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Approximation of real functions 
by the double trigonometric polynomials

1. Preliminaries. Let L 2n [resp. C2n\ be the class of all 27t-periodic 
real-valued functions / of two variables, Lebesgue-integrable over the 
square Q =  [ —n, 7r; — тс, тс] [continuous everywhere]. Denote by
Sk>k(x, у ; /) the square partial sums of the double Fourier series of f e  L 2n 
([6], p. 436), and write

71—1

ü n(æ, y;  f ) = —  V Sk;k{x, y; / )  (n =  1, 2, ...).
n

k = 0

These means were first investigated by J .  Marcinkiewicz in [1], 
p. 527-538.

A simple calculation leads to

Un(x, y ; f )  =  - 1— f  f f { x + u ,  y +  v)0 n(u, v)dudv, 
mz2 v

where
П — 1 ■ v

Фп(и, v) =  JT  Dv(u)Dv{v), Dv{u) =  cosZw-
r = 0  1=1

The inequalities \Bv(u)\ <  (v — 0 ,1 , ...) imply
(1) \0n( u , v ) \ < n 3 for (u,V)eQ.

By identity (3.2) of [1], p. 529,

(2) \0 n{u,v)\<
3mz2 if

2 \u—v\(uJrv) 

Applying (3.3) of [1], we obtain
птС

0 ^ 'М ^ 7 г ,0 ^ т ;^ 7 г ,
0 <  w +  t; <  Зтс/2, м Ф v.

(3)

and

(4) |Фп(м,®)|<

IФп(и , ®)l < 4 uv

8 uv\u — v\

if 0 < ^ < т г ,0 < 'У < 7 г ,

if 0 < u ^ -k , 0 < v ^ t: , u Ф V.
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It is known ([1], p. 528-532) that for any /e 027t, 

limUn{x ,y ,  f )  =  f (x ,y )
7l-»00

uniformly in (x,y)eQ. Basing on inequalities (l)-(4), we shall deduce 
some estimates concerning the speed of this convergence. Moreover, 
two related operators will be examined.

Consider an arbitrary f e L 2n, defined in Q, and set

У) = f ( x —U, y — v )+ f{x  +  u, y — v) +

+ f ( x —u, y +  v ) + f { x + u ,  y +  v) — éf{x , y),

У) =  2 !  ̂ ' ( - 1)i+/(i) (*) У+ jv ) ,
i= 0 j= 0 \ / \ /

к .

4 ? o y )  =  £  (—i)*-<m y ) ,
i= 0 ' '

к

=  £  ( - 1  )к~*(к-\Дх,у+№).
7 = 0 U /

The following moduli of smoothness will be needed below:

^ * ( M ;/ ) =  SUP { sup \Al>vf{x ,  y)\},
\V\<t (X,y)eQ

« Ы М »  /) =  sup { sup \Ai;^f{x, y)|},
|« |< S .  |® |<< ( x , y ) e Q

«>k(s, 0; /) =  sup|{ sup И2?о/(а>, У)!}?
| m | < S  (x ,y )eQ

0ik{0, Ц f)  =  sup{ sup \A^lf{x, у)|}.
( x , y ) e Q

As well known ([5], p. 116, 126), for any bounded f  and for each 
non-negative a , b, s, t,

(5) a)k{as, 0; /) <  (l+a)*ft>fc(s, 0; /),

(6) < *̂(0, bt', f )  <  (1 +  b)ka>k(0 , t) f )  

whenever Tc is a positive integer; moreover,

(7) (o.(»,<;  / К Ь , ( * , 0 ; Л  +  2 » 1(0,( ;  / )

<  4co1(^, 0; /)+ 4сох(0, t; /).

Assuming that the partial derivative/^(ж, у) [resp. fy{x, y)] is bounded 
in Q and that & ^  2, we have

(8) eo* (8, 0; /) <  swfc.iCs, 0; f ’x) [co*(0, Ц / )<  <(»*_! (0, X )].
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In Sections 2-4 we shall signify by Gv(a), Gv(a, (5) (v =  1, 2, ...) the 
suitable positive constants depending on the indicated parameters, only. 
The symbols Gv for the absolute constants will be used.

