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Musielak-Orlicz-Sobolev spaces on arbitrary metric space

Noureddine Aissaoui, Youssef Akdim, and My Cherif Hassib

Summary. In this article we define Musielak—Orlicz-Sobolev spaces on ~ Keywords

arbitrary metric spaces with finite diameter and equipped with finite, =~ Metric measure space;
positive Borel regular outer measure. We employ a Hajlasz definition, = Musielak-Orlicz-Sobolev
which uses a pointwise maximal inequality. We prove that these spaces  spaces;

are Banach, that the Poincaré inequality holds, and that the Lipschitz ~ capacity

functions are dense. We develop a capacity theory based on these spaces.

We study basic properties of capacity and several convergence results. As ~ MSC 2010
an application, we prove that each Musielak-Orlicz-Sobolev function =~ 46E35; 31B15; 46E30; 42B25;
has a quasi-continuous representative. 28A80
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1. Introduction

The theory of Sobolev spaces was originally developed in the domains of R using the
notion of distributional derivatives. To generalize this theory to metric spaces, P. Hajlasz
showed in [8] that a p-integrable function u, 1 < p < oo, belongs to W"?(RY) if and only
if there exists a non-negative p-integrable function g such that

u(x) —u(y)| < |x - y||g(x) + g(»)]
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for almost every x, y € R". This inequality can be stated also in metric measure spaces if
|x — y| is replaced by the distance between the points x and y. This theory was generalized
by N. Aissaoui in [4] to the Orlicz-Sobolev spaces and by Petteri Harjulehto, Peter Hasto
and Mikko Pere in [9] to the variable exponent spaces. The objective of this paper is to
develop this theory in the setting of Musielak-Orlicz-Sobolev spaces.

The average value of u will be denoted by

uA:ﬁ/;udyzjiud‘u.

The paper is organized as follows. In section 2 we recall some important definitions and
results on Musielak-Orlicz spaces L,(X); in Section 3, we define the Musielak-Orlicz-
-Sobolev space on a metric space, and we show that: it is a Banach space, the Poincaré
inequality holds, and Lipschitz-continuous functions are dense. In Section 4, we develop
a capacity theory based on this space; we study basic properties of capacity, including
monotonicity and countable subadditivity, as well as several convergence results. As an
application we prove that each Musielak-Orlicz—Sobolev function has a quasi-continuous
representative.

2. Preliminary

Let (X, 2, ) be a o-finite, complete measure space. A real function ¢: X x [0,00) —
[0, 00) is said to be a Musielak—Orlicz function or a generalized N-function, on (X, Z, )
if:
(i) ¢(x,-)isan N-function for every x € X [convex, increasing, continuous, ¢(x,0) = 0,
0, 9(x,1)
t

(p(x,t)>0f0reveryt>0andw—>Oast—> — oo ast— ool;

(i) ¢(-t) is a measurable function.

The Musielak-Orlicz function ¢ is said to satisfy the A,-condition if there exists K > 2
such that
¢(x,2t) <Kg¢(x,t) forallx e Xandt>0.

The smallest such K is called the A,-constant of ¢. When the last inequality holds only for
t > t, for some to > 0 then ¢ is said to satisfy the A,-condition near infinity. By L°(X, )
we denote the space of all y-measurable functions on X. We define the functional

po(N) = [0l f LX),

The set
Ko(X) = {f € L°(X, 1) = py(f) < o0}

is called the Musielak-Orlicz class.
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The Musielak-Orlicz space L, (X) is the vector space generated by K, (X). We have

Lo(X) = {fe L°(X,u) : pq,(@) < oo for some A > 0}.

Ky (X) is a convex subset of L, (X) .
The equality K, (Q) = L,(Q) holds if and only if ¢ satisfies the A,-condition for all
t or for large t, according to whether X has infinite measure or not.
Let
o (x,8) = sup{st —p(x,t) 1 t> O}, xeX.

Thus ¢~ is the Musielak-Orlicz function complementary to ¢ in the sense of Young with
respect to the variable s.
In the space L, (X) we define the following two norms:

|f||<o=inf{?t>0:fx</>(x, |f(;)|)dy<1},

which is called the Luxemburg norm, and the so-called Orlicz norm by

IWfllp = sup [ LFGopw(eo)ldu

9] e <1

where ¢* is the Musielak-Orlicz function complementary to ¢. These two norms are equ-
ivalent [11].

