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Approximation of tunctions of two variables in L**-metrics®

1. By ¢(u) and ¢*(u) we shall denote the convex functions com-
plementary in the sense of Young, defined as in the paper [2] or [3],
p. 16-17.

The symbol L*(Q) will be used for the Orlicz class of all real fune-
tions ¢g(x, y) of two variables defined and measurable in the rectangle
O = [a, b; ¢, d], satisfying the condition

olg, ¢*) = ffzp*(]g(w, y)|)dzdy < oo.
Q

By L*(Q) we shall denote the Orlicz space of the real functions of
two variables, f(x, y), defined and measurable in the rectangle @ such
that for every ge L“’ (@) the integral f [ flz, y)g(=, y)drdy is finite, and
the norm is defined as

Ifle = UG, 9, sup’fff 2, y)g(@, y)dwdy|,

where the supremum is taken over all functions ¢ for which ¢(g, p*) <1
([3], p- 76-87). :
In the space L**(Q) we can also introduce the Luxemburg’s norm

1fllgy = f(@; ¥l = infe,

where the infimum is taken over all positive &3 such that

o) oy
Q

As in the case of Orlicz spaces of functions of one variable, both
these norms are equivalent. This follows at once from the inequality

(1) 1flley < Iflle < 2 1flls -

* This work was presented 29.1.1971 in the Professor W. Orlicz’s seminar:on
modular spaces.
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L**(Q) is reflexive if and only if the function ¢ and its complementary

function satisfy the A, — condition for large « ([3], p. 255).
By L*” we shall denote the space of all 2r — periodic functions of
two variables with respect to each variable separately belonging to L*?(Q),

where ) = [—=, n; — =, w].
Let us introduce in the space L*?, the followmg modulus of smoothness

of the function f(x, ¥),

Wy, 5 (U, D)y = @ (%, V3if)y = sup || A5 (@, ¥,
Ry, 16]<v

o (u), = o) (u; f), = sup [4;f (@, y)ll,

Ih1<u

o (v)y = 0P (v; f), = sup 145 (@5 9)llg

Sl<y

where v
Aty v = 3 3 =10 () G) St =iy g o= R0,
Kt = 3 (=17 () flot =iy,

43 f(@,y) = Z(— () fTes y+ (5= 1) 01,

It is easy to prove that, for each 4, u >0,
(2) oP (), < (A+1) 0P (w), (@ =1,2;r=1,2,..).

As in [10], p. 122-123, l_et o[f] be the double Fourier series of the
function f(x, y) and o[f, «], o[f, y], o[f, x, y] its conjugate series. Their
partial sums we shall denote by

m n

‘ng)n(x’?/, =ZZ).,-,CA§-Q($,?/) (t=1,2,3,4),
j=0 k=0
and the Cesaro (C, a, #) means by &% (z, y; f), respectively (see [10],

p. 159).
Also, the Riesz means

S%J,s)(x’ y; f)

R IR N T O A Y L SR o
_;g(l (m+1)')(1 (n+1)8)}'fk‘47'k(m’y) (t=1,2,3,4)

will be considered further.
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Let us introduce the conjugate functions ﬁ(w, y) (¢ =1,2,3) as
in [10], p. 123.

It can easily be observed ([9], p. 471) that if f(z, y) = SU (@, ¥; f),
then f;(x, y) = 8§ (@, y; ) (i =1,2,3).

Denote by

E’)nn.(,f)rp = inf ”f(.x7 :l/)'_ Umn(w7 !/)‘Lp,
Umn

the best approximation of the function f(x, y) by trigonometric polyno-
mials U, (x, ¥) of degree << m with respeet to » and of degree <{n with
respect to y, in the metric L*?.

Write B,{(a,ff,...) (v =1, 2,...) for the suitable positive constants
depending on the indicated parameters only.

Section 2 contains some auxiliary results. In. Section 3 the main
theorems are given.

2. Considering an arbitrary Orlicz space L*?, we have

LEMMA 1. For any trigonometric polynomial T,,(x,y) of the order
< m with respect to x and of the order << n with respect to y and for each
non-negative integers v and 8

| 07 T @y y) |l m\" n\*
Rl A R A0 | res

awrays Il‘(gv) (2smmh) (281[1%6) ” 2h,28 mc(x? y)“((p)
whenever 0 < h < wjm,0 < d < wn/n (cf. [6], p. 232).

