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Approximation oî functions oî two variables in L**-metrics*

1. By (p(и) and <p*(u) we shall denote the convex functions com­
plementary in the sense of Young, defined as in the paper [2] or [3], 
p. 16-17.

The symbol !?*{$ )  will be used for the Orlicz class of all real func­
tions g(x ,y )  of two variables defined and measurable in the rectangle 
Q =  [a, &; c, <?], satisfying the condition

Q{g, <P*) =  ff <P*(lg(®> y)\)dxdy <  oo.
Q

By L * 41 (Q) we shall denote the Orlicz space of the real functions of 
two variables, f (x ,  y), defined and measurable in the rectangle Q such 
that for every g e L <p*(Q) the integral j j  f (x ,  y)g(x, y)dxdy is finite, and 
the norm is defined as Q

\\f\\v =  IIД®, У)\\<р =  sup IJJ  f ( x , y)g{x, y)dxdy\,
Q

where the supremum is taken over all functions g for which ç(_g, cp*) <  1 
<[3], p. 76-87).

In the space L^iQ ) we can also introduce the Luxemburg’s norm 

\\f\\(<p) =  \\f{®,y)\\(<p) = ir d e ,
where the infimum is taken over all positive e’s such that

О
As in the case of Orlicz spaces of functions of one variable, both 

these norms are equivalent. This follows at once from the inequality

(1) ll/llW<ll/ll,<2|l/||w .

* This work was presented 29.1.1971 in the Professor W. Orlicz’s seminar'on
modular spaces.



230 B. Firlej

L*V{Q) is reflexive if and only if the function cp and its complementary 
function satisfy the A2 — condition for large и ([3], p. 255).

By L*v we shall denote the space of all 2 tc — periodic functions of 
two variables with respect to each variable separately belonging to L*v (Q), 
where Q =  [ — тс, тс; — тс, тс]. %

Let us introduce in the space L*9, the following modulus of smoothness 
of the function f{x ,  y),

Ct>r,s{u, V)<p =  Mr,s(U> =  SUP I y % ,|Л|<м, |<5Kv

=  аРЧщЛч, =  SUP I Ил/O», y)\\9 ,Щ<и

<*>?4v)v =  4 2)(̂ ;/)ç» =  sup \\AsJ { x ,  y)\\ 9

where
r  s

0 ( ® |  у) =  У  i l ) / [® + (» - j )A ,ÿ + (* - f t )« ] ,
? = 0 /г—0

r

Л Ц { х , у )  =  У  ( - 1 ) ’’ Q n x + ( r - j ) h , y ] ,
j—0 ' 7

4 'Я * .  ») =  У  ( -  D* (*) /[*, y + ( * -  ft) Л].
*=0 ' '

It is easy to prove that, for each Л, и >  0,

(2) « № < ), <  <A+l)r«>!!4«),, (i = 1 , 2 ;  r — 1 , 2 , . . . ) .

As in [10], p. 122-123, let cr[/] be the double Fourier series of the 
function f ( x , y) and <r[/, ®], <r[/, y], cr[/, x, y] its conjugate series. Their 
partial sums we shall denote by

m  n

Vi f) =  У У ÿ) (i =  1, 2, 3, 4),
? =  0 fc=0

and the Cesàro (C, a , /5) means by o ^ ,p)(x, y , f ) ,  respectively (see [10], 
p. 159).

Also, the Biesz means

m n i

I I ’
/=0 k—Q (w-f 1)’ (n-\- 1)S h kA¥k(x ,y) (* =  1, 2 , 3 ,  4)

will be considered further.
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Let us introduce the conjugate functions fi(x ,y )  (i =  1 , 2 , 3 )  as 
in [10], p. 123.

It can easily be observed ([9], p. 471) that if f(x , y) =  S$n(x, y if) ,
then Ji(æ, y) =  y i f )  {i =  1 , 2 ,  3).

Denote by

the best approximation of the function f(x ,  y) by trigonometric polyno­
mials Umn(x, y) of degree <  m with respect to x and of degree <  n with 
respect to y, in the metric L*<p.

Write B v(a, (3, ...)  (v =  1 , 2 ,  ...) for the suitable positive constants 
depending on the indicated parameters only.

Section 2 contains some auxiliary results. In Section 3 the main 
theorems are given.

2. Considering an arbitrary Orlicz space L*4’, we have
L em m a  1. For any trigonometric polynomial T mn ( x , y) of the order 

<  m with respect to x and o f the order <  n with respect to y and for each 
non-negative integers r and s

whenever 0 <  h <  iz/m, 0 <  <5 <  iz/n (cf. [6], p. 232).
Proof. Consider first a trigonometric polynomial Tm(x) of the order 

<  m with respect to x. Choose a complex-valued function v(t) of bounded 
variation over •( — m , m) such that

E nn{f)rp =  inf ||/(ж, y)— Umn(x, у)\\̂
Umil.mn

dr+sTmn(x ,y )  
dxrdys (<p)

m
Tm{x) — J elxtdv(t) for all x e (  — oo, oo).

