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On the set of orders on a held*

1. Introduction. This paper is concerned with the analysis of the
set of orders on a formally real field using category theory and sheaf
theory as tools. We topologize the set of orders in a way similar to that
used in the prime spectrum of algebraic geometry and define a presheaf
of groups using the notion of inverse limits and find necessary and suffi-
cient conditions that these presheaves be sheaves. Finally, we notice that,
if ' < F’ are fields, 0 and 0" are the set of orders on F and F respectively,
and I" and I are the associated presheaves, then there exists a natural
continuous map y: §"— 0 and a presheaf homomorphism from 1" to the
direct image of I under .

2. Definitions and notation. We shall denote an inverse system by
(LI'yy fs.0y 1), where I i3 a partially ordered index set, I', abelian groups,
and f; .2 I';— I', homomorphism which exist if § < a. If no confusion
is possible we shall shorten this to (I, f; ,) or (I,). (X, f,, I} is said to
be for the inverse system (I',, fs ., I) if f,: X - I', and all triangles com-
mute. The inverse limit of (I3, f;.,I) will be denoted (X,f,,I) =
invlim(/y, f3,4, 1) or X =invlim(7",). It should be noted that if (I, f; ., )
is a coinitial sub-inverse system of (I',, f; ., I), then the objects of the in-
verge limits of these two systems are the same. Also, if [ has a smallest
element d, then (I, f;.,I) = inviim([l,, f3., ). By a sheaf we shall
mean a presheaf that satisfies the two sheaf axioms SI and SII.

3. Fields and division cones. Let F be a field and 2 the set of division
cones in ¥, where a division cone is a set a that is closed under multipli-
cation, addition, and division such that an—a = 0 and le a. Note that
the intersection of division cones is again a division cone.

DErFInITION 3.1. The Harrison topology on 2 is the topology for
which {X; = {ae 2: anG =0O}: § is a finite subset of F} is a Dbase

* This paper is part of a doctoral dissertation at the University of New Mexico
under the direction of D. W. Dubois.
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lattice with the indueced topology, where the meet operation is inter-
section and note that 2 is a poset with < being taken as inclusion.

LumMa 3.2, If U 4s open in 3, then U is an ideal of 52, i.e., if aeU
and pe A with f < a, then fe U.

Proof. U open in & implies U = (| JX)NH. Thus ae U implies
ae X, for some G and hence e X; since § < a implies NG = @. This
implies felJ X, and thus fe U = (| JX,) N since fe# by hypothesis.

DEFINITION 3.3. For ae D let I', = F*/a*, where F* = F'\{0} and
a* = a\{0}. Both F* and «" are multiplicative groups since « is a division
cone.

DrrFintrion 3.4. For # < a define the homomorphism Iy ,: I'; - T,
by I ,(clsz@) = cls .

Lemais 3.53. Let U be an open subset of #. Then, considering U as .
a poset, (I, [y o, U) is an inverse system.

Proof. We need to prove that U is a directed (down) poset. Let a
and f be elements of U. Then since U is an ideal anfie U with anf < a
and anp < g. The rest of the properties for an inverse system are clear
and the proof is omitted.

DEFINITION 3.6. For U an open subset of H define I'(U) to be X, where
(X, fo, U) = inviim(l',, Iy ., U).

Ly 3.7. If U and V are open subsets of # with U # @ contained
in V, then I'(U) = I'(V). '

Proof. We shall show that (I, [} ,, U) is a coinitial sub-inverse
system of (I, I%,, V). Then we have that I'(U) = I'(V). Clearly ([,
I's.., U) is a sub-inverse system of (I, ['; ,, V), thus all we have to show
is that if o is an element of V, then there exists fe U such that < a.
Let oe¢ U; then onae U since U is an ideal so let § = ona.

Lramva 3.8. If U and V are non-empty open subsets of 5, then I'(U)
= I'(V). :

Proof. UnV is open and non-empty for ae U, fe V implies that
anfe UnV. Thus, using LLemma 3.7, we have
Uy =IUnVy=I(V).

