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On the set oî orders on a field*

1. Introduction. This paper is concerned with the analysis of the 
set of orders on a formally real field using category theory and sheaf 
theory as tools. We topologize the set of orders in a way similar to that 
used in the prime spectrum of algebraic geometry and define a presheaf 
of groups using the notion of inverse limits and find necessary and suffi­
cient conditions that these presheaves be sheaves. Finally, we notice that, 
if F  cz F ' are fields, в and в' are the set of orders on F  and F  respectively, 
and Г  and Г' are the associated presheaves, then there exists a natural 
continuous map ip: в' -> в and a presheaf homomorphism from Г  to the 
direct image of Г' under ip.

2. Definitions and notation. We shall denote an inverse system by 
(Fa, fp>aJ I), where I  is a partially ordered index set, Fa abelian groups, 
and fp a: Ffi -> Fa homomorphism which exist if /1 <  a. If no confusion 
is possible we shall shorten this to (Га, / р а) or (Г а). (X , f a, I ) is said to 
be for  the inverse system ( r a1f p>af I) if f a: X  -> Г а and all triangles com­
mute. The inverse limit of (Га,/р>а,1 )  will be denoted ( X ,/„,/) =  
invlim{Fa,fp>a, I) or X  — invlim(/1a). It should be noted that if {Га, / р>а11) 
is a coinitial sub-inverse system of (Га,/Да, I), then the objects of the in­
verse limits of these two systems are the same. Also, if I  has a smallest 
element d, then { r d, f d (Jt, I)  =  invlim (Га,/^>а, I). By a sheaf we shall 
mean a presheaf that satisfies the two sheaf axioms 81 and SII.

3. Fields and division cones. Let F  be a field and St the set of division 
cones in F , where a division cone is a set a that is closed under multipli­
cation, addition, and division such that а п  — а =  0 and l e a .  Note that 
the intersection of division cones is again a division cone.

D e f in it io n  3.1. The Harrison topology on St) is the topology for 
which {.XQ — (ae ar\G =  0 } :  G is a finite subset of F }  is a base
[XQr\XH =  H0 Î£ shows that is a base]. Let Ж ç  3) be a meet semi-

* This paper is part of a doctoral dissertation at the University of New Mexico 
under the direction of D. W. Dubois.



2 5 4 G. L. Cams

lattice with the induced topology, where the meet operation is inter­
section and note that is a poset with <  being taken as inclusion.

L em m a  3.2. I f  U is open in Ж, then U is an ideal o f Ж, i.e., i f  aeU  
and fie Ж with fi X, a, then fie U.

Proof. U open in Ж implies V — ((_J X G)nH . Thus aeU  implies 
ae XG for some G and hence fie X G since fi я  a implies finG  =  0 . This 
implies fie^ J Xo and thus fie U =  (\^Ха)пЖ  since (НеЖЪу hypothesis.

D e f in it io n  3.3. For ae D let Г а =  F*ja*, where F*  =  F \ {0} and 
a* =  a\{0}. Both F*  and a* are multiplicative groups since a is a division 
cone.

D e f in it io n  3.4. For fi <  a define the homomorphism Г^п : Fft F a 
by i ; , a( c l^ )  =  clsaa?.

L em m a  3.5. Let U be an open subset of Ж. Then, considering U as 
a poset, (Га, Fp>a, U) is an inverse system.

Proof. We need to prove that U is a directed (down) poset. Let a 
and fi be elements of U. Then since U is an ideal a n  fie U with an fi <  a 
and a n fi <  fi. The rest of the properties for an inverse system are clear 
and the proof is omitted.

D e f in it io n  3.6. For U an open subset of H  define F( U) to be X, where 
{ X , fa, V) =  invlim (ra, Г^а, U).

L em m a  3.7. I f  U and V are open subsets of Ж with U Ф 0 contained 
in V, then 1\V) =  F(V).

Proof. We shall show that (Га, Fd>a, U) is a coinitial sub-inverse 
system of {Га, Г Ра, V). Then we have that F{U) =  r(V ). Clearly (Га, 
Гр,ai Г) is a sub-inverse system of (Га, Г р>а, V), thus all we have to show 
is that if a is an element of V, then there exists fie U such that fi <  a. 
Let ae U) then а п ае U since U is an ideal so let fi =  ana.

L em m a  3.8. I f  Ü and V are non-empty open subsets of Ж, then Г( U) 
=  F{V).