2. Properties of the Marcinkiewicz means. Let us start with the 
following

Lemma 1. Write
7C TC

I n(a ) =  J f  иа\Фп(и, v)\dudv
о 0

for any positive a and n =  1, 2, . ..  Taking n ^  2, we have

I n(a ) <
G M n 1-*
G2 log2n
G3 (a)logn

i f  0 <  a <  1 , 
i f  a =  1, 
i f  a >  1.

Proof. Split the square Q' =  [0, u; 0; тс] into seven domains Qj as 
shewn in Figure. Then,

6
I n(a) =  2 f f  и<1'\фп(и ’ v)\dudv =  I°n{a) +  Tn[a)+  ... + 4 ( a ) .

j = о Oj
By (1), for any a >  0,

2 jn 2 jn

I°n{a) <  n3 J* j  uaduI dv =  —
2a+2

+ 1
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In view of (3),
П  U  0 4 71

nn2 u du

птъ*

u —l/n 2 In

n
r и“- 1 7Z2 rdu — U

J  nu— 1 2 J
2/n 2 jn

u —l/n

'‘du.

Consequently,

4 (« )  <

22-a( l — a)
n2 mz 
—  log —
2 S 2 

„̂ ■+1

2 (a— 1) 

Applying (2), we obtain

when 0 <  a <  1, 

when a =  1, 

when a >  1.

П 1 jn

I l ( a) <  / { /  «'
2 / n .  0

3niz2

2/n

2 (u — v)(uJrv)

3 niz2 a-1 u-\-l/n\

dv\ du

ua log
1 /n f

du <  3tz2 f u -
2/n

'du.

Hence

1 1 (a) <

2 a~1 n2 , a 
3 n1-*  

1 — a
when 0 ^  a <  1

П71
3u2log — when a =  1,

7.a+1
3 when a >  1.

a — 1
Further, by (4),

n—l[n 7T— 1 jn TC— V

п(«)< f  j / a\ UV(Lv)du}dv= I  15/
1 In V+lln  v ' l/n 1 /n

(t +  vy

1 jn v+lln

In the case 0 <  a <  1,

dt) dv.

n v n œ
, r 7Г3 f r dt r dt ) 7Г3 ( r logs: 1 \

1 J a ) <  / * ï - t v ^  +  ï f ^ \ d v < T  " •  •
l / n  v l / n  v ’  Ki к / t
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If a =  1, then
7Г—1 In

, Г tz к
J n(<*)< J —  logn(n — v)dv <  —  log2 

In the case a >  1,

nn.
1 jn

, r  ^  \ r  (2v) -, r  (2<) , 1
i m <  h *  /  « * + / 4 - *1 In 1 jn ' V

(2 < ) -  ‘ I 7Г
СШ dfe <

a+2

23_a(a — 1)
logWTc.

Finally
4 (« )  <  J  J  ®а|Фя(м, ,у)|^й'У for j  =  4 ,6 ,6

üj

and, by symmetry,
4 (« )  <  4 ~ 3(«) •

Thus, the proof is completed.
Passing to the Marcinkiewicz means Un{x ,y ; /), we shall denote 

by Hn(x, y\ f )  the difference Un{x,y ; f ) - f {a c ,y ) .
T h e o r e m  1. Given two positive numbers a, / ,  we consider functions 

f  e C2n such that

со* (s , t ; /) <  4 (sa +  /or оасй s , £ e <0, тг>, 

and set у =  min (а, /9). Then,

'C4 (a,p)n~v i f  У <  1,
тах|Яя(ж,у;/)1 <

(x,y)eQ
C5 {a, 0)n x\og2n i f  у =  1, 
(76(a, /5)w-1logw i f  у >  1

/or w =  2, 3, . ..  (cf. [4], Theorem 2). 
Proof. It is easily seen,

Я.
1 71 K

X®, 2/; /) =  — г I f У)Фп(и, v)dudv.mz2 J  J

Hence
7T TC

\НП{Х, У, / )| <  ----- Г  Г (Ra+ ^ ) | 0 w(R,
tlTT2 J  J о 0

Now, the assertion follows at once from Lemma 1. 
T h e o r e m  2 .  I f  f  is of class C2n, then