We say that a sequence of functions u, € L, (X) is modular convergent to u € L, (X)
if there exists a constant k > 0 such that

lim p (”"_”)—0
% k -

If ¢ satisfies the A,-condition; then modular convergence coincides with norm conver-

gence.
The space L, (X) is reflexive if and only if ¢ and ¢* satisfy the A,-condition for all ¢
or for large ¢, according to whether X has infinite measure or not.

2.1. Lemma ([7]). Let ¢ be a Musielak-Orlicz function and f,, f,g € L°(X, u)
() If fu — f a.e then py(f) <liminf, . py(fn).
(D) If |ful 7 |f] a.e then py(f) = limyco py(fa)-
(iii) If fu — f a.e. |fa] <|g| a.e, and p,(Ag) < co for every A > 0, then f, — f in L,(X).
2.2. Theorem ([7]). Let ¢ € N(X, )
@ [flg = [£1lg for all f € Ly (X).
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(ii) If f e Ly(X), g€ LO(X, ) and 0 < |g| < |f] a.e. then g € Loy(X) and ||g| o < | f]o-

(iii) If fo — f a.e. then | f|l, <liminf, e | fulo-

(iv) If |fal 7~ |f| a.e. with f, € Ly(X) and sup,, | fuly < oo then f € Ly(X) and | fu|y 7
1 £l

3. Musielak-Orlicz-Sobolev spaces on arbitrary metric space

Let (X, d) be a metric space with finite diameter (diam(X) = sup, .y d(x,y) < o0) and
equipped with a finite, positive Borel regular outer measure p. The triplet(X, d, u) will be
tixed in the sequel and will be denoted by X.

Let u: X — [—00, 00| be a y-measurable functions defined on X. We denote by D(u)
the set of all y-mesurable functions g: X — [0, co] such that

Ju(x) -~ u(y)| < d(x, ) (g(x) + g(»)) oy

for every x, y € X \ F,x # y, with y(F) = 0. The set F is called the exceptional set for g,
and g is called the Hajlasz gradient of u.

Note that the right-hand side of (1) is always defined for x # y. For the points x, y € X,
x # y such that the left-hand side of (1) is undefined, we may assume that the left-hand
side is oo.

3.1. Definition. Let ¢ be a Musielak-Orlicz function. The Dirichlet-Musielak-Orlicz spa-
ce L}M (X) is the space of all y-measurable functions u such that D(u) N L, (X) # @. This
space is equipped with the semi-norm

lulley,x) = inf{llgly = g€ D(u) N Ly(X)}.

The Musielak-Orlicz-Sobolev space on an arbitrary metric space X is M, }p’ W (X) =Ly(X)N
Ly, ,(X), equipped with the norm

4y, 00 = Nl + el 0.

3.2.Lemma. Let ¢ be a Musielak-Orlicz function such that ¢ and ¢* satisfy the A,-condition.
For every u € M(IM(X) there is a unique g € D(u) N L, (X) denoted by g, such that

lguly = Il 0.

Proof. Let (g;) c D(u) n L,(X) be a sequence such that

luly, 00 = lim g
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Since L, (X) is reflexive, there is a subsequence denoted again by (g;) and a function
8u € Ly(X) such that g; — g, weakly in L,(X). By Mazur’s lemma there exist convex
combinations fi = ¥7"% a,gi such that fi — g, strongly in L, (X), where ay, > 0 and
Z:ikk Ok, = 1.

Since every g; € D(u) N Ly (X), we have

i=m

lu(x) - u(y)| = l;j (%) - u(y)

<Y ock,.d(x;y)(gi(x) +gi()’))

i=k

=d(x; ) (fi(x) + fi(»))

for y-almost all x, y € X. Therefore f; € D(u) N Ly (X) for all k. On the other hand, there
exists a subsequence of (fx) which converges to g, pointwise y-almost everywhere in X,
thus g, € D(u) N Ly (X).

Let € > 0. There is k € N such that

Igile < luley,x)+& ik

For this k we have

my
[ ficllp < 3 anillgilly-
i=k

Therefore
Ifillg < llullzy  cx) + e
Thus
Igully = lulzy,x)-

Now suppose that there exist two minimal g; and g, with g; # g, so that | g — g, > 0.

Let G; = —2— and G, = 2. By the uniform convexity of the norm we have
Te:ls Tealy Y Y

HG1 +G2”‘P < 2;

then
|38+ 3%, <laills

which is the contradiction since

(%gl + %gz) € D(u) nLy(X).
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With simple verification, we obtain the following lemma.

