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Integer points on conics

The aim of this note is to prove a result gquoted in my survey article
on Diophantine equations [2] which although quite elementary does not
oceur explicitly in the literature.

THEOREM. If a non-degenerate conic
Flx,y) = ar®*+bry+cy*+detey+f =0
contains integer points, then one of them satisfies
max {|2], [y} < BHY™™, H = max{|al, b], lel, |d|, lel, |fI}

(a, b, ¢, d, e, f integers).
Proof. Consider first the case of a parabola, i.e. 6 = b*—4ac = 0.

Then ax*+ bay+cy® = y(ax-+ By)?, «a, B,y integers. Let az+fy =1,
a6— Bd = e. Since F(x,y) = 0 iz not degenerate, ¢ = 0. The equation
F(xz,y) = 0 is equivalent to the system ’

ar+py =1, dotey = —yP—f.

The necessary and sufficient condition of solvability of this system
in integers @,y are the divisibilities

elayt*+dt+-af,  e|pyt’+ et+ Bf.

If these divisibilities are satisfied for some ¢, they are also satisfied
for some ¢, in the interval 0 < ¢ < [¢|. Since

Iyl = |e*a— bed+ed’| < 3H?
we obtain
lto] < el < VBH*?,  |ylg+f1 < lyl&+Ifl <4H?,

max {|2o|, |y} < H b, +VH lylo+f| < 6H™.
Consider now the conics with centre. The transformation

(1) X = dz+be—2¢d, Y = dy+bd—2ae
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reduces the equation F(x,y) = 0 to the form

(2) aX:+bXY+eY? = 464,
where
a b 1d
A= ¢ }e
d o f

44 is an integer and one verifies easily that 0 < |4| < 2H"
Consider the three possible cases.
Ellipse (6 < 0). It follows from (2) that

18] Y2 < 16a (84|, |8 X2 < 16¢]84|,

thus max{|X|, | Y|} < 6H* and in view of (1), max{|#|, [y} < 9H".
Hyperbola withrational asymptotes (6 > 0 is a perfect square).
Let u, v be the solution of the equation

(3) w—480? =4

in the least positive integers and set

20V ov, \*  ui+ 4032 -
£ = (u0+ 2]/61]0) = %0"—4 IUO —|—(§l/6u0’00.

If X,, Y, is a solution of (2) and satisfies the congruences implied
by (1) namely

Xy = be—2cd, Y, == bd— 2aemod d,
then also every solution X, Y defined by the formula
20X+ (b+V8) Y = (2aX,+ (b4+V8) ¥, e
satisfies these congruences. Therefore, we can assume that
4V1ad4| < |2aX,+ (b+V8) Y| < 4V]ad A,
whence in view of (2)

12aX,4 (b—V8) Y,| < 4V ]as4].
We get
Yol < 2V]ad| (e+1)
and by symmetry

1 X, < 2Ved| (s+1).



Integer points on conics 135

In virtue of Schur’s estimate [3] of the least solution of (3)

e+ 1< (47 11 < (BOOHSYI 1 < (3O
and we get by (1)
max {|%|, |yol} < 3H*+ max {|Xo|, | ¥,[}

< SH*+2V2 H*SH)™F < (3H)™,

q.e.d.

Remark 1. Theorem remains true also for non-degenerate conies.

Remark 2. The estimate for max{|x|, |y|} obtained in the case of
ellipse and hyperbola with rational asymptotes holds not only for some
integer point but for every integer point on the conic. In this sense the
estimation (by 20H*) is sharp as the following example shows. The
hyperbola

tr+ (2t+ V)ay+ (E+1)y +22 =0

has an integer point (—4#*—8+4t—1, 4*+ 48 —4#—2t+1). On the
other hand there are no reasons to believe that the estimation given in
the theorem is sharp. The example of the equation

$2—22t+1(2y+ 1)2 — 1,

where solution in the absolutely least integers is

(142 + (1 -V @ vep—a—veyY
- ’ - 2

2 ot+2 ]/5

shows only that H*® in the exponent cannot be replaced by a power of H
lower than H'. If instead of Schur’s estimate for the least solution of (3)
one uses a better estimate due to Hua [1)] one gets

max {a|, ly|} < (5 HY*°F.
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Errata to the paper “Integer points on conics™*

On p. 134 after the heading “Hyperbola with rational asymypto-
tes (6> 0 is a perfect square)” the following lines have been omitted:
We have

aX? b XY +eY? = (0, X +8,Y) (0 X+ 8, Y),
where |ayl, oy, 181], |82 integers << H. It follows from (1) that
la; X+ 8, Y1 < 4614] (i =1, 2),
thus max{|X|, | Y|} < 8d|4] and in view of (1)
max {|z, [y} < 8] 4| H + 3H? < 16H* + 3H? < 20H".
Hyperbola With_ irrational asymptotes (6>0 is not a

perfect square).

* Prace Mat. 16 (1972), p. 133-135.
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