Proof. Consider first a trigonometric polynomial 7', (x) of the order

< m with respect to . Choose a complex-valued function »(t) of bounded
variation over {—m, m) such that

Tu(@) = [ e™dv(t) for all ze(—o0, ).

Write

t r
m(t):(mnm), Polt) = (2isimbty () < my 0 <D < ),

and

m

f@) = [ pmeart), F@ = [ w0 ().

—m —m

As it is well known ([6], p. 229-230), for xe(—o0, 00),

F(x) = 2 d,\.f("q';; +x), Z |d,| = p,(m),
k=—00 k=—00

F(x) = IT\)x), f(@) = dpTp(@—rh).
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Hence, by Jensen’s inequality,

rliter) < 2 ey o (o+4))

i.e.
(3) f¢(w)dw< ftp([A' T (@))) dic
S gy ) ) TR
Passing to the trigonometric polynomial 7, (2, ¥) and using (3), we
obtain
b4 o s
f f ( [0 T yin (5 ?;)]])dwdy
2 ,us(’ﬂ) dx” oy* ,
. For T, (¢, y)
S q’ s(n) 2h ays y
< [ [ o125 85T (o, y))dwdy.
-7 —7
Consequently,

O T, )
ur(m () 0aT oy

-

LI

f #(1 455 L0, ) dwdy

;':“ﬁ;,

and this implies the desired assertion.
For reflexive Orlicz spaces L*? the following two lemmas hold.

LEMMA 2. If f(z, y)e L*?, then
W@, Wl < B If (@, Dl (6 =1,2,3),
The proof is analogous to that of ([4], p. 1375-1376). The functions
g(u) and M,(u) = fugg)«dt satisfy the condition 4, ([3], p. 62, 36);
therefore there exisot constants @, b and u,> 0 such that

wll(u)
1<a<——ﬂﬁ%)— <b for u>= uy
where M;(u) is the right-hand side derivative of the function A, (u),
([31, p- 37, 40).
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If
ua
Mi(uy) — for 0<u<<u,,

a

p(u) =1 %o
Mi(u) for - u = u,,

then the functions ¢, and ¢ are equivalent ([3], p- 36-37) and

we; (u)

1 1<
) =S )

<b for u>0.

Choose a pair of positive numbers a, f such that 1 < a < a < b < f < oo.
The partial integration gives

~ ol(d) t )
f Pt dt = a (’;4115.1) dt-- %u(a —@1(1).
1

1

Taking into account the above identities and (4), we have

C @a(t) 1 gy (w)

P i+ dtgﬂ——b‘ i
ot 1 (u)
@1 1%

: dt < . .
P T u®

Thus, the function ¢, satisfies the conditions of Marcinkiewicz Theo-
rem on the interpolation of operators ([8], p. 175). Moreover (see [5];
[10], p. 124), operators f; = T,f (i = 1, 2, 3) are of the strong type (a, a),
(3, B). Therefore, according to mentioned above interpolation theorem,
there exist positive constants C; = C;(¢,) such that ’

[[o:(1Filw, p))dwdy < C; [ [9:(if (@, y))dady+0; (@ =1,2,3),
Q Q

for all f(z, y)e L™t ([8], p. 175, see also [1], Theorems 32, 33). Since ¢
and ¢, are equivalent there exist constants K, = K;(¢) > 1 such
that

[[ (el dwdy < K, [ [ ¢(f@, 9))dedy+ K, (i =1,2,3).
Q Q
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By convexity of ¢ and the last inequality,

ﬂ "”((1+Ki>Ki||f<x,y)!|<¢,) 1+K f Jol% nf(w,a TP A
{ f K ( . I, mum v
{ﬁ ¢(Ilf(.w,y)il<¢) g <

1@ Doy < A+ K E; [ f (2, Doy = Bile) If (@, 9y

Hence

and the proof is completed.
LEMMA 3. If f(x, y) e L*?, then

1 (s 9)— 85h(@, 45 Dl < Ba(@) Enn( )y

The proof runs as in the case of functions of one variable (see [2]
and [7]).

