o0
ANNALES SOCIETATIS MATHEMATICAE POLONAE —
Series I: COMMENTATIONES MATHEMATICAE XVI (1972) cmpum
ROCZNIKI POLSKIEGO TOWARZYSTWA MATEMATYCZNEGO
Seria I: PRACE MATEMATYCZNE XVI (1972)

R. TABERSKI (Poznafi)

Approximation of real functions
by the double trigonometric polynomials

1. Preliminaries. Let L, [resp. C,.] be the class of all 2n-periodic
real-valued functions f of two wvariables, Lebesgue-integrable over the
square @ =[—m,t; —m=,w] [continuous everywhere]. Denote by
Sy.x(@, y; f) the square partial sums of the double Fourier series of fe L,,
([6], p- 436), and write

n—1
1
Ual@,y5 f) == Y Seale,yi ) (0=1,2,..).
k=0

These means were firgt investigated by J. Marcinkiewicz in [1],
p. 527-538.
A gimple caleulation leads to
1
Untw, 93) = — | [ flotu, gt 010w, v)dudo,
0
where
n—1 v
D, (u,v) = 2’ D,(w)D,(v), D,(u) =3+ > coslu.
r=0 I=1
The inequalities D, ()| <v»+ 31 (» =0,1,...) imply
(1) |D,(u, v)| <n® for (u,v)eq.
By identity (3.2) of [1], p. 529,

3nrw? ] 0<<un, 0L,

2) [ Dp(u, 0) < : —
2 |u—v|(u+v) 0 <uto<3n/2,u #0.
Applying (3.3) of [1], we obtain
(3) 10, (4, 0)| < = i 0<u<m0<v<T,
4uv

and

7 )
(4) I@n(’u,’v)|<m if 0<’M/<TC,0<'U<TC,%7£’D-
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It is known ([1], p. 528-532) that for any fe C,,,
lim U, (z, y; f} = f(#,¥)

R—>00

uniformly in (x, ¥)e¢. Basing on inequalities (1)-(4), we shall deduce
some estimates concerning the speed of this convergence. Moreover,
two related operators will be examined.

Consider an arbitrary fe L,., defined in ¢, and set

Auuf(@yy) = flo—u, y—o)+fl@tu, y—v)+
+f(m'_u7 ?/"|"U)+f(m+“’ y+v)—4f(m, y)9

(=1 (5] (¥) st i, g+ o),

I
e
gl

I
<

AEPf(x, y)

il
=3

K i

(=1 () platiu, ),

oh

7= L

Agf%)f(w7 y) =

1

Ag’f%f(-’l), y) = Z

The following moduli of smoothness will be needed below:

(=17 (%) @, y+30).

<,
Il
=

wx(8,%; f) = sup { sup lAuvf s Y}

lul<s, 19|t (2,9) @

wy(8,%; f) = sup {sup M(k k)f(wa i},

lul<s, i<t (x,%)e@

wy(s, 05 f) = sup |{ sup |40 f(@, )},

lul<s  (z,9)<Q

6(0, 15 f) = sup{ sup [4§%f(x, y)I}.

Pt (z,1)Q

As well known ([5], p. 116, 126), for any bounded f and for each
non-negative a, b, s, t,

(5) wr(as, 05 f) < (L+a)fwq(s, 05 f),

(6) (0, bt; ) < (145) 0, (0,1; f)

whenever k is a positive integer; moreover,

(7) wx (8, 85 f) < 20,(8, 05 )+ 2w,(0, ¢ f)
< 4owy(s, 05 f)+4w,(0, ¢ f).

Assuming that the partial derivative f, (=, y) [resp. f, (%, y)] is bounded
in @ and that £ > 2, we have

(B) w8, 05 ) < s0pa(8,05 f2) [0x(0, 85 f) <twg_1(0, %5 f)]
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In Sections 2-4 we shall signify by C,(a), C,(a, ) (» =1,2,...) the
suitable positive constants depending on the indicated parameters, only.
The symbols C, for the absolute constants will be used.

2. Properties of the Marcinkiewicz means. Let us start with the
following

LEMMA 1. Write

I.(a) =

oy

fu D, (u, v)|dudv

for any positive a and n = 1,2, ... Taking n = 2, we have

Ci(a)n'™"  f 0<a<l,
I, (a) < 0,1log2n if a =1,
Os{a)logn i a> 1.