Proof. UnV  is open and non-empty for ae U, fieV  implies that 
an fie UnV. Thus, using Lemma 3.7, we have

r{U ) =  r(U n V )  =  r(V ).

D e f in it io n  3.9. Let Г(Ж ) — F(U), where U is any non-empty open 
subset of Ж . This is well-defined by Lemma 3.8.

T h e o r e m  3.10. Let Ж я  @ be a meet semi-lattice, ( Х , я а,Ж)  
=  invlin\{Га, Гр а, Ж), d =  П ( « : ae Ж), and f :  Fd -> X be defined by 

f(c lsdx) =  {'X(l), where xa ~  clsa#. Then we have that
(i) / is well-defined, maps Г а ->.Х, and is injective,

(ii) (Fd, f a, H) is for (Fa, Fd>a, Ж) and f  is the unique map, Fd -> X, 
such that 7taf  =  f a, where f a =  Fd>u,
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(iii) i f  d eH , then (Гй, f a, Ж) — invlim (/*„, Г р>а, Ж) and hence f  is 
an isomorphism.

Proof, (i) To show / is well-defined we need that clŝ a? =  clsay 
implies clsaa? =  clsai/ for all а е Ж.  clŝ rr =  cl&dy implies xy~l e a  since 
d я  a and thus clsaa? =  clsa?/. How /? s  a implies Г^а(clŝ a?) =  clsad? and 
so / does map Гл into X. Suppose f(c lsdx) =  1, then clsaa? =  1 for all 
ae Ж and so xe a for all a which implies that xe Q  a =  d and so clsda? =  1 . 
Thus / is injective.

(ii) For this part we need to show that if /1 <  a, then Г р>аГар =  Fda 
in view of the fact that d is a division cone, this is true since @ is an inverse 
system. Thus (Га , / а , Ж) is for (Га, Г^а, Ж). How,

aj(c\fidx) =  na{c\8px) =  clsaa? =  .Td>a(clsda>) =  /„(clsda>).
Hence naf  =  f a and the uniqueness of / comes from the uniqueness part 
of the definition for invlim.

(iii) If deЖ,  then (Га, f d a , Ж) =  invlim(Га) and the uniqueness, 
up to isomorphism, of the object in invlim yields the fact that / is an 
isomorphism.

R em ark  3.11. The conclusion to part (iii) of the previous theorem 
does not hold for an arbitrary meet semi-lattice Ж ç  <%. A counterexample 
can be found upon examining the set of orders on the rationals with one 
indeterminate adjoined.

We shall now consider a more general situation. Again let F  be a field 
and Q' the set of division cones in F ;  but from now on we will let Ж be 
any subset of D with the induced topology, and for V open in Ж  let U 
be the semi-lattice generated by V, i.e., the set of all finite intersections 
of elements of U.

As before let Г а =  F * fa*, where ae U and for /1 £  a let Гр a: Гр -> Г а 
be defined by Гр a (cls^æ) =  clsaa?. But now we let F(U)  =  X, where 
№ /«, V) =  invlim(Га, Гр>а, U).

Rem ark 3.12. If U is open in Ж, then there exists a V open in 
with VглЖ =  Z7; however, U Ф VпЖ. To see this, U may be a singleton 
but VпЖ  not a singleton. This also shows that U ç  V does not imply 
that U is coinitial in V and so we may have Г(17) Ф Г(У).

L em m a  3.13. For U я  V there exists a unique P u ,v : P( V)  -»  P( U) 
such that for all ae U, f a,ijPu,r — f a, r> where

(F( Ü), Д  и , U) =  invlim (Га , Гр>а, U)
and

(■P ( V ) J a, r » У) =  i n v l i m F).
Proof, ü  ç  V implies TJ ç  V and hence (F(V) , fa, U) is for (Га, 

F f „, U), where /„ =  f a>v for ae U. Thus by definition of invlim there 
exists a unique P UtV with the required property.
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L em m a  3.14. Let V я  V я  W be open subsets of Ж and P u>v, P v w , 
P Ufw be as in Lemma 3.13; then P UVP VW —P u w .

Co r o lla r y  3.15. Г  defines a presheaf on Ж.
T h e o r e m  3.16. (SI) Let Ж be a set o f division cones in a field F , U 

an open subset o f Ж, and { V: Ve D} == U, where each V is an open 
subset of H. Suppose there exists a and b, elements of Г  (U), such that P v>u{a) 
— Pv,u(b) for all Ve Z), then a =  b. That is to say the condition SI holds 

for the presheaf defined in Corollary 3.1.
The proof is straightforward and will be omitted.
Re mark  3.17. As we shall see later S II is not satisfied in general; 

however, there are special cases in which it is satisfied.