Г /log2w \ / log2w „
max |Яя(ж, у; /)| <  c U c o J------- , 0; / +  тг 0 , -------- ; /

(X,y)eQ I  \ П  J \ П

for all integers n >  2.
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Proof. Clearly,

\Hn(®, у ; /)| < mz*
(ог{и, 0; /)| Фп{и, v)\dudv-\-

+  J J  «ДО, {^  +  -В}-
0 0 ^

In view of (5) and (6),

/log2w \ Г ? l  nu \
A  <  «>i|— » ° i f j  J  J  \1 + f o ^ J l 0 n ( u , v ) l d u d v ,

TZ 7Г

/ log2w \ Г Г nv \
J  (1 + ï 0 ^ ) l ^ ( l t ’ v ) l d u d v -

Next, we apply Lemma 1, as previously.
L e m m a  2. Let R  be a rectangle defined by the inequalities
(i) <5 <  w <  n, 0 <  v <  h 

or
(ii) 0 <  w <  ü, ô <  v <  тс,

where ô, h are in (0, тг). Then, for any f e  L 2n,

lim — f  f  f{x-\-u, y Jr v)0 n(u, v)dudv =  0
n-> OO ^  .

uniformly in {x, y) on the plane.
The factor f ( x - fu ,  y-\-v) can be replaced by f ( x —u,y  — v), f { x Jr u, 

y — v), f ( x —u,y-\-v), respectively.
P roof in Case (i). If <5 <  w <  тс, 0 < -r <  <5/2, inequality (2) implies

1
n

Фп{и, V)
Зтс2

for n =  1 , 2 , ...

Considering <5 <  w <  7r, <5/2 <  -r <  й and applying (3), we get

n
Фп(и, v) <

2<52
for n — 1 , 2 , . . .

Since
£ »?  ̂ n— 1 $ n

— J~ J" Фп{и, v)dudv < — ^ j \ j  Dv(u)du J* Dv{v)dv
ô 0 v= 0 <5 0
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the relation

lim —-
n—*oo U

f V

Я
à О

Фп(и, v)dudv =  О

holds uniformly in (|, rj)eB.
Now, we conclude as in Section 2 of [4].
By Lemma 2, the following result can easily be obtained (cf. Theorem 1 

of [4]).
T h e o r e m  3. Suppose that f  is of class L 2n. Then 
(i) the condition

Hm Al>vf{x ,  у) =  0
(w,V)->(0,0)

implies
(9) lim 17n{oc,y, f )  = f(æ ,y)-,

(ii) i f  f  is continuous at every point of the rectangle E  — [a, b; c, d], 
where a <  Ъ, c <  d, relation (9) holds uniformly in E.

3. Integrals of the Jackson type. Write, for n — 1 , 2 , . . . ,

=  {Фп{и^ )У ,

1 lQn =  f f  ф2п(и , v)dudv.
Qs

It is easily seen,
n — 1 

П
Фп(и,г)  = -----h > (n— Jc){Dk(u)coskv +  -Dfc_x(i?)coshu}

Ar= 1

n— 1

= ' Х {п~ Ъ) n
* =  0 (p,q)eek

l PQG0&puG0&qv,

where A00 =  1/4, XPtQ =  A0>q =  1/2, Xp>a =  1 if p, q >  1, and ek denotes 
the set of all these pairs p, q in which p — к, 0 <  q <  к or 0 <  p  <  k, 
q =  k. By Parseval’s identity ([6], p. 509),

^ / /  &n{u,v)dudv =  ^  {n—k f  ^  Хрл
Q k= 0 (P,Q)*ek

n2 „ , 2 né-\-nz
=  ~T + { 2 ( ^ - 1 ) 2+ 4 ( r - 2 ) 2+  ... +  (2n — 2 ) l 2} =  ——^—  .