Proof. Split the square ¢’ = [0, w; 0; =] into seven domains £; as
shewn in Figure. Then,

- fo“ 1@, (1w, 0)| dudo — T4 (a)+ I (o) + ... +18(a).

=0 £;

By (1), for any a>= 0,

2in  2/n 2a+2
I’ (a) < n"‘f {f u“du} dv = n'me>
g g a+1

2,
2,

3N

2,

[w}
3N
a

N



116 R. Taberski

In view of (3),

k3 u kg
I'(a) < f f u® n dv} du = fﬂi u"‘]‘logL du
" 4up 4 u—1/n
2in ~u—1/n 2/n

a—1

™
nn? % 72
< f du < — | w*%du.

~

4 nu—1 2
2/n 2/n
Consequently,
7_t2,n1——a
m when 0 < a< 1,
2
@) <1 = 10g ™" when a = 1,
2 2
’ 7Ta-l—l he - 1
—_— when .
2(a—1) ¢
Applying (2), we obtain
T 1/n
L(a) < jm{Ja u"—————§?fi-~4dv}du
3
AU 2wt

k3

n 3 5 1
= f{—nl u“‘llogw} du < 3n? fu"”du.
4 u—1/n

2in 2/n
Hence
2(1——17_L_2
3 n'™® when 0<a< 1,
1—a
n
I3 (a) < 37:210g—§— when « = 1,
a1
3 i when a > 1.
a—1
Further, by (4),
n—1/n b 3 n—1/n - n—v(t_i_'v)a_l
ﬁm<f{fW———mM_f{*f—»—%m
Suv (u—v) 8v t
i/n v4-1/n 1/n 1/n

In the case 0 < a< 1,

T v - .

8 dt dt 73 logz 1
b f’f_l [t [ L
s(a) < 5 | e +v e dv < 3 : e dz+ Aoy n

1/n 1/n
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If ¢« =1, then

n—1/n
dla) < f r logn{r—o)dv < il log2nr
I < — — — .
(0 30 S 3 g

1/n

In the case a > 1,

no< [ [E0

1lin

7_t:a-l-i.’
—] .
} v << 23_a(a_1) ognm

Finally
I(a) < [ [ ©*|®,(u, v)|dudv  for j =4,5,6
Q.
I
and, by symmetry,
(o) < I %(a).
Thus, the proof is completed.
Passing to the Marcinkiewicz means U,(x,y; f), we shall denote
by H,(®,y; f) the difference U,(w,y; f)—f(#, y).
THEOREM 1. Given two positive numbers a, f, we consider functions
fe Oy such that
g (8,15 fY< 4(s*+-1%)  for each s,tel0, ),

and set y = min(a, ). Then,

Cyla, B)n™" if y<1,
max |H,(z, y; f)] <{0s(a, p)n"'1og*n if y =1,
@)<Q Cola, B)n~logn  if y>1

Jor m = 2,3, ... (cf. [4], Theorem 2).
Proof. It is easily seen,

1. T T
Hy(@,93 ) = [ [ Siufl@, 1) @alu, v)dudv.
0 0
Hence
4 T T ﬁ
Ha(o, 93 N <—— [ [ w40 Du(u, vl dudo.
nmw v b

Now, the assertion follows at once from Lemma 1.
TueEOREM 2. If f is of class C,, then

log2n log®n
max. 7,0, 5 )] < Cofos (57, 05 £) + 0,0, 2525 1)}

(x,v)e@Q
for all integers n = 2.
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Proof. Clearly,

(B, (@, y5 )l < ”iz{fofwl(w;f)lcbn(u,v)xdudw

0

I 1 4
+Offw1(o v; )| D, (u, v)|dudv} —— {4+ B}.

In view of (5) and (6),

log2n R ny
wl( g ,0§f)ff 1+ g | Dy (u, v)|dudv,
n g logZn

1 2 T T
B<w1(0 g, )ff( ) @, (w, v)| dudo.
0 0 log?