4. Fields and orders. In the preceding section we developed a presheaf 
on a set of division cones in a field F. We shall now* restrict our attention 
to a set of orders, an order being a division cone with the property that 
a u - a  =  F , with the intention of describing the groups involved in the 
presheaf and finding necessary and sufficient conditions that the presheaf 
be a sheaf.

D e f in it io n  4.1. Let 0 be the set of all orders on a field F , S  a subset 
of C, and x a non-zero element of F . The function Sx: $ - » { l ,  — 1} 
defined by

$ж(а) =  <5, where xe àa for ô =  ± 1

will be called the order function of x with respect to S.
Essentially, the order function of x with respect to S assigns to these a 

which are elements of S the sign of x and ignores a if it is not an element 
of S.

D e f in it io n  4.2. Let Gs — {Sx: xe F*  =  and define an opera­
tion on Gs by (SxSy) (a) =  Sx(a)Sy{a). We shall call Gs equipped with 
this operation the order group of S. The following lemma shows that Gs 
is actually a group.

L em m a  4.3. I f  S is a set o f orders on a field F  and Gs is the order group 
o f S , then

(i) i f  1 is the multiplicative identity of F , then Sx is the identity of Gs ;
(ii) Sx =  S f 1 for all xe F-,

(Ш) Sxy =  SxSy for all x, y is F  ;
(iv) Gs is a commutative group;
(v) Gs — ® Z 2, where I  is not necessarily finite ;

i
(vi) Sx =  Sx-1 for all xe F ‘,

(vii) I f  { — 1, 1} is given the discrete topology and S the topology induced 
from the Harrison topology on 0 , then Sx is continuous;



On the set of orders on a field 2 5 7

(viii) The topology on 8  induced by the Harrison topology is the weak 
topology for Gs .

Proof.  The proof of parts (i)-(iv) and (yi) is computational and will 
be omitted.

(v) By part (ii) we have that every element is its own inverse and 
hence Gs is a direct snm of copies of Z2.

(vii) ^ ^ (l)  =  {ae 8:  xe a} =  {ae 0: xe a} n $  which is an open set. 
Similarly for 8 f 1( — l). Thus 8 X is continuons.

(viii) If U is a basic open set in 8 , then U is the set of orders missing- 
some finite set G a  F.

U =  {a e S : anG =  0 }  =  p) { / ^ ( - l ) } .
XeG

Thus 8  has the weak topology for Gs .
Lemma 4.4. Let 8  be a set of orders on a field and a =  P| {/L /le 8 }. 

Then (p : F*ja* -> Gs defined by y(clsaa?) =  8 X is , an isomorphism and 
hence F*/a* ^  Gs .

Corollary 4.5. F * /a* ^  ®Z2, where a is as in Lemma 4.4.
Remark 4.6. If 8  =  {a x, a2, . . . ,  an, /3}, then to say that P| {af. 1 <  i 

<  n} я ft is equivalent to saying that $x(aJ =  1 for 1 <  i <  n implies
8 X(P) =  1.

Definition  4.7. A set 8  of orders will be called irredundant if (ax, 
a2, . . . ,  an, p} ç  8  with pja^ s  /3 implies p =  ay for some j.

Lemma 4.8. I f  8  is a set of orders in afield  F , then there exists a maximal 
irredundant subset of 8 .

Proof.  Apply Zorn’s lemma to the set of irredundant sets contained 
in 8 .

Notation 4.9. If 8  is a set of orders in a field F  we shall let 8 ' denote 
some maximal irredundant subset of 8 .

Lemma 4.10. I f  8  is a set of orders on a field F  with {a x, . . . ,  an, , ...
..., pk]  я 8 ' such that ГИ  ^ HPj, t}lm

{Pi, •••»£*} £  {a 1» •••» aJ -
Proof.

П«г £  ПРз ^ Pm for 1 <  m <  k.

Thus, since 8 ' is irredundant, there exists i with =  ai and so {/?x, . . . ,  pk] 
Я {«!, . . . ,  an).