4: 1 J

Hence
12

Qn (2 п*-{-п2 )п2
(n =  1 ,2 , . . . ) .
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Consider now the operators of Jackson’s type

Vn(x, У 5 /) =  QnjJ f(% +u, У  +  ъ)Ф1{и, v)dudv (n =  1 ,2 ,  ...) .
Q

They are some trigonometric polynomials of order 2(n — l)  in each 
variable, separately (cf. [2], p. 114-115).

T h e o r e m  4. Given an arbitrary f e C 2n, with partial moduli co2 (s, 0) 
=  co2 (s, 0; /), co2(0, t) =  /), we have

(10) max \Vn{w, y\ f ) - f { o c ,  y)\ <  C8|co2(— , o) +w2(o, —)}
(x , V)*Q l \ n  J  \ n l j

for n =  1 ,2 , . . .  (cf. [2], p. 115-117, 141-142).
Proof. Clearly, the difference Ри(ж, у; f ) —f(oc,y) is equal to

ТГ 7Г

Jn{x,y) = Qnj J A t,vf(00iy),&2n(ui'»)dudv.
о 0

By (7), (5) and (6),
TC n

У)I <  %Qn I f  {co2(u , 0 )+  co2(0, v)}0 2n{u 1 v)dudv

, . 1 \  /  1<  2{?n lw2 — , 0 +  co2
1 \ w / \ %

(1 +  ?ш)2Ф2 (w, v)dudv.

An argument similar to that of Lemma 1 leads to

J  j  иФп(и, v)dudv ^  C9w3
о 0

and
7Г 7Z

J  J  и2 Ф2п(и, v)dudv <  C10w2
о о

for тг — 1, 2, . ..  Since
ТС 7T

4̂ >re j  J  Фп{и, v)dudv =  1 and Qn = 0 ( l/w4),
о о

our assertion is established.
We note that if the partial derivative f x(oc,y) [resp. f y{oc,y)] exists 

and is bounded in Q, the first [second] term in curly brackets of (10) 
can be replaced by

1
— O)
n i [resp.

1
CO

n
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This follows at once from inequalities (8).
It is easy to see that Lemma 2 remains valid for the integrals with 

the kernel рпФ2п{и,ъ) instead of п~1 Фп(и, v). Hence, considering the 
operators Vn(x, y ; /), the analogue of Theorem 3 can be stated, too.

Lemma 3. I f  (u, v) eQ,  then , for n — 1, 2, . . . ,

v) <  Cun 2_____________________Си n2___________
w4 "" (l-\-n2 u2 )(l-\-n2 v2) { 1 -\-п2(и — г )2 } { 1  +  п2 (и-\-г)2} '

Proof. It is enough to show that for ( u ,  t?)«[0, tz ; о, тг] the assertion 
is true.

We shall consider the domains Q j  defined in the proof of Lemma 1.
1° If (u, v)€ Qq, then, by (1), п~^Ф2п{ч̂  v) <  n2. Since n2 u2 <  4, 

n2 v2 <  4, we obtain

Фп{и, v) 25n2
n4 ^  (l-\-n2 u2 ){l-\-n2 v2)

2° In the case ( u ,  v ) c  Q 1 inequality (3) implies

v) <  ^
n 4 16n2u2v2

Further, 2n2u2 >  I-\-n2u 2 and 2n2v2 >  l-\ -n2v2. Hence

Ф2п{и,Ъ) П2 7Г4
n4 ^  4c{l-\-n2 u2 )(l-\-n2 v2) ’

3° How let (и , v)e Q2. In view of (2),

&2n{u, v) <  ______ 9tc4
n4 4n2 ( u - v ) 2 {u-\-v)2 ’

fore,
But 2n2(u — v) 2 >  l-\-n2(u — v)2, 2n2 (u-\-v) 2 ^  é.-\-n2 {u-\-v)2. There-