3.3. Lemma. Let g1 € D(u;), g2 € D(uz) and o, f € R. If g > |a|g1 + |Blg2 y-a.e., then
g € D(auy + Puy).

3.4. Lemma. Let ¢ a Musielak-Orlicz function and (u,) and (g,) sequences of functions
such that
gn€D(u,), nelN.

If uy > uin Ly(X) and g, — g in Ly(X), then g € D(u).
Proof. There are subsequences of (u,) and (g, ) which we denote again by (u, ) and (g,)
such that u, - u and g, — g p-a.e. For all n € N, let F,, be the exceptional set for g,,, H
a set of measure zero such that u, -~ uand g, - gon H,and F = Hu (U, F,,). We have
p(F) =0and

u(x) ~u(y)|<d(x,y)g(x) +g(y)|, xyeX~\F.
Therefore g € D(u). O

3.5. Theorem. Let ¢ be a Musielak-Orlicz function. Then (M}M (X),
space.

[ s, ) is a Banach

Proof. 1tis clear that M ;,, 4 (X) is a vector space.

Let (u,) be a Cauchy sequence in Ml(p,ﬂ(X). Then (u,) is a Cauchy sequence in
L,(X), and hence there exists a function u € L,(X) such that u, - u in L,(X). We can
choose a subsequence denoted again (u,) such that |u,.; — u, HM}M <2"and u, - u
u-a.e. in X. There exist non-negative functions g, € L, (X) such that | g,|l, <27" and

|(”n+1 = tn)(x) = (tna1 = un)(y)| < d(x>y)(gn(x) + gn()’)) p-a.e. in X.

By adding the last inequalities, we have for n > m,

0 1)3) = (i = 1)) < ) £ 60+ 2 @) prneinx,

Letting n — oo yields

(= ) ()~ (= ) ()] < d(w)( AOED) gk<y>) p-ae.in X.

k=m k=m

Since

> &k
k=m

the previous inequality implies that (u — u,,) € M}p’ 4 (X) and therefore u € M}P, £ (X).

< i 2—k _ 2—m+1
9

k=m
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On the other hand, we have

- 1
<27

¢

lu=umln,x) <

> 8k
k=m

then u,, - uin M, ,(X). O

3.6. Lemma. Let ¢ be a Musielak-Orlicz function. The function u belongs to M}P,H (X) ifand
only if u € L,(X) and there exist sequences (u,) ¢ Ly(X) and (gn) ¢ D(u,) N Ly(X)
such that u, — u y-a.e. and g, — g y-a.e. for some g € L,(X).

Proof. The same as in [10, Lemma 2.5]. O
3.7. Lemma. Let ¢ be a Musielak-Orlicz function and w,, u; € My, ,(X). If g1 € D(u)
and g, € D(u,), then:
(i)
u = max(uy, uy) € M}M(X) and g =max(g,g) € D(u)nLy(X).
(ii)
v =min(uy, uy) € M}M(X) and h =max(g1,g) € D(v) N Ly(X).
Proof. We only prove the case (i), as the proof of (ii) is similar.

Let F; and F, the exceptional sets for g, and g, respectively. Clearly u, g € L, (X). It
remains to prove that g € D(u). Let G = {x eXN(FLUF):u(x) > uz(x)}. Ifx,yeG,
then

|u(x) = u(y)] = [ (x) —m ()] <d(x y) (g1(x) + &1(»))-
Analogously, for x, y € X \ G, we obtain [u(x) — u(y)| < d(x, y)(g(x) + 22(»)).
For the remaining cases, let x € Gand y € X \ G. If u;(x) > uy(y), then

u(x) = u(y)] = m(x) - u2(y) <m(x) - m(y) <d(xp)(a(x) + a(»))-
Ifuy(x) < uz(y), then

u(x) = u(p)] = uz(y) - (%) <wa(y) - w2 (x) <d(x, y)(g2(x) + £2(»)).

The case x € X \ G and y € G follows by symmetry and hence

Ju(x) - u(y)| < d(x, y)(g(x) + 8(»))
forallx,y e X\ (FLUF,), with y(F,UF,) = 0. O

3.8. Theorem (The Poincare inequality). Let ¢ be a Musielak-Orlicz function such the
function x ~ 1 belongs to Ly(X) N Ly« (X). If u € M;W(X), then for every g € D(u) N
Ly(X)

|u—uxly < C(p) diam(X)]g],-
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Proof. Integrating the inequality [u(x) —u(y)| < d(x, y)(g(x) + g(y)) over y, we obtain

u(x)= f u(y)du(y)

< [l -uldu(y) < diam() () + | g(nduty)).