Corollary 4.11. I f  8  я  T is irredundant with 8  =  T , then 8  — T. 
L emma 4.12. I f  ae 8 , then there exists fie ' such that ft я  a.
Proof.  If ae S', then we may let ft =  a thus we may assume that

17 — Roczniki PTM — Prace Matematyczne XVI
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a i 8 '. Hence 8 ' is properly contained in $ 'u {a }  and so $ 'u {a } is not 
irredundant by maximality of 8 . Thus there exists

В  =  R ,  a8, an+1} Я 8 'u{a}

with at Ф aj for i Ф j ,  and such that

П  R • K i < n }  я  an+1,

and a =  aj for some j. If a — an+1, then let

P =  H R :  1 <  i <  n}
and we have (3 e 8 ' with the property that § я  a. Thus we may assume 
that аФ  an+1 and, without loss of generality, we may let a =  an. Now, if

П  R : i  <  П — 1} П an+l Я an =  a

we have the desired /?, hence we may assume

. D R :  i < n —l } n a n + 1  $  a.

Thus we have the following conditions:

(Cl) П  R :  w—1}Па c  an+1,
(СП) П  R :  i ^ n — 1} ф an + 1  since 8  is irredundant,

and
(CIII) H R : i < n - l } n a n + 1  ф a.
Using Eemark 4.6 to translate these relationships we will see that 

this is impossible. (CII) restated means that there exists oceF* such that

1, 1 <  i <  n — 1,
-1, i — пф  1

1. (CIII) yields the existenceand then by (Cl) we see that B x(a) = 
of a ye F*  such that

1, 1 <  i <  n — 1 or i — n + 1 ,

Therefore we have
- 1 ,

xy(ai)

1 =  П.

1, 1 <  i <  n.
-1, г — пф  1 

which contradicts (Cl). Thus (CIII) must be false and so

P =  П  R :  i  <  n — l } n «n+i
is an element of S' contained in a.

Co r o l l a r y  4.13. I f  8  is a set o f orders on a field and U is open in 8 , 
then T(U) =  r{U ').
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Re mark  4.14. If Ф is the set of all orders on a field F , then в' is a set 
of orders on F  with the property that any order on F  contains a finite 
intersection of orders in O' hut intersections over different finite sets are 
different.

E e ma r k  4.16. If S cz T  are two sets of orders with a =  П  {fi: fieS }  
and a =  П{/?: fie T}, then the map у defined by y{Tx) =  Sx commutes 
the following square:

F *ja * — ^ --- >F* I a*

9 9

GT Os

Thus we have converted our inverse systems in the preceding section 
to inverse systems where the objects are groups of functions and the 
morphisms are restriction mappings.

L em m a  4.16. I f  S is a set o f orders on F , then Gs ^  Gs>.
Proof. Let a =  f"} {fi: fie $} and a =  {fi: fie S'}. Then, by Lem­

ma 4.12, a — a and hence Lemma 4.4 yields that
Gs ^ F * /a *  =  F*Ja* ^ G s>.

L em m a  4.17. I f  S is a finite set o f orders and a — П  {fi: fie S}, then

F*/a* s é @ Z 2
l

where n is the number o f elements in S'. Also Г а ^ G s  ^  F*{a*.
Proof.

F*)a* ç* Gs  s* G* s  0  Z2
l

and o(Gs>) <  2re since Gs> is a set of functions from S' to { —1 ,1 }. To show 
that o{Gs>) =  2 n, and hence that h =  n, we need to show that every 
function from S' to { — 1 , 1 }  is an order function of some x e F *  with 
respect to S'. Hence we let g be such a function and choose œi e F*, 1 <  i 
<  n, such that S'Xi( af) — 1 if i  Ф j  and S^faf) — — 1. This can be done 
since S' is irredundant. Eow let

_ K  if g{fh) =  - 1 »
У% U  if 9(<Ч) =  1

and
® =  П  i.i/i • K i < n } ;

then
Ktiflj) =  1 < i < n] = g{af).
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D e f i n i t i o n  4.18. If a =  П {& : г <  n)i where pi is an order for each i , 
then we say covers a or {&} is a coyer for a.

L e m m a  4.19. I f  8  is irredundant and ae 8 , then there exists a unique 
cover for a contained in 8 .

L e m m a  4.20. Let 8  be an irredundant set of orders with A — {a1? a2, ...  
. . . ,  an} Я 8 . Then, i f  xae F*, ae A there exists xe F* such that clsaa? =  clsaa?a 
for all ae A, i.e., xe a i f  and only i f  xae a.