— m

Write

yr(t) =  (2 ism ht)r (\t\ <  m, 0 <  A <  tz/m),

and
m m

f{pc) =  J  yr(t)eixtdv{t), F{x) =  j  pr{t)ipr{t)eixtdv{t).
m

As it is well known ([6], p. 229-230), for o?e( — oo, сю),
CO oo

F{x) =  T $(x), f(x) =  A'lhTa (x -r h ) .
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Hence, by Jensen’s inequality,

ÿ
r \ a Am) I A-J

Ш

k= — oo lir{m) <P /Ê +4
i.e.

(3) J  Jy(H2rA (*)l)<fe-

Passing to the trigonometric polynomial Tmn(x , y) and using (3), we 
obtain

TC n

J M jur(m)jus(n) daf (_ dy
dr \&Ттп{х ,у )Л I \

L dys J /dxdy

<
—  7Z

TC TZ

<  / §  <f{\AlôAîhTmn{x,y)\)dxdy.
— 7Г — TZ

Consequently,
TC 7Z

П dr+sTmn(x, y)
yr(m)fis(n) dxrdys

dxdy

71 TZ

j  J  У (14 гй Tmn{x, y)\)dxdy

and this implies the desired assertion.
For reflexive Orlicz spaces L*v the following two lemmas hold. 
Lemma 2. I f  f ( x , y)e L*4*, then

Ш ® , у)lift) <  В Л<Р) IIЯ®* У)\\(ч>) (* =  1 , 2 , 3 ) .

The proof is analogous to that of ([4], p. 1375-1376). The functions

<p{u) and Mx{u) =  f  dt satisfy the condition Д2 {[3], p. 62, 36); 
о ^

therefore there exist constants a , b and u0 >  0 such that

uM'Au)
1 <  a < -----------  <  b for и >

Mx (и )

where M[{u) is the right-hand side derivative of the function Mx(u) 7 
([3], p. 37, 40).
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If
, 4 U<t forMx{Uq) — 0 <  и <  u0,

<
Шг{и) for U >  Щ,

cpi{u) =

then the functions cpx and cp are equivalent ([3], p. 36-37) and

%cp\ ( и )
(4) 1 <  a <

<Pi{u)
<  b for и >  0.

Choose a pair of positive numbers a , ft such that l < a < a < 6 < / > <  со. 
The partial integration gives

oo

/ dt — ' f y s
V i t t )  j .  <Pi{u)dt —

IVa >

/  ¥ * • - •  J
^i(0 , ç’i(w)
r +1

dt
иà------9h(l)-

Taking into account the above identities and (4), we have

<Pi{u)
J  f +i
U

U  / 4

f  <Pi if)
J  ta + 1

^  1

dt <

f t - b  и ’

1 <px{u)

a —a и

Thus, the function cpx satisfies the conditions of Marcinkiewicz Theo­
rem on the interpolation of operators ([8], p. 176). Moreover (see [5]; 
[10], p. 124), operators — T J  (i — 1 ,2 ,3 )  are of the strong type (a, a), 
{ft, ft). Therefore, according to mentioned above interpolation theorem, 
there exist positive constants C{ =  Ĉ cpft) such that

/fVi(\fi{%, y)\)docdy <  C i f  j(px^fioc, y)\)dxdy-\-Ci {i =  1 , 2 , 3 ) ,
Q Q

for all f{x , y)e L*9' ([8], p. 175, see also [1], Theorems 32, 33). Since cp 
and cpx are equivalent there exist constants — К {(ср) > 1  such 
that

f  f  <p(\fi{x,y)\)dædy <  K i f f  <p(\f{oc, y)\)dxdy +  K t (i =  1 , 2 , 3 ) .
q  Q
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By convexity of cp and the last inequality,

Я Ifi{æ, у )I
(1 +  К 4) К { \\Пх,у)\\м 1

Q s K i l l f i ® ,  У Щ г ) )

dxdy < —-— f Г rpi.— \dxdy 
1 +  &i V  \ к { \\/{х, y)||,J

1 +  K t: { * Я Я
I / O » , У)I dxdy-\-K%

|/(ж’ y)L U ^ + .ХЛ < 1 .

Hence

Н / г О * Ь  2 / ) 1 Я )  <  ( 1  +  # г № № ,  ÿ ) l l ( „ )  =  ^ г Я )  № >  ' * / ) ! ! ( „ ) >

and the proof is completed.
Lemma 3. I f  f {x ,  y)e L*9, then

IIf(x ,  y ) - S {$n{x, y ‘J)\\v <  ^ 4 (? )4 n (/ )r

The proof runs as in the case of functions of one variable (see [2] 
and [7]).

3. Given an arbitrary Orlicz space i f 9, we have 
Theorem 1. I f  f e  L*9, then, for m , n ^ l ,

Я„„(/)у <-В5(>-,«) + °4 2,( Я  }>

where af^{ii)cp, off\v)(p are the partial modulus of smoothness of f  (cf. [6],
p. 288).