DEFINITION 3.9, Let ['(sF) = I'(U), where U is any non-empty open
subset of #. This is well-defined by Lemma 3.8.

TiEOREM 3.10. Let # = 2 be a meet semi-lattice, (X, n,, H)
= invlim (S, Ip 0 #), d = (V{a: acH}, and f: I';— X be defined by
f(elsgw) = (x,), where x, = cls,x. Then we have that

(i) f is well-defined, maps I'y— X, and is injective,

(i) (Ly, fay H) 18 for (L), I oy H) and f is the unique map, I'j— X,

such that =, f = f,, where f, = I’y ,,
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(iii) if de H, then (I'y, f,, #) = invlim(l',, I'; ., #) and hence f is
an 1somorphism.

Prooi. (i) To show f is well-defined we need that cls,z = cls,y
implies els, @z = cls,y for all ae#. clsge = clsgy implies 2y~'e a since
d < a and thus cls,z = cls,y. Now f < a implies I} ,(els;x) = cls,# and
so f does map I'; into X. Suppose f(cls;z) = 1, then els, & = 1 for all
ae# and 80 xea for all « which implies that xe () a =d and so cls;z = 1.
Thus f is injective.

(i1) For this part we need to show that if f < a, then I'; I, , =17,
in view of the faet that d is a division cone, this is true since 2 is an inverse
system. Thus (I'y, f,, ) is for (I, I'; ., #). Now,

a.f(elsge) = m,(elsgx) = els, ¢ = Iy ,(cls;x) = f,(clsga).

Hence =, f = f, and the unigqueness of f comes from the uniqueness part
of the definition for invlin.

(iit) It de A, then (I, fy ., ) = invlim(l},) and the uniqueness,
up to isomorphism, of the object in invlim yields the fact that f is an
isomorphism.

Remark 3.11. The conclusion to part (iii) of the previous theorem
does not hold for an arbitrary meet semi-lattice # = 9. A counterexample
can be found upon examining the set of orders on the rationals with one
indeterminate -adjoined.

We shall now consider a more general situation. Again let # be a field
and Z the set of division cones in F'; but from now on we will let ¢ be
any subset of D with the induced topology, and for U open in 5 let U
be the semi-lattice generated by U, i.e., the set of all finite intersections
of elements of U.

As before let I, — F*/a*, where ae U and for g < alet I, ,: Iy~ T,
be defined by I} ,(cls;#) = cls,oz. But now we let I'(U) = X, where
(X, f., U) = invlim([',, [} ., U).

Remark 3.12. If U is open in 5, then there exists a V open in &
with Vn# = U; however, U # Vns#. To see this, U may be a singleton
but Vs not a singleton. This also shows that U = V does not imply
that U is coinitial in V and so we may have I'(U) # I'(V).

LemyA 3.13. For U < V there exists a unique Py p: I'(V)—I'(U)
such that for all wae U, f, v Ppy = fo,1-y where

((0), fus U) = invlim(Ly, Ty 0y U)
and
(C(V), fuys V) = inviim(L,, Iy, V).
Proof. U < V implies U < ¥V and hence (V) fus y) is for (I,

Ly s U), where f, = f, ;- for ae lr Thus by definition of invlim thele
exists a unique Py y- with the requned property.
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LeMMA 3.14. Let U< V< W be open subsets of 5 and Py v, Py
Py w be as in Lemma 3.13; then Py p Py = Py .

COROLLARY 3.15. I' defines a presheaf on .

THEOREM 3.16. (SI) Let 5 be o set of division cones in a field ¥, U
an open subset of #, and \J{V: Ve D} = U, where each V is an open
subset of H. Suppose there exists a and b, elements of I'(U), such that Py y(a)
= P y(b) for all Ve D, then a = b. Thal is io say the condition SI holds
for the presheaf defined in Corollary 3.1.

The proof is straightforward and will be omitted.