Applying Holder’s inequality, we have
C

|u(x) - uX| < diam(X)(g(x) + MEs)

||1||<o*||g¢)-

And finally by (ii) of Theorem 2.2,
.
u(X)

1

Ju =l < diam<x>(|g||¢ . ” 1||¢|g||¢) < C() diam(X) gl

O

3.9. Theorem. Let ¢ a Musielak-Orlicz function satisfying the A,-condition. For every u €
M;W (X) and every € > 0 there exists a Lipschitz function h € M<1/),/4 (X) such that

(i) y({x eX:u(x) # h(x)}) <e
(i) [u—hlm, o0 <e
Proof. We fix u € Mtlp, 4(X) and denote by g € L,(X) a Hajlasz gradient of u. We write
E,={xeX : |u(x)|<nand g(x) <n}.

Wehave u, g € L,(X),and ¢ satisfies the A,-condition, hence u, g € K, (X). Furthermore,
forall y € ES
9(r:m) <o(y:[u(y) +g(»))-

= o0, we have that for all A > 0 there exists ny € N such that for all

Since lim,,_, oo (p()’;’”)

n 2 ng the following inequality holds @ > A. Thus

WE) < [ pamdu() <= [ o(nlu()l+20))du(n),

so that
lim u(E,) =0.
n—oo

On the other hand, we have 0 < ygc@(y, 1) < xec@(y,[u(y)|+g(y)), hence
lim ygeo(y,n) =0,

and since ygc@(y,n) < ¢(y,|[u(y)|+g(»)), by dominated convergence theorem we have

lim fEC ¢(y,n)du(y) =0.
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The restriction u|g, is Lipschitz with the constant 2n. We can extend u|g, by McShane
extention [11] to all of X as a Lipschitz function by defining

i(x) = ylggf{u g, () + 2ndist(x, y) }.

We put
u, = (sign ) min (|1Zt|, n).

It is clear that u,, is Lipschitz with constant 2n, u

E, = Unlg,> |un| <n,and foralln > 1
u({x s u(x) #un(x)}) <u(Eg) >0 asn — oo.
On the other hand, we have
Jo0rle=wl)an() = [ ol usl())duty)
<, 90 10 + ual (1))

Since ¢(y,) is convex and ¢ satisfies the A,-condition, then

qu)(%

thus

fX @(s[u = ual(y))du(y) < %[fE o(y:lul(y))du(y) + fE; o(y, n)dz«t(y)]-

u|(y))du(y) + fE 9(»

u—u|())du(y) < %[/Ezsv(% unl(y))du(y)],

Therefore [ ¢(y, |u - ua|(y))du(y) » 0asn - oo.
Since ¢ satisfies the A,-condition, |4 — u,|, - 0as n — co. It remains to estimate

the gradient. Let
0 forx € E,,
&n =

g(x)+3n forxeE;.

It is easy to check that
|(u —up)(x) = (u- un)(y)| < d(x,y)(gn(x) +gn(y)) for y-almost all x, y € X.

We have [y (.. (1)du(») = [y 9(7.g:(»)du(»). Since p(y,-) is convex and ¢
satisfies the A,-condition,

fEc (7, 8:(»))du(y) < %[fE ¢(y>g(y))du(y)+fb,c ‘P()”3")d#()’)]>

then | g,|l, > 0asn — co. O
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4. Capacity on Musielak-Orlicz-Sobolev space on metric space

4.1. Definition. Let T be a Borel o-algebra of subsets of X and C: T — [0, co] a function.

(i) Cis called a capacity if the following axioms are satisfied:
a) C(@) =0.
b) EcF= C(E)<C(F)forallEand Fin T.
c) for all sequences (E,) c T

C(UE) <3 C(En).
(ii) Cis called an outer capacity if for all E € T:
C(E) =inf{C(0) : O 2 E, O open}.

(iii) A property that holds true except perhaps on a set of capacity zero is said to be true
C-quasi everywhere (abbreviated C-q.e).

(iv) Let f and (f,) be real-valued functions finite C-q.e. We say that ( f,,) converges to f
in C-capacity if for any € > 0

nh_)ngo C({x : |fn(x) —f(x)| > s}) =0.