Proof. Consider the trigonometric polynomial

J rr k l { x , y ) = J ^ ( x , r , f )

=  j  }  Ф М )К (Ь )  f

where

<rm(t) =
KYm

mt \ 2r+4sm

msin

7Г

f< K ,W dt  =  1-
— Tt
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Then,

TC TC Г S

=  I  Ж ) я * + Л , ^  +  а д * А -
—Jt —jt j'=0  Jc=0  ' '

-  / f  Фт(Ь)Ф'Ж) 1)J‘ (^)/(^+A , 2/) î ^ 2 +
— tc — Jt /= 0  '

n tz s 3
+  / / Ф т (М В Д  ^ + ^ а)й«1^ а =  JT ïiiæ , y).

— тс —я /с=0 s t = l
TC TC

If J  J  99* (|gf(a?, i/)j)dæ$?/ <  1 , the Fubini’s theorem and inequality (2)

yield
ТС ТС ТС 7C

I/  /ЛО», <  / j  ФГт(Ь)Ф'Ж)Х

TC TC Г S

* u / 2 2  ( - l ) i+/cQ  W  /(a?+j«i, у + k t 2 )g (ж,
- тс — тс /  —О A;—0 

тс тс тс тс st * i * l L j ь e

< 2 r /  / фш(^)фп(^)| /  /  J ^ (  — l ) fc (l-) /(^? у)йа?%| d^dts
— rr _ т г  —  тс —  tt A:=0 ' '

2r+1 J  v nM<o?4t)vm < /  фя(*)»я(* + ^ )

/ 1 \ i/n n
< 2 '+*+1«>?>(Д{./ Ф;’,(г)<й+»5 /<PJ(t}f<a} <£,(»•,*)<»<*>

Analogously,
TC TC

I/ j Ых,У)9(я1У)йхЯу\
-TC —TC 

TC TCn. 7b TC TC r

+ jt i ,  y)g(oo, y)dxdy\dt1 dt2
_ tt     <rr __̂    «ч* 4 — A '— Jt — Jt j  =  0

<  2 J  0^(t)ft)J.1)(t)?,^  <  B 7 (r)co,(i)

and

*з(я» 0)00», <  5 7(s)o42
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Hence

I\ Jrm h {x , y ) ~ f ( X ,  y)\cp < ^  ^
î = 1

3
P) +  «.?>

In the next theorems, L*'p is a reflexive Orlicz space.
T h e o r e m  2 .  I f  f (x ,  y)e L * 9 and r , s  are positive odd integers, Йе>г? 

for each m, r >  1,

l№ »’s)(®, » ;/ )—/(*> »)ll„ <  -в8(г, s, ?) |.

Proof. It can easily be verified,

£m»,e)0*b y>f) — S$n{ x ,y ‘, f )  

1
m n

{m + i r  1 2 f ^ {x’ÿ)' 7 j = l fc=o
1

(r + 1 )8 ^4 7 J=o fc=l

+

дг8{т]п(.я,У,1)

22 k*ÂjkA(ÿ\x, y) +

m n

J ?  J ^ j rJcsA $ (x ,y )
j=i fc=i

dsS% n(®,r,f)

(m - f l ) r(n-\-l)s =̂i fc=i

dxr +

+

(r +  1)8 dy8

i  &ryts {l { x , r , i )
(m+ l ) r(R + l)s dxrdys

Therefore, in view of inequalities (1), Lemmas 1-3 and Theorem 1

?/ ; / ) II,
=s B ,(r , «U IK sgU ® , у;/)||»+14«!2,с*. у,П\,+\\лТ :  8« ^ x ’ з ^ я и

?n n m n

< B 10( r ,s ,ç , ) { | | z i ;« W (æ, ÿ ; / ) | , + | | 4 s W ( * , ÿ ; / ) l l T+ | / i ^ s ï . ( * , ÿ ; / ) L }
m n m n

J .

By Lemma 3 and Theorem 1 we get the similar estimate for \\S$n{x, y ;/) — 
—f(x , У)\ч>' Hence the proof is completed.

In particular, if r — s =  1
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Further, an argument similar to that of [10], p. 184 leads to
Theorem 3. I f  f (x ,  y)e L *rp and a, (5 ^  1, then, for each positive inte­

gers m , n,

» ; / ) - / ( * ,  y)||„ <  B 13(a , f i ,  9 ) +  »'.2) ( 1 )  }•

Inequalities (1), Lemma 2 and Theorem 2 give 
T h e o r e m  4. I f  f{cc, y)e L*4* and r , s  positive odd integers, then, for  

i  = 2 , 3 , 4 ,

Indeed,

№ ■*4® , У)I  <  y j ) - f ( x ,  ÿ)!|,
and the result follows.

From this we easily get an analogue of Theorem 35 (part 2) of [10], 
p. 185 for a ,  >  1.

I  am very m uch indebted to Professor W. Orlicz and Docent E. Ta 
berski for many valuable sugestions.
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