Remark 3.17. As we shall see later SII is not satisfied in general;
however, there are special cases in which it is satisfied.

4. Fields and orders. In the preceding section we developed a presheaf
on a set of division cones in a field #. We shall now restrict our attention
to a set of orders, an order being a division cone with the property that
aU—a = F, with the intention of describing the groups involved in the
presheaf and finding necessary and sufficient conditions that the presheaf
be a sheaf.

DEFINITION 4.1. Let @ be the set of all orders on a field ', S a subset
of 0, and 2 a non-zero element of F. The function §,: §— {1, —1}
defined by

S,(ae) = 8, where xe da for § = 41

will be called the order function of x with respect to S.

Essentially, the order funetion of # with respeet to § assigns to these a
which are elements of S the sign of x and ignores « if it is not an element
of S.

DEFINITION 4. 2 Let Gg = {8,: we F* = F\{0}} and define an opera-
tion on Gy by (8.8,) (¢) = 8,(a)S,(a). We shall call &g equipped with
this operation the ovder group of S The following lemma shows that Gy
is actually a group.

LeMMA 4.3. If S is a set of orders on a field F and Gy is the order group
of 8, then

(i) ¢f 1 is the multiplicative identity of I, then S, is the identity of Gg;
(ii) 8, = 87" for all z¢ F;
(iii) 8, = 8,8, for all ®,y is F;
(iv) GS is a commutative group;
(v) Gg = @Az, where I is not necessarily fzmte,

(vi} 8, = S$—1 for all xe F;

(vil) If {—1, 1} is given the discrete topology and S the topology induced
from the Harrison topology on O, them 8, is continuous;
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(viil) The topology on S induced by the Harrison topology is the weak
topology for Gg.

Proof. The proof of parts (i)—(iv) and (vi) is computational and will
be omitted.

(v) By part (ii) we have that every element is its own inverse and

hence G is a direct sum of copies of Z,.

(vit) 871(1) = {ae S: zea} = {ae O: we a}nS which is an open set.
Similarly for S;'(—1). Thus S, is continuous.

(viii) If U is a basic open set in S, then U is the set of orders missing
some finite set G < F. ‘

U={aeS: anG@ =@} = N {S;'(—1)}.

relf
Thus 8§ has the weak topology for Gy.

LEMMA 4.4. Let 8 be a set of orders on a field and o = () {8: fe 8}
Then ¢: F*|a" —~ Gy defined by g¢(cls,®) = 8, is, an isomorphism and
hence F*|a* ~ Gyg.

COROLLARY 4.5. F*|a* =~ ®Z,, where a is as in Lemma 4.4.

Remark 4.6. If 8§ ={«y, ay, ..., a,, f}, then to say that (M) {a,;: 1 <1
< n} < B is equivalent to saying that S (e;) = 1 for 1< ¢<n implies
8,.(8) = 1.

DeFINITION 4.7. A set 8 of orders will be called éirredundant if (o,
Ugy nny Oy, B} = 8 with (a; & f implies f = a; for some j.

LEMMA 4.8. If S is a set of orders in a field F, then there exists a maximal
irredundant subset of S.

Proof. Apply Zorn’s lemma to the set of irredundant sets contained
in 8.

NoTATION 4.9. Tf § is a set of orders in a field F' we shall let 8" denote
some maximal irredundant subset of S.

LEMMA 4.10. If S is a set of orders on a field F with {a,, ..., ¢y, f1, ...
cooy Bt < 8 such that (a, < ()8, then

{Bus ooy Bt S 1aay ooy anf-
Proof.
Na; s NB; S P for L<m< k.
Thus, since S’ is irredundant, there exists ¢ with £,, = a; and so {f,, ..., f;}

S {agy eeny Q)

CoroLLARY 4.11. If 8 = T s drredundant with § =T, then 8 = 1.
LEMMA 4.12. If ae 8, then there exists fie ' such that § < a.
Proof. If aeS’, then we may let § = o thus we may assume that