3. Given an arbitrary Orlicz space L*®, we have
THEOREM 1. If fe L*?, then, for m,n > 1,

1 1
(1) )
Epn(f)y < Byl 9) {w (m)+ (- )}

where o (u)g, o) (v)@ are the partial modulus of smoothness of f (cf. [6],
p. 288). |
Proof. Consider the trigonometric polynomial

Jon(@, y) = (@, y; f) -

T T

= | [ o () 2 1y () (3) ot it w-+ ity atsats,

where

. Mt o\ 2rts
sin— -
1 2

r b
bt Lot
Ym msin 5

(1) = f @ (1) dt = 1.
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Then,
‘Unn(w7 y)—f(wy y)
= [ Jonmenw) 3 N (=1 () ;) it y+ k) duydt,—
- —7 =0 k=0
— [ [enue; (tz)y(— Y (7) flatits, )ty dty +
T ™ 8 3
+ [ [ o) Y (17 () s, g+ ) andt, = Y 1w, y).
-7 —7 k=0 N i=1
It [ [ ¢*(lg(x, y)l)dedy <1, the Fublmstheorem and inequality (2)
yield '
| [ [ L pg(e, pydedy < [ [ op,(t) @5(2.)

r

x| J f D (=1 (7 () s+ it y+ M) g o, ) dudy|

§=0 k=0

<o f f¢; £) B (%)

[ ] X =15 ) o, g+ Mg, yyasdy ans,
-7~ k=0 ‘
2”1]@ (1) P (1), dt < 27! (2)( ) fqbe ( )dt

0

1/n i L
2r+sJ . (2)( ) {f d) t)dH—%s f@fl(t)ts{ﬂ} < BG(T, 3) 60‘22) (;) .
@

1/n

Analogously,

3

Pe

| [ 1o, 00, pdedy

T ked

S AL A g)jfn£

—TT —7T T j=0

r

—1y (;) fl@+jty, ¥)g(@, y)dody| dt, dt,
2 @ (1) 1) _l__
f m(t) 03 (8 dt < Bo{r) )| — ,

and

}f jEI:;(ﬁay) (@, ) dde|<B () of (,’],:)w‘

-7 —T
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Hence

5ttt s < S, w0 fo () +o() |

In the next theorems, L*? is a reflexive Orlicz space.
THEOREM 2. If f(x,y)e L' and r,s are positive odd integers, then,
for each m,n > 1,
1 1
188509, 93 = fla, 9, < Eatr 1,0 o) () <o) |
?

Proof. It can eagily be verified,

Ser(@, 45 fY— S (@, ¥5 f)

- (m+1 gZJT A (@, y)—
B "+1 ZZ’“ AR (2, y)+

1 Sh%
[ s 40
T (m 1) (n+1)° % ;] Jk (z,y)

B 1 0" S@ (x, y; f) 1 asstsn(w;?/,f
(m—+1) ox” (n+1)° oy®
N 1 IS (@, v f)
(m—+ 1) (n-+1)° ox” oy’ ’

Therefore, in view of inequalities (1), Lemmas 1-3 and Theorem 1
|8 @, y5 £)— SSh(@, v5 Dy

< By(r, 8) {1 AL 80 (@5 95 )l + 1 45850 @, y5 D)o+ 14572 85025 95 )6}

m n mn

gBm(r,s,q)){”AES%)n Y f “qJ‘*‘“ASSSLL(%y, Hw’i‘udﬁ—ssg)n 2,95 f qu}

i m n
1 1
< By, s, (P){wil) (‘) -+ ng) (‘*) }
m @ /g

By Lemma 3 and Theorem 1 we get the similar estimate for |S$) (z, y;f)—
—f(#, y)|,. Hence the proof is completed.
In particular, if r = s =1

1 1
[0 @, 5 ) — (s 9l < Bm(w){wﬁ” (v) o (—) }

" n
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Further, an argument similar to that of [10], p. 184 leads to
THEOREM 3. If f(x,y)e L' and a,p =1, then, for each positive inte-
gers m, n,

1 a1
1% (@, 43 F)— (@, D)l < Bus(a, 8, 9) {w‘f’ (—) + w<f>( ) }

m "
Inequalities (1), Lemma 2 and Theorem 2 give

THEOREM 4. If f(®,y)e L*® and r,s positive odd integers, then, for
3 =2,3,4,

‘ _ 1 1
I8Em @, 45 £)— Fioa (@, Yo < Bualry s, ¢) {w‘#’ (;};) + o) (*) }
. ['4 P

7
Indeed,

185 @,y ) —Fioa (@, )lp < 2B (9)] 85 @, 43 ) —fl@, 9],

and the result follows.
From this we easily get an analogue of Theorem 35 (part 2) of [10],
p. 185 for a, f = 1.

I am very m uch indebted to Professor W. Orliez and Docent R. Ta
berski for many valuable sugestions.
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