(v) Let f and (f,) be real-valued functions finite C-q.e. We say that ( f,) converges to f
C-quasi uniformly (abbreviated C-q.u.) if for any € > 0 there exists X € T such that

C(X)<e and (f,) convergesto f uniformly on X°.

4.2. Definition. Let ¢ be a Musielak-Orlicz function. The Sobolev ¢-capacity of the set
E c X is defined by

Cou(E) = usinfE) lullam,,»

[

where
Ay(E) = {u € M}M (X) : u >1onan open set containing E and u > 0}.

If A,(E) = @ we set Cy ,(E) = oo. The functions belonging to A, (E) are called the
admissible functions for E.

4.3. Remark. In the defition of C, ,(E) we may restrict ourselves to those admissible
functions u for which 0 < u < 1.

Proof. 1f Al,(E) = {u € A,(E):0 <u <1}, then A}, (E) c A,(E) implies

Cou(E) < usg;{}g) lullas,-
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For the reverse inequality, let € > 0 and take u € A, (E) such that [[ufs , < Cy,u(E) +&.
Then by Lemma 3.7, we have v = max(0, min(u,1)) belongs to A7 (E). Therefore

inf ol < I¥l, < Coa(B) e

Letting ¢ — 0, we obtain

(UEqurif(-E) “w”M}M < C(p,ﬂ(E)'

This completes the proof. O
4.4. Theorem. Let ¢ be a Musielak-Orlicz function. C, , is an outer capacity.

Proof. It is obvious that C, ,(&) = 0 and C, ,(E) < Cy,,(F) if E c F. Let (E;) c X be
such that }°; C, ,(E;) < co. Then C, ,(E;) < oo for each i € N.
Therefore for every e > 0 there exist u; € A, (E;) and g,, € D(u;) N Ly(X) so that

HuiH(p + |‘gug‘|(p < C¢,,4(Ei) + 82_i.

We show that v = sup; u; is an admissible function for U2, E; and g = sup, g, € D(v) n

Ly(X). Let v = maxg<k 4;. By Lemma 3.7 the function g,, = maxc;<x gu, belongs to

D(vk) N Ly(X). Since v — v y-a.e.and g, — ¢ y-a.e., Lemma 3.6 gives v € M,, .
Clearly v > 1 in a neighbourhood of U}, E;. Then

Co.u (UEi) <, < 3 (luilly + lgulg) <3 Cou(Ei) +e.
i-1 i=1 i=1

The claim follows by letting ¢ — 0. Hence C,, , is a capacity.
It remains to prove that C, , is outer. Indeed,

Cy.u(E) < inf{CW,(O) :EcO, 0O open}.

For the reverse inequality, let ¢ > 0 and u € Ay (E) such that [uyy < Cy,u(E) + . Since
u € Ay(E), thereisan openset O, E ¢ O, such thatu > 1on O. Then C,,(0) < [[uf,, <
Cy,u(E) + &. The claim follows by letting & — 0.

4.5. Theorem. If (K,,) is a decreasing sequence of compact sets and K = N, K,,, then
nh_)nolo Cp.u(Ky) = Cyu(K).

Proof. First, we observe that lim, ., Cy,,(K,) > Cy,,(K). Let O be an open set conta-
ining K. By the compactness of K, K; c O for all sufficiently large i. Therefore
nll)rgo Cp.u(Ky) < Cy,u(0)

and since C, , is an outer capacity, we obtain the claim by taking infimum over all open
sets O containing K. O
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4.6. Theorem. Let E c X. If there exists f € M}M(X) such that f = oo on an open set
containing E, then C, ,(E) = 0.

Proof. If there exists f € M}p, 4 (X) such that f = co on an open set O containing E, then
f > aonOforall & > 0. Therefore, C, ,(E) < oc_1||fHM3P,” for every a > 0. Letting & — oo,
we obtain C,, ,(E) = 0. O
4.7. Theorem. Consider the following propositions:

(i) fu— fin M, ,(X) strongly.

(i) fu — fin Cy, ,-capacity.
(iii) There is a subsequence (f,,) such that f,, — f Cy ,-q.u.
(V) fu, = f Cyu-q.e.
We have (i) = (ii) = (iii) = (iv).

Proof. Let us show that (i) = (ii). By Theorem 4.6, we have f and f, are finite C, ,-q.e.
for every n. Let € > 0. Then

1
Cou({x + Ifu — fl(x) > £}) < ;Hf—fn I, -
For (ii) = (iii), let ¢ > 0. Then there exists a subsequence ( f,,j) of (fu) such that

Cou({x : |fn; = fl(x) > 277} <e2”l.

