composition (2) we get

Si(PY) < S2(PE)+ 81(P).-
THEOREM 4.1. We have two sequences of Morse inequalities
(32) Sa(M,oM)< C,—Ci_y+ ... +Cy+Df,— D} .+ ... +Df,
(42) S;(M<C,—Cy_+ ... £0+D; —D; 4+ ... £+ Dy .

Proof. We can assume each critical value of f is reached in just
one critical point. If f fails this assumption f can be changed without any
change of critical points and their indexes to satisfy it. So there is a se-
quence a, < a, < ... < a of regular values such that, for all 4, f~*([a;_,, a;])
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contains just one critical point p; and M, =@, M, = M. Then H, (P0)
= H.(M, M) and inequalities (3,;) follow from subadditivity of §;. For
the proof of (4,) we use the filtration

O=M,cM,c...c M, =M.
COROLLARY 4.2.
aimM dimM—1
(5) 2(M,0M) = ¥ (—1)'0+ D' (—1)7'Df.
=0 i=0

5. An example and a problem. Let f: 8" — R be a Morse function with
just two critical points p,, p;. We are going to show that (f, {p;}, {&:})
has an extension on D**! with C; = 0 for all 1 if ¢, are properely choosen.

With no loss of generality we can assume that

fi 8" >[—1,1]
and thus p, = f'(—1), p, = f'(1). Let ¢y = —1, ¢, = 1. Consider D"*!
as the subset of R"*! cosisting of points < R*™" with |#] <1. We may
assume that p, = (0,...,0, —1) and p, = (0,...,0,1). Let g: D"
—[—1,1] be an m-function which extends f. There it ¢> 0 such that

> 0 in the set
dmn+1

g—l([_ly —1+42¢]U [1—2¢,1]).

Let 4 = ¢~ '([—1, —1-+¢e]uU [1—¢, 1]), there exist a diffeomorphism
h: D*"'NA - D"X[—1-+¢,1—¢] such that gh™'(x,1) =¢ for wedD"
—1

dgh
and a neighborhood U of D™ X { —1+ &} u D" X {1 — &} such that gdt >0

z,¢

for (z,t)e U. It follows that there is a diffeomorphism
k: D"X[—14¢&,1—e] >D"X[—1+e,1—¢]
which is identity on the boundary, is isotopic to the identity and
gh 'k, t) =t

in some smaller neighborhood V of DX {—1+4¢} U D"X {l—¢}. Let
g:: D"\ A — R be defined by

gi(y) =t for y =h7'k (2, 1).

The functions g and g, coincide on some neighborhood of ¢~ ({—1+ ¢}
U {l1—¢}) in D'\ 4 and we can define a new 0™ function with no critical
points
g,: D" >R
by
g(y)  for yed,

) _
6:(4) g1(y) for ye D"\ A.
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It is clear that g, has desired properties.

In general, the following question remains open:

Question. What is the minimal number of critical points of an
extension of (f, {y;}, {e})?

For the closed, compact, simply connected manifolds similar
question was considered by Smale and the complete answer is given in
[4], Theorem 6.1.
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