17 — Roczniki PTM — Prace Matematyczne XVI
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a¢ 8'. Hence 8’ is properly contained in 8’V {a} and so S'U{a} is not
irredundant. by maximality of 8. Thus there exists

B = {ay, agy ..., a1} S 8'U{a}
with a; # a; for ¢ # j, and such that

MNia: 1<i<n} < apiyy
and a = «; for some j. If & = a,,, then let
B= Mo L<i<n}

and we have fe 8 with the property that § < o. Thus we may assume
that a+# a,,, and, without loss of generality, we may let a = a,. Now, if

N{e: t<n—1}Na, S a, =a

we have the desired g, hence we may assume

ﬂ{a <n—1}na,,; ¢ a.

Thus we have the following conditions:

(€D N{e: i<n—1}nac a,,,,
(CIT) M {e;: ¢ <n—1} & @,,, since § is irredundant,
and
(CIIT) N {e;: t<n—1}na,., § a.
Using Remark 4.6 to translate these relationships we will see that
this is impossible. (CII) restated means that there exists < F* such that

1, 1<i<<n—1,
Ba:(ai) =
-1, it=n+tl
and then by (CI) we see that B, (a) = —1. (CIII) yields the existence
of a ye F* such that
1 i1<ig<n—1lori=mnt1
By(a;) = | ’ ’
—1, 1 =mn.

Therefore we have

B, (a) 1, 1<i<mn,
a;) = .
o -1, i=n+1

which contradicts (CI). Thus (CIII) must be false and so
g = ﬂ{a T n— 1}nan+1

is an element of S’ contained in a.

COROLLARY 4.13. If S is & set of orders on a field and U is open in 8,
then I'(U) = I'(U').
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Remark 4.14. If @ is the set of all orders on a field F, then 6’ is a set
of orders on F with the property that any order on F contains a finite
intersection of orders in @' but intersections over different finite sets are
different.

Remark 4.15. If 8§ = T are two sets of orders with a = (") {#: S¢S}
and o = ({B: BT}, then the map y defined by y(T,) = S, commutes
the following square:

F* /0_* can F* /a*

¢ P

Gr Gs

\4

Thus we have converted our inverse systems in the preceding section
to inverse systems where the objects are groups of functions and the
morphisms are restriction mappings.
LevMmA 4.16. If 8 is a set of orders on F, then Gg ~ Ggy.
Proof. Let a = (M) {f: fe S} and o = () {B: fe8’}. Then, by Lemn:-
ma 4.12, a = o and hence Lemma 4.4 yields that
G =~ F*|a* = F*|¢* =~ Gg.

LeMMA 4.17. If S is a finite set of orders and a = (") {B: fe 8}, then
n
F'la* ~@ Z,
1

where n is the number of elements in 8. Also I', ~ Qg ~ F*[a".
Proof.

k
Flo* 20y =Gy =@ Z,
1

and o(Gg) < 2" since Gy is a set of functions from 8’ to {—1, 1}. To show
that o(G¢) = 2" and hence that k¥ = n, we need to show that every
function from 8’ to {—1,1} is an order function of some we F* with
respect to §'. Hence we let ¢ be such a function and choose z;¢ F*, 1 < 4
< m, such that 8 (o) =1 if ¢ #j and 8 () = —1. This can be done
since 8’ ig irredundant. Now let

v, it g(a) = —1,
T i gl =1
and
o= [[{y:: 1<i<n};
then

8a(a) = [1{8,,(a)): 1< i< n} = g(ay).
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DEFINITION 4.18. If a = (\{f;: ¢ < n}, where §; is an order for each ¢,
then we say {g;} covers a or {§;} is a cover for a.

LEMMA 4.19. If 8 is irredundant and ae 8, then there exists a unique
cover for a contained in S.

LEMMA 4.20. Let 8 be an irredundant set of orders with A = {a,, a,, ...

ey @} S 8. Then, if x,e F*, ac A there exists e F* such that cls,x = cls, @,
for all ae A, i.e., e a if and only if x,¢a.