We put
Ej={x:|f,, - fi(x)>27} and G, = UE;

jzm

We have Cy ,(Gp) < ¥jom €277 <.
On the other hand for any x € Gi, and j > m

|fflj —f|(X) < 2_]"

Thus fu, > f Cy,u-q.u.

Finally, let us show that (iii) = (iv). We have that for all j € N there exists X; such
that C, ,(X;) < % and f,, — f on X{. We put X = N; X}, then Cy,,(X) = 0 and f,; > f
on X°. O

4.8. Theorem. Let ¢ be a Musielak-Orlicz function such that ¢ and ¢* satisfy the A,-condition.
If fu» f € Lo(X) are such that f, — f weakly in L,(X) then

liminf f, < f <limsup f, C, ,-q.e.
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Proof. The space (Ly(X),
quence denoted again ( f,,) such that the sequence g, = % >, fi converges to f strongly

-|) is reflexive. By the Banach-Saks theorem, there is a subse-

in L,(X). By Theorem 4.7, there is a subsequence of (g, ) denoted again (g, ) such that

lim g, =f Cyu-qe.

On the other hand,
liminf f, < lim g,.
Therefore,
liminf f, < f Cy ,-qe.
For the second inequality, it suffices to replace f, by (- f,,) in the first inequality. O

4.9. Theorem. Let ¢ be a Musielak-Orlicz function such that ¢ and ¢* satisfy the A,-con-
dition. Let (O,,) be an increasing sequence of open subsets of X and O =U,, O,, then

nlggo Cp.u(04) = Cy u(0).
Proof. We have lim,,_.oo Cy,,(O,) < C,,,(O). For the reverse inequality, if
lim C(P)”(On) =00

there is nothing to show.
Assuming that lim, .., Cy,,(O,) < 0o, we have that for any n € N there exists f,, €
M, ,(X) such that

1
fn21lon O, and Hf,,HM;),”(X)SCW,(O,,)+;.

Then ]
an”(p + “gn“(p < CIP,#(OH) + e

Where g, € D(f,) NLy(X). Now (f,) and (g,) are bounded sequences in L, (X), hence
there exist subsequences, which we denote again by ( f,,) and (g, ), such that f,, > f and
gn — g weakly in L, (X). Thus

Iflly < limninf Ifallp and |[g]e < limninf lgnle-

Hence
”fHM}M(X) < nlggo C(p,y(on)'

On the other hand, by Theorem 4.8, we have for any n € N

f>1 onO,C,,-qe.
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Therefore, f > 1on O C, ,-q.e. Let Y be a subset of O where f > I, then C, ,(0) =
Cp,u(Y). Thus
Cy.u(0) < )}Ln; Cp,u(Oy).

O

4.10. Theorem. Let ¢ be a Musielak-Orlicz function such that the function x ~ 1 belongs
to Ly« (X). We have that there exists a > 0 such that for any E c X

U(E) < aCy ,(E).

Proof. Let E c X and f € A,(E). Then f > 1 on an open set O containing E and f > 0.
We have

w(E) <u(0) < [ f()du(x) < [ fx)dut).

By Hoélder’s inequality,
[ rdutx) <21 gl
Therefore
W(E) <201 1 flas, -
We obtain the claim by taking infimum over f € A(E). O

4.11. Corollary. Let ¢ be a Musielak-Orlicz function such the function x ~ 1 belongs to
Lg+(X). If (fu) is a sequence which converges to fin M, ,(X), then there exists a subsequ-
ence of (f,) which converges to f u-a.e.

Proof. It is an immediate consequence of Theorem 4.7 and Theorem 4.10. O

4.12. Theorem. Let ¢ be a Musielak-Orlicz function satisfying the A, -condition and such the
function x +— 1belongs to Ly« (X). For each f € M(IP,H(X), there is a C,, ,-quasi continuous
function g € M,, ,(X) such that f = g y-a.e.

Proof. Let f € M}P’ 4+ (X). By Theorem 3.9, there exists a sequence ( f,) of Lipschitz func-
tions such that f, - fin M 1% 4 (X). By Theorem 4.7, there exists a subsequence of (f;, ) de-
noted again by (f,,) such that f, — f C,-q.u. The claim now follows by Theorem 4.10. [
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