Next, we apply Lemma 1, as previously.
LEMMA 2. Let R be a rectangle defined by the inequalities
) d<<usm, 0o h

A

A

() 0<u<h s<v< T,

where o, h are in (0, 11:>. Then, for any fe L.,

lim — fff(m—!—u,y—!—'o)(b {(u, v)dudv =0

n—soo N

uniformly in (x,y) on the plane.

y_

The factor flx+u, y+v) can be replaced by f(x—u, y—v), flo+u,
v), flx—u, y+ v), respectively.
Proof in Case (i). If d<<u < n, 0 < v< §/2, inequality (2) implies

<

!
1
'—q)n(u,v) for n =1,2,...
n

3
62
Considering s < u < =, §/2<v< h and applying (3), we get

2

'
<—5 forn=1,2,...

1
7?: (Dn(u? ?J) 262

Since

4 o] 5 ] P,
4 0 v=0 0 0
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the relation

hmnff@(u v)dudy = 0
holds uniformly in (&, #)e R

Now, we conclude as in Section 2 of [4].

By Lemma 2, the following result can easily be obtained (cf. Theorem 1
of [4)).

THEOREM 3. Suppose that f s of class L,.. Then

(i) the condition

lim 45 .f(@,y) =0

(u,2)—(0,0)
implies
(9) Um U, (#, y; f) = f(@, y);
N—>00

(ii) of f is continuous at every point of the rectangle B = [a, b; ¢, d],
where a < b, ¢ < d, relation (9) holds uniformly in E.

3. Integrals of the Jackson type. Write, for n =1, 2, ...,
D, (uy 0) = {Dy(u, v)}",

1/g, = ff D2 (u, v)dudo.

Id

It is easily seen,

@, (u, v) — % + Z (n— k) {Dp(u)cosko+ D,_, (v)cosku}
' k=1

n—1
1 Al
= Z (n—Fk) Z Ap,qCOSPUCOS Y,
k=0 (p,q)eey,

where A o = 1/4, 4,0 =129, =1/2, 4,,=11if p,g>1, and e, denotes
the set of all these pairs p, ¢ in which p =%, 0 <qg <k or 0 <p <k,
q = k. By Parseval’s identity ([6], p. 509),

n—1

1 ) Wl
?c_sz @2 (u, v) dudv :Z (n— k)? E Zg

Q k=0

(v, ey,
2 2 ! :
_ Z;— +{2(n—17+4(n—20+ ... +(2n—2)1%} = JJ—H
Hence
12
On =~ (n=1,2,...).

(2044 n2)=?



120 R. Taberski

Congider now the operators of Jackson’s type
Vi@, ys ) = e [ [ fletu, y+0)Bh(u, v)dudv (0 =1,2,...).
Q

They are some trigonometric polynomials of order 2(n—1) in each
variable, separately (cf. [2], p. 114-115).

THEOREM 4. Given an arbitrary fe C,., with partial moduli w,(s, 0)
= (8, 05 f), @2(0,1) = wy(0, ¢; f), we have

(10) max |V,(@,y; fi)—f(z, )| < Cs{wz (%; 0) + w, (0’ %)}

(=, v)<Q
for n =1,2,... (cf. [2], p. 115-117, 141-142).
Proof. Clearly, the difference V,(z, v; f)—f(x, ¥) is equal to

™ T
Iu(@,9) = o [ [ A of (®, y) Balu, v)dudo.
0 0

By (7), (5) and (6),

al@, 91 < 20, [ [ {0a(, 0)+ 04(0, 0)} O (u, v) dudv

0 0
1 1\ 7
< 2Qn{OO2 (W , 0) + w, (0, 7)}5{0] (L+nu) % (u, v)dudv.
An argument similar to that of Lemma 1 leads to
ffu@z(u v)dudo < Cgn®
00

and

ffu (u, v)dudv < Cyyn?

00
for n =1, 2, ... Since

4o, [ [ Dy(u,v)dudo =1 and o, = O(1/n%),
00
our assertion is established.
We note that if the partial derivative f, (2, y) [resp. f,(»,y)] exists

and is bounded in @, the first [second] term in curly brackets of (10)
can be replaced by

1 1 , 1
Zon(5,05 1) trosp (0,5 A1
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This follows at once from inequalities (8).

It is easy to see that Lemma 2 remains valid for the integrals with
the kernel g,®,(%,v) instead of n~'®,(u,v). Hence, considering the
operators V, (=, y; f), the analogue of Theorem 3 can be stated, too.