Proof. Define g: A = {0;,..., a,} > {—1,1} by g(a) =1 if z,ca
and g(a) = —1 if x,¢«. Then by the proof of Lemma 4.17 there exists
xe F* such that A, = g. Clearly this x satisfies the desired properties.

THEOREM 4.21. Let S be a set of orders and U an open subset of 8;
then I'(U) = ©Z,

Prootf. For ae U we have by Lemma 417 I', =~ ®Z, and I'(U)
< [[{Ts: ae U} < @Z, and hence I'(U) == @ Z,.

Remark 4.22. It should be noted that there are examples of sets
of orders U such that I'(U) & F*[a" =~ Gy =~ Gy and hence I'(U) is
not, in general, the order group for U.

THEOREM 4.23. A set 8 of orders on a field F is irredundant if and
only if the associated presheaf is a sheaf.

Proof. We know from the previous section that the presheaf always
satisfies ST hence all we have to do is prove that SII is satisfied if and only
if S is irredundant.

We will first show that if 8 is irredundant, then SII is satisfied. Let U
be an open subset of § and {V: Ve .D} be a collection of open sets such
that UV = U. Let {a(V): VeD} be a set with the properties that
a(V)e I'(V) and for each (V, W)e DX D

Py v (a(V)) = Py w(a(W)).
We must find aeI'(U) such that Py y(a) = a(V) for each VeD. We
know that I'(U) < [[{l,: ac U} and I'(V) < [[{I,: ae V}, thus we may
let the a-th projection of a(V) be represented by a(V), = cls, @y 4,
where 2, ,« F* and o will be defined if we define it at each coordinate.
Let A be the unique cover for ae U and let V(8)e D be an open set with
Be V(B) for each g in A. By Lemma 4. 20, there exists z(a)e F* such that
clsg2(a) = clsgwy 4 5 for all e A. Let ae [[{I,;: ae U} be the element
whose a-th projection is a, = cls,z(a) and note that a, is well defined
since the cover for « is unique. Let a, 0e¢ U with a < ¢ and let 4 and B
be the unique covers for a and ¢ respectively. Then Au B is a cover for «
hence AUB = A and thus B < A. For each fe A clsz(a) = cls;Zpp) 5
and hence for each fe B clsz2(a) = elsﬁm,,“,),,3 = clsy (o). Thus z(a)z(0)™!
e for each 8¢ B a.nd 80 z(a)2 (o) 'e o which implies els,z(a) = cls,x(c)
and thus I, ,(a,) = I', , (cls, @ (a)) = cls,#(a) = els,z(0) = a,. Thus ael'(T).
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Also let ae V and A < V, hence V(f) = V for all fe 4, be the unique
cover for a. Then since a(V)e I'(V) we have for each fe A that

cls;ay o = T, p(cls,@p,,) = Iy p(a(V),) = a(V), = cls;ap
= Cl8;®pg) 5 = clsz(a).

Thus 2y ,2(a)"'ep for each fec A hence z, ,x(a)'ea and we have
proved that cls,zp , = cls,x(a) implying that Py y(a) = a(V) [i.e. for
each ae V

(PV,U(a))a =&, = CISaw(a) = C"lsawV,a = a’(V)a]'

For the converse suppose that S is not irredundant. Then there exists
{a;: 1<i<n+1} c 8 such that

m{aul ’"’}C an+l! aiiaj

if ¢ #3, and {ay, a,, ..., a,} is irredundant. For 0 <j < n there exists
x;¢ F* such that @jea,,,, ¢, and @ea,, if 1<j<n—1;2,ea,,,,
Tpda,, and z,ea; dge B Lot U; = {Be8: e f} if 1<j<n and let