Proof.  Define g : A =  {a1? . . . ,  an} -> { — 1 , 1 }  by g(a) =  1 if xaea  
and g (a) — —1 if xa 4  a. Then by the proof of Lemma 4.17 there exists 
xe F*  snch that Ax — g. Clearly this x satisfies the desired properties.

T h e o r e m  4.21. Let 8  be a set of orders and U an open subset o f 8 ; 
then Г ( Л) — ®Z2.

Proof.  For ae  U we have by Lemma 4.17 Ta ^ ,® Z 2 and Г{Л ) 
— П {Г а: ae U} я  ®Z2 and hence Г(Л ) ^  ®Z2.

E e ma rk  4.22. I t  should be noted that there are examples of sets 
of orders Л such that Г(Л ) ф F * /а* ^ О и> я^Ли and hence Г{Л ) is 
not, in general, the order group for Л.

T h e o b e m  4.23. A set 8  o f orders on a field F  is irredundant i f  and 
only i f  the associated presheaf is a sheaf.

Proof. We know from the previous section that the presheaf always 
satisfies SI hence all we have to do is prove that S II is satisfied if and only 
if 8  is irredundant.

We will first show that if 8  is irredundant, then S II is satisfied. Let Л 
be an open subset of 8  and {V : V eD ) be a collection of open sets such 
that \JV — Л. Let { a (F ): V eD } be a set with the properties that 
a{V )e r (V )  and for each (V , W)e D x D

Pv^w,v[a {V)) — Prrsw,w[a (yf))'
We must find а е Г {Л )  such that F VtU(a) — a(V) for each V eD . We 
know that Г{Л ) я  [ ] { Г а: ae Л} and D(V) я  f ] { F a: ae V}, thus we may 
let the a-th projection of a(V) be represented by a{V )a =  clsaæF>a, 
where xVtQe F *  and a  will be defined if we define it at each coordinate. 
Let A be the unique cover for ae Л and let Vf3)e D be an open set with 
pe V{p) for each p in A. By Lemma 4.20, there exists x (a )eF *  such that 
clspx(a) =  d&pXv^ >e for all pe A. Let ae [ ] { Г а: ae Л) be the element 
whose a-th projection is aa — clsa#(a) and note that aa is well defined 
since the cover for a is unique. Let a, ae Л with a <= a and let A and В  
be the unique covers for a and a respectively. Then A u В  is a cover for a 
hence 4 u 5  =  A and thus В  я  A. For each pe A elspx(a) =  cl&pXv^ tp 
and hence for each P eB  clsi3æ(a) =  cls^Æp^ =  cls/3a?(or). Thus x(a)x(a)~x 
e p for each pe В  and so x(a)x(a)~1e a which implies clsaa?(a) =  cls<,a?(o’) 
and thus Г а а{аа) =  .Ta>a(clsaÆ(a)) =  clsaæ(a) =  clsaæ(cr) =  a„. Thus аеГ (Л ).
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Also let ae V and А я  V, hence V(f) — V for all fie A, be the unique 
cover for a. Then since a(V )e T(V) we have for each fie A that

dS/(®F,e =  r a>p{cbaxVta) =  r a p(a(V)a) =  a(V)p =  d&pxVtfi 

=  clŝ flUp-̂  ̂ =  cls/3a?(a).

Thus xv>ax(a)~1e f  for each f e A  hence xVsax(a)~l e a  and we have 
proved that clsaa?F>a =  clsaæ(a) implying that P VfU[a) — a(V) [i.e. for 
each ae V

(Pv,u(a% =  aa =  clsaa?(a) =  cl&axv>a =  a{V) J .

For the converse suppose that 8  is not irredundant. Then there exists 
{cq: 1 <  i  <  £  8  such that

П { а г Д < ^ < те} £  «n+u Щ Ф aj
if г Ф j,  and {ax, a2, . . . ,  an} is irredundant. For 0 <  j  <  n there exists 
Xje F*  such that Xje an+1, Xj 4 a,-, and Xjea j + 1  if 1 <  j  <  n — 1; ccnea n+1, 
xn4 an, and xne a 1 ; x 0 eF *. Let Uj =  { f e 8 : Xje f }  if 1 and let

JJ0 =  {j3« 8 : —Xjefi for 1 <  j  <  n } .
Then

U  {Ut i 0 ^ i ^ n } = 8 ,  U0n ( \ J { U i : 1 = 0 ,

and , Xj}n Uin Uj =  0  iî i  Ф j.  Let а е̂ r(U j) be that element whose 
a-th projection is clsa^  for every ae Î7i and note that if ae TJi for some j,  
then clsax̂  — clsa -̂ since {xif Xj} я  a. Thus