LemmaA 3. If (u, v)e@Q, then, for n = 1,2, ...,
@’ (u, v) < Cyyn? Cin?

nt (14 n2u2) (14 n2o?) T {1+0*(w— o)} {1+ n*(ut0)?}

Proof. It is enough to show that for (u, v)e[0, =; 0, =] the assertion
is true.
We shall consider the domains £; defined in the proof of Lemma 1.
1° I (u,v)e £,, then, by (1), n *®L(u,v) < n® Since n2u?< 4,
n%v? < 4, we obtain
@ (u, v) 25n2
nd (14 n2u?) (1+n2e2)

2° In the case (u, v)e £2, inequality (3) implies

D2 (u, v) - nt
nt = 16n2uze?

Further, 2n?u? > 44 n2%? and 2nr20% > 14 n20% Hence

D (u, v) - n2mt
nt 4(L+n2u?)(14-n202)

3° Now let (u,v)e 2,. In view of (2),

@ (u, v) 9t
n ) <
nt 4n* (u— o) (u+ov)*

But 2n*(u—9)? = 1+ n2(u—2)3, 2n%(u+9)? = 4+ n2(u-+0)2. There-
fore,

D (u, v) In2wt

nt bR (u— P} {1+t o))

4° Taking (u, v)e ©, and applying (4), we get

D2 (u, v) 8 < n*xs
nt O 64ntute*(u—o) | 16(1+n2u?)(14-n2e2)

By symmetry, the estimates of 2°-4° remains valid in the domains
Q,— Q. Thus, the proof is completed.

Taking into account the last Lemma and reasoning as in [1], p.
537-5638 and B552-555, we obtain
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THEOREM b. Suppose that f is of class L,,. Then
im V, (%, y; f) = f(®,y)

Nn—>o00

almost everywhere on the plane.

4. Operators of the Steckin type. Let & be a positive integer, and let r
be an even number such that 2r > k2. Putting

D (u, v) ={2D(uD(v}

)

choose the numbers b, satisfying the identities
4bnffd5’ u,v)dudv =1 forn=1,2,...
0

0
Inequalities (1)-(4) and D,(u) > (1+¢)/2 when 0<<u<<1/n, 0y
<n—1 lead to
C12(r) < 020, < Crs(r).

Given any fe L., we set

Wz, y; f) = bn{;f{éé(— ‘+7( )( )f(w—}—m, y+gv)} Dl (u, v)Ydudo.

It can easily be observed, the integral
[[ fla+tiu, y+ jo) @, (u, v) dudo
Q

coincides with a certain trigonometric polynomial of the order [ (n—1)/i]
ina, {r(n—1)/j}in y, at most (see [b], p. 253-254, 222). Hence, W, (x, ¥; f)
is a trigonometric polynomial of order less or equal to r(n—1) in each

variable, separately.
We ghall present an analogue of the result announced in [3], p

225-226.
THEOREM 6. Suppose that f is of class C,,.. Denote by wy, 1(s, t), wy(s, 0)
(0, t) its moduli of smoothness defined in Section 1. Then, forn =1, 2, ..

. (Waa, 15 1)~ 1, 0 < Cuuth) o 1, 0) + a0, 1 )|

(z,¥)e@
Proof. Writing T,(x, v) = W, (2, y; f)—f(z, ¥), we have

T.(@,y) =b ff AERf (a0, y)- DL (u, v) dudo+

kbn{{)f AP (5 y) D (u, v)dudv+ff ABf (@, y) P (w, v)dudv}.
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Consequently,

T (@, 9)| < by} [ [ o nlee, 0) B (u, v)dudo+
00

+f"fwk(u,())qi;,(u,o)dudv+ffwk(o,v)qsg(u,v)dudv}.
00 00

As well known,
o, (1, ©) < 257 o (1, 0)+ wy(0, )}

In view of (5) and (6),

1 1
w1, 0) < (nu+ l)kwk(;;, 0), (0, v) < (nv+ 1w, (0, %)
Therefore,

E-1 1 1
T (2, Y} < 48,(2°7 "+ 1) Joy ";L_’O + oy O’jn" Gk, ),
where

Gu(ky ) = [ [ (nut-1)* &} (w, v)dudo
00

< z’f{ofﬂofn " (u, o)dudv+nkffuk¢;(u, v)dudv}.

Proceeding now as in the proof of Lemma 1, we easily get the desired
assertion.
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