Up={fe8: —mjep for 1<j<n}.
Then

U{T:0<i<n} =8, Un(U{U;:1<i<n})=0

and {z;, 2,}nU;NU; =0 if © #j. Let a,e I'(U,) be that element whose
a-th projection ig cls,; for every ae U, and note that if ae U; for some j,
then cls,#; = cls,#; since {w;, #;} = a. Thus

PUint,Ui(ai) = 'PU,,;'\U:;,Uj (a]')'
Let 8 = (M{a;e 8: 1 <9< n+-1}. If there exists a< I'(S) such that Py, ;(a)
= a;, then the g-th projection of & would be represented by cls;z with

the property that
Iy, %,(clspm) = cls, & = cls,;

for 1 < i< n+41. But this implies that w¢e; for 1<i<n and wea,,,
implying —wea; for 1 <i<n and —a¢ a,,, contradwtmg the hypothesis
that M {«;: 1< i< n} < a,.,. Therefore no such a exists and hence the
associated presheaf is not a sheaf.

LeMMA 4.24. Let F' < F be two fields with 0’ and 0 the set of orders
in F' and F respectively. The map p: 60— 0" defined by y(a) = anF’ is
continuous.

Proof. U’ a basic open set in 6’ implies that there exists @ < P’ such
that U’ = {a'e0’: a'nG = @}. Hence y~(U’) = {ae 6: aNG = B} which
is an open set in 6. Thus y is continuous.

NoTATION 4.25. For the rest of this section F’' and F will be two
fields with 7’ < F, 0’ and @ will be the set of orders on F’ and F respec-
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tively, y: 0~ 0" will be the map defined by ¢(a) = anF, for an
open subset U’ of ¢ we will let U = ¢p~1(U’), for ae U we will let
a' = anF’', I and I" will be the presheaves associated with F’ and F
respectively, (I (U’), fyr,«, U') = invim(Iy, Iy oo, U'Yand (I'(U) , fy,q, U)
= invlim(l,, I'; ., U), and finally u_  will denote the direct image of
I" under y. Note that y (U') = I'(U).

LeEMMA 4.26. If U’ is open in O’ and ae U, then a’'< U’. Also, if {a, 8}
s U with f < a,then ' < d'.

Proof. ae U implies that there exists a cover {ay, ..., a,} for a con-
tained in U. Thus

o = anF = (N{o: 1<i<a})nF = N(gnF) = N{e: 1< i< n}e T

The second statement is clear.
LevmaA 4.27. If U’ is open in 0’ and aec U, then g,: I — I, defined
by g.(cls, z) = cls,» is a homomorphism with the property that if f < a,
then
Ta9s = Jul -

LEMMA 4.28. If V' is open in O’, then there exists a unique Op.: I (V')
(V) = ¢ (V') with the property that fy ,0p = g.frro for all acV,
where g, s as in Lemma 4.27.

Proof. If eV with f < ¢, then

L85 frp = 9alp0 frop = 9alr o
and hence (I''(V), g, fy,o, V) is for (I;, Iy ., V) implying the existence
of a unique 8,.: I"(V’) - I'(V) with the property that fy .0y = g.fp o
for all ae V by the definition of inverse limit.

THEOREM 4.29. If I and I' are sheaves, then 6 = {0y.: U’ is open
in 0'} is a sheaf homomorphism from I' o y,_, where 0y is as in Lemma 4.28.

Proof. We must show that if U’ and V' are open subsets of 6’ with
the property that U’ < V’, then Py 0, = 645 Py Py, p.. We see that
Ty o895 fyr.50 = 9a [, T0r all @V and hence for all aeU thus (I"(V'), fp ., U)
is for (I',, I'; ., U) and hence by the definition of inverse limit there exists
a unique f: I"(V')— I'(U) such that g¢,fp. o = fu,.f for all ae U. Now

FU,uPU,VB’V = fr.alp = gaf;ﬂ,a'
for all ae U and so Py, 505 = f. Also
f,a00 P, = Jo 1,0 P, 70 = a fir,e
for all ae U implying that 0Py, = f and hence we have

’
‘PU,VGV' = BU'PU',V"
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