ФЦи, v)
<

9n2 n4

n* { 1  +  п2(и — v)2}{l-\-n2 (u-{-v)2} 

4° Taking (u, v) e Qs and applying (4), we get 

Ф2п{и, v) n2 TC6
<

nq 64n u v (и — v) 16 (1 +  n2 u2) (1 n2 v2)

By symmetry, the estimates of 2°-4° remains valid in the domains 
Q6. Thus, the proof is completed.

Taking into account the last Lemma and reasoning as in [1], p. 
537-538 and 552-555, we obtain
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T h e o r e m  5. Suppose that f  is of class L 2n. Then 

\\mVn{x , y, f )  =  f {x ,  y)
n—>00

almost everywhere on the plane.

4. Operators of the Steckin type. Let h be a positive integer, and let r 
be an even number such that 2r >  fc +  2. Putting

71— 1

0 rn{u,v) =  B v{u)Dv{v)}V,
v= 0

choose the numbers bn satisfying the identities
7Z 7Г

4bn f  j  0 h(u, v)dudv =  1  for n =  1 , 2 , ... 
о о

Inequalities (l)-(4) aiid Dv(u) ^  (l +  r)/2 when 0 <  и <  1/n, 0 <  v 
<  n — 1 lead to

C1 2 {r) <  n*r~2 bn ^  C1 3 {r).

Given any /« L 2n, we set
к к / \ / \  1

Wn(x, y, f )  =  bnJ f  { Д 1 J ^ ( - l ) <+*(*) Qj f{oc+iu, y + j v )J Фгп(и, v)dudv.

It  can easily be observed, the integral

// v)dudv
Q

coincides with a certain trigonometric polynomial of the order \r(n — l)[i] 
in x, [r(n— l)/j] in y, at most (see [5], p. 253-254, 222). Hence, Wn(x ,y , f )  
is a trigonometric polynomial of order less or equal to r(n— 1) in each 
variable, separately.

We shall present an analogue of the result announced in [3], p. 
225-226.

T h e o r e m  6. Suppose that f  is of class C2n. Denote by wk>k(s, t), o)k(s, 0), 
cofc(0, t) its moduli of smoothness defined in Section 1. Then, for n =  1 ,2 , . . . ,

max I Wn(x, y, f ) - f ( o e ,  y)\ <  Сы (Тс) \cdJ - ,  о) +coklo, —
(x,y)eQ I \ ^ / \ П

Proof. Writing Tn{x, y) =  W Jx ,  y, f ) —f{x, y), we have 

Tn(x, y) =  K f f  у)-Фгп{и, v)dudv +
Q

+  ( - l ) fc6n{ J J  AWj{x, у)-Фгп(и, v)dudv+ J j  A W f{x ,y)- 0 rn(u,v)dudv}.
Q Q
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Consequently,
TC TC

y) I ̂  ̂ n\_J j  cokk(u,  v)<Prn(u , v)dudv-\-
o о

TC 7C TC 71

+ J  J  cuA(w, 0)Ф£(м, J  J еол(0, v)0 rn{u, v)dudv}.
oo oo

As well known,

o>k,k(u > v) <  0) +  « ft(0, ®)}.

In view of (5) and (6),

0) <  o j, <wfc(o, v) <  (»® +i)fcft)fc|o, i | .

Therefore,

|Г„(ж, ÿ)| <  4i„(2t- 1 + 1) jft** (^> °) +  ®i (o, “ ) }  Cn(h, r),

where
TC 7t

Gn(Jc,r) = J J (№W+1)*̂ (m, v)dudv
о о

ТС TC ТГ TC

< 2fc { / /  Фгп{и, v)dudv-Jr nk J  J  икФгп(и, v)dudv j.
oo 0 0

Proceeding now as in the proof of Lemma 1, we easily get the desired 
assertion.
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