Р щ п .  U p  Щ  ( a i )  — Р щ r. U p  U j (% )•

Let f  — П {агe 8 : 1 <  i <  n-\-1}. If there exists ae Г (8 ) such that P UitU(a) 
=  then the /З-th projection of a would be represented by clŝ a? with 
the property that

=  clsa.a? =  clsa.^

for But this implies that х $ аг for 1 <  i <  n and xe an+x
implying —x eai for 1 <  i <  n and —x<f. an+1 contradicting the hypothesis 
that П (аг: K  i <  w) я  an+1. Therefore no such a exists and hence the 
associated presheaf is not a sheaf.

Lv.mma 4.24. Let F' c  F  be two fields with d' and в the set of orders 
in F r and F  respectively. The map ip: 6  -> 6 ' defined by ip {a) =  ar\F' is 
continuous.

Proof.  ТУ a basic open set in 6 ' implies that there exists G c  F ' such 
that ТУ =  {a'e в a'r\G =  0 }. Hence ip~l {TJ') =  {ae Q: anG =  0 }  which 
is an open set in в. Thus ip is continuous.

N otation  4.25. For the rest of this section F' and F  will be two 
fields with F' c= F , O' and 0 will be the set of orders on F' and F  respec-
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tively, яр: Ф-+Ф' will Ъе the map defined by яр {a) — an/ , for an 
open subset O' of Ф' we will let U — О'), for a e O  we will let 
a' — a n/ ', Г' and Г  will be the presheaves associated with F' and F  
respectively, (Г’{17 ' ) , / ^ ,  V) =  invlim(/',, Гр%а., O') and(/(TJ) , f Uja, U) 
— invlimf/.., Г в a, TJ). and finally ад will denote the direct image of 
Tunder яр. Note that яр (̂О') =  /(/).

L em m a  4.26. I f  O' is open in Ф' and ae O, then a e O'. Also, i f  {a , /?} 
Я О with (5 я  a, then ft' я  a'.

Proof,  ae О implies that there exists a cover {ax, . . . ,  an} for a con­
tained in O. Thus

a' =  an /  =  (П (аг: 1 <  i  <  n})r\F =  f ) (а4п/) =  1 <  i  <  n}e O'.

The second statement is clear.
L em m a  4.27. I f  O' is open in Ф' and ae O, then ga: Г'а. ->  Г а defined 

by ga(clsa/fl?) — clsa# is a homomorphism with the property that i f  ft я  a, 
then

Ff},a9f> 9â P',a' •

L em m a  4.28. I f  V  is open in Ф', then there exists a unique 0V>: / '(/ ') 
-+P(V) =  у>+(7 ') with the property that fv,*®v' — 9afv',a' f or ae Y ’ 
where ga is as in Lemma 4.27.

Proof.  If Де V with /? я  a, then

^P,a9pfv’,P’ =  =  9afr'.a'

and hence (/ '(7 ) , gafv'ta>, V) is for (Га, Гр>а, V) implying the existence 
of a unique 6 V>: F '{V )  -> / (7 ) with the property that f v>aQv =  9 afr\a' 
for all a e V by the definition of inverse limit.

T h e o r e m  4.29. I f  Г' and Г  are sheaves, then в =  {вjj>: O' is open 
in 6 '} is a sheaf homomorphism from Г' to яр , where dv> is as in Lemma 4.28.

Proof.  We must show that if O' and V  are open subsets of O' with 
the property that O' я  V', then P UVQV, — 0U.P U,P ,U,'V,. We see that 
rp,a9pfv,tv =  9 a f’v ,a' f° ï all ae7and hence for all aeO  thus (r'(V'), fy >>a,,0 )  
is for (/а, Fp>a, О) and hence by the definition of inverse limit there exists 
a unique f :  Г ' ( У ) - > Г ( 0 )  such that gafv',a' —fu .a f for all ae U. Now

F u .oF U ,V ® V  — fv,a ®V' — 9afv',a' 

for all ae  U and so PUtVer, =  f .  Also

fu,a U',V' — 9afu',a'PU '.V  ~  9afr>,a• 

for all ae V implying that Ou'P'u'.v =  f  and hence we have

Ри,Г